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MATRIX TRANSFORMS OF A-BOUNDEDNESS DOMAINS OF THE
ZWEIER METHOD

A. AASMA!, H. DUTTAZ?, §

ABSTRACT. In this paper, we find necessary and sufficient conditions for the Zweier
matrix method Z;,, to be transform from the spaces of A-bounded and A-convergent
sequences into the spaces of u-bounded and p-convergent sequences, where A and p are
monotonically increasing sequences with positive entries (i.e. speeds). Also we find nec-
essary and sufficient conditions for a matrix M to be transform from the A-boundedness
domain of Z;,; into the py-boundedness domain of a triangular matrix method B. In
addition, we introduce one class of multiplicative matrices M satisfying these necessary
and sufficient conditions.

Keywords: Matrix transforms, convergence and boundedness with speed, Zweier method,
factorable matrices.
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1. INTRODUCTION

Let w be the set of all sequences over real or complex numbers, and X, Y be some
subsets of w. Let A = (a,) be a matrix with real or complex entries and

Anx = Zankxk, Az = (Apx)
k

for every x = (xy) € w. Throughout this chapter we assume that all indices and summation
indices run from 0 to co unless otherwise specified. If Az € Y for every z = (z1) € X, we
write A € (X,Y). In that case we say that A transforms X into Y. A sequence z € w is
said to be A-summable (or summable by the summability method A) if the sequence Ax
is convergent. A method A is called regular if

lim A,z = lim z;
n k
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for every x = (x) € ¢, where ¢ is the set of all convergent sequences. The set of all A-
summable sequences is denoted by ¢4. A method A = (a,) is said to be lower triangular
if anr = 0 for k£ > n, and normal if A is lower triangular and a,, # 0 for every n.

In [9]-[10] Kangro introduced the notions of convergence and boundedness with speed.
Let A = (\x) be a monotonically increasing sequence with Ay > 0 if not specified otherwise.
A convergent sequence x := (&) with

lim& := ¢ and vg = Ag (& =)

is called bounded with the speed A (shortly, A-bounded) if vy, = O (1), and convergent
with the speed A (shortly, A-convergent) if the limit limy vy exists and finite. The set of
all A-bounded sequences we denote by m* and the set of all A-convergent sequences by ¢*.
It is easy to see that ¢* € m* C ¢, and if \;, = O (1), then ¢* = m* = ¢. A sequence
is said to be A*-bounded if Az € m?*. The set of all A*-bounded sequences we denote by
mﬁ. Of course, mﬁ C ¢4, and if X is a bounded sequence, then mﬁ = c4. An overview on
convergence and boundedness with speed can be found in [2] and [11]. Some recent works
on characterization of some matrix classes involving some sets of difference sequences with
speed can be found in [7]. Also, one may refer to [6] and [8] for more recent topics on the
subject.

The Zweier method Z; /5 is defined by the lower triangular matrix A = (a,x, where (see
[5], p. 14) ago = 1/2 and

29

L ifk=n—1land k =n;
apk =
0, ifk<n-—1

for n > 1. The method A = Z, ; is regular (see [5], p. 49).

In this paper, we find necessary and sufficient conditions for 7y, € (m*,m*), Z, /2 €
(c*, ") and Zyy € (c*, m"), where p = (u) is an another speed; i.e., a monotonically
increasing sequence with pg > 0. Also we present necessary and sufficient conditions for
M e (m%lm,m%), where B is a triangular matrix method and M is an arbitrary matrix

with real and complex entries.
The paper has been organized as follows. In Section 2, some auxiliary results have
been introduced. In Section 3, necessary and sufficient conditions for 7, € (m*, mt),

Zyp € (c*,c*) and Ziy € (cA m*) have been studied. In Section 4, necessary and
sufficient conditions for M € (m?, my, , ,m'y) have been found and one class of multiplicative
matrices M satisfying these conditions have been presented.

2. AUXILIARY RESULTS

Let A = (a,) be a matrix with real or complex entries, e := (1,1,...), e¥ := (0,...,0,1,0, ...
(where 1 is in the k-th position), A := (A\g), 4 := (ux) monotonically increasing sequences
with A\p > 0, g > 0 and A\71 = 1/).

Lemma 2.1 (see [2], p. 159-160 or [9], Theorem 1 ). A method A = (an) € (m*,mt) if
and only if
lim a,; := Op; (1)

Ae € mt, (2)

> <o, ®
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i 20— o), ()
k

Besides, if 1, = O(1) and A\, # O(1), then O(1) in condition (4) it is necessary to replace
by o(1).

Lemma 2.2 (see [2], p. 161-162 or [10], Theorem 1 ). A method A = (an;) € (c*, c*) if
and only if conditions (2.3) and (2.4) are fulfilled and

Ae* e ¢, (5)
Ae € M, (6)
ANl e e (7)

If A e (c’\,c“), then

lim i (A — 6) = > ap™ (v, — ) + lim o, (An — 8) < + lim gz, (}j - a*> v, (8)
n n n k
k k

wh(” €
. 1 ATL b . 1 i n - E nK» . 1 n

and
ank, — Ok

. Apk .
a = hmz = a?’“ = lim pp,
ne Ak n Ak

Lemma 2.3 (see [2], Exercise 8.3 or [11], p. 138 ). A method A = (any) € (¢}, m*) if and
only if A € (m)‘,m“).

Let further A = (a,,) be a normal matrix method with its inverse A=! = (1),
B = (bnk) a triangular method and M = (my,) an arbitrary matrix, Throughout the
paper we use the following notations:

I+j

no._

Gl = § Mkl
k=l

G = (gnx) = BM, that is,

n
Ink = E by,
1=0

l+r

Vol = Z Inkkl
k=l
and
Yt = lim~y,; (if the finite limits exist).
T

Lemma 2.4 (see [2], Proposition 8.1 or [4], Lemma 1 ). The transformation y = Mz
exists for every x € mi‘l if and only if

there exist finitelimits li;n b3 = h, (9)
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there exist finite limits limz R, (10)
J
1=0
i
oM
J ’h?l — hu

lim =0 12
md (12)

Besides, condition (2.11) can be replaced by condition

Lemma 2.5 (see [2], Theorem 8.4 or [4], Theorem 1 ). M € (m},m)) if and only if
conditions (2.9) - (2.12) are satisfied and

there exist finite limits lim~y,; := v, (14)
n
Yt =
an Al’ o), (16)
1

T
(pn) € m¥, pn:=limy . (17)

1=0

Also, condition (2.15) can be replaced by condition
ol

Z Tl < 00, (18)

and if p, = O(1) and A\, # O(1), then O(1) in condition (2.16) it is necessary to replace
by o(1).

Remark 2.1. The existence of finite limits lim,, v, follows from conditions (2.9) - (2.12).
If M is a lower triangular , then conditions (2.9) - (2.12) are redundant in Lemma 2.4.

3. NECESSARY AND SUFFICIENT CONDITIONS FOR Z1/5 € (m*, m#), Zy 5 € (¢}, ¢) AND
Zy2 € (c/\,m“)
Theorem 3.1. Z;/; € (m)‘,m”) if and only if
En_— oq). (19)
An—l
If pr, = O(1) and A\, # O(1), then O(1) in condition (16) it is necessary to replace by o(1).
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Proof. 1t is sufficient to show that all conditions of Lemma 2.1 are satisfied for A = Z; 5.
As 0 = 0 and Z;5e = e € m*, then conditions (1) and (2) are fulfilled. For A = Z; ), we
can present conditions (3) and (4) correspondingly in the form

5 < T i) —o() (20)
b (4 1) =om o

As X\ and p are monotonically increasing with Ag > 0, ug > 0, then condition (20) is valid
and condition (21) holds if and only if condition (19) is satisfied and p, /A, = O(1). As
validity of the relation p, /A, = O(1) follows from (19), then (19) is equivalent to (4) for

A == Zl/2'
It follows from Lemma 2.1 that if p, = O(1) and A, # O(1), then O(1) in condition
(19) it is necessary to replace by o(1). O

From Lemma 2.3 immediately follows

Theorem 3.2 (see [2], Exercise 8.3 or [11], p. 138 ). The Zweier method Z, 5 € (ck,m“)
if and only if Z, 5 € (m)‘,m“).

Theorem 3.3. Let A\, # O(1). Then Zy 5 € (A, ") if and only if

1 1
there existsthe finite limit lim pu, <)\ + )\) . (22)
n n—1 n
If Zy)5 € (c’\, "), then for every x = (&) € N with limy, &, = < we have
. 1 1 1
lim i ((Z1/2)n@ = ¢) = Svlim <)\n—1 + /\n> : (23)

where
¢ = lign(Zl/Q)nx, V= lilin Ak (& — <)

Proof. 1t is sufficient to show that all conditions of Lemma 2.2 are satisfied for A = Z; s.
As Zype = e € cH,
lim(Zl/Q)nek =0 and lim un(Zl/Q)nek =0
n n

(since (Zl/Q)nek = 0 for n > k), then conditions (5) and (6) are fulfilled. As

1 1 1
Z 1=z —
( 1/2)71)\ 2 <)\n—1 + An) ?

then condition [22] is equivalent to (7) for A = Z; /5. As (22) implies the validity of (21),
then from (22) also follows the validity of (3) and (4) for A = Z;5 (see the proof of
Theorem 3.1). As

§=2A, =1, a/\:az’“:0
for A = Z,, then relation (23 holds by (8). O

Definition 3.1. A method A is said to preserving the A-boundedness if A € (m/\,m)‘),
and is said to be \-conservative if A € (¢, c).
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It is proved in [2] (Examples 8.1 and 8.2), that Z; /, preserves the A-boundedness if and
only if A,/An—1 = O(1), and is A-conservative if and only if there exist the finite limit

iy (A /An1)-

4. NECESSARY AND SUFFICIENT CONDITIONS FOR M € (mgm,mg)

Let throughout this section B = (b,) be a triangular method, M = (my) an arbitrary
matrix and A := (\g), p := () monotonically increasing sequences with Ag > 0, ug > 0.
The inverse of Z; 5 we denote by Zl_/l2 = (Mnk), where (see [1] p. 13)

Nk = 2(=1)"7F for k < n, and 5, = 0 for k > n. (24)

Proposition 4.1. The transformation y = Mx exists for every x € mZ if and only if
condition (5.14) is satisfied and

series Z(—l)kmnk are convergent for everyn, (25)
series Zmn,gk are convergent for everyn, (26)
k
J 1 l+j
e l
[e.@]

hmz Z (=D | = 0. (28)

1=0 " |k=itj+1

Besides, condition (27) can be replaced by condition

1
2.5

l

o0

Z(_l)kilmnk

k=l

= Ou(1). (29)

Proof. Tt is sufficient to show that all conditions of Lemma 2.4 are satisfied for A = Z; /5.
Using (24), we obtain
H—]

d
o J Jjol+y 25
Zh —222 mnk—QZmnkZ ZQZm”Qk'
=0 =0 k=l k=0 k=0

Hence condition (25) is equivalent to (9), condition (26) (10), and condition (27) to
(11). As

hji = Z(—l)kflmnm
k=l
then condition [28] is equivalent to (12). Finally, from Lemma 2.4 we obtain that condition
(27) can be replaceed by (29). O

From Proposition 4.1 we immediately get
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Corollary 4.1. If the rows of a matrix M = (myg) are positive and monotonically de-
creasing; i.e., the sequence (mpx) for every n is positive and monotonically decreasing,

then condition (27) is fulfilled if

and condition (28) is fulfilled if

J
. M i4j+1
hmE "ﬂ)\imz()_
i !

Theorem 4.1. A matrix M € (m}l/z,m’é) if and only if conditions (2.25) - (2.28) are

satisfied and
there exist the finitelimits lim gy,
n

thereexiststhe finite limit Gy,

1 | B
z)\* D (1) = 0(1),
=
1 | B
an)\* (_1)k lgnk_Gl 20(1)7
A=
(pn) € mt,

where
fe'e) n
G = liﬁn E (—1)k_lgnka Pn =2 E bni E :mi72k'
k=l =0 k

Also, condition (2.32) can be replaced by condition

Z@<oo
TN ’

(30)

(31)

(32)

(33)

(34)

(35)

and if p, = O(1) and A\, # O(1), then O(1) in condition (2.33) it is necessary to replace

by o(1).

Proof. 1t is sufficient to show that all conditions of Lemma 2.5 are satisfied for A = Z; 5.
First we see that conditions (2.25) - (2.28) are equivalent to conditions (2.14) - (2.17) by

Lemma 2.5. Due to (24) we obtain

I+r
Yot =2 (1) g
P

It follows from (2.25) - (2.28) By Remark 2.1 that the finite limits ~,; exist. Hence

o0
Yo =2 (=1)" g
k=l

(36)

(37)
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This implies that condition (32) is equivalent to condition (15), condition (33) to condition

(16), and the existence of finite limits G is equivalent to condition (14). From the existence

of finite limits G; follows the validity of condition (31). As by (37) we get

1

5 (Yl + Yni+1) 5

then condition (30) also follows from the existence of finite limits G;. Conversly, (30) and

(31) imply the existence of finite limits G;. Therefore, (30) and (31) are equivalent to (14).
Using (36), we can write

gnl =

ro l+r

Z’Ynl—QZZ gnk—QZanZ
=0 k=l k=0 =0
2Zgn2k—2zzbnzm12k—2zbnzzmz2k
k=0 1=0

Consequently the ﬁmte limits p,, defined by (34) ex1st7 due to (26), and hence condition
(34) is equivalent to (17).

Finally, by Lemma 2.5 we conclude that condition (32) can be replaced by (35), and
if u, = O(1) and A, # O(1), then O(1) in condition (33) it is necessary to replace by
o(1). O

Now we consider the case if M = (m,;) is a multiplicative matrix; i.e.,

My = tyvy; (tn) € w, (V1) € w. (38)
Proposition 4.2. Let M be defined by (38), where (v;) is a positive monotonically de-

creasing sequence and the series vy is convergent. Then, M € m%m,m%> if and only

if t = (tn) € mlg.

Proof. 1t is sufficient to show that all conditions of Theorem 4.1 are satisfied for M, defined

by (38). As
S (Do = 0 3 (-
k

k
Z Mmnp2k = tn Z Vak,
k k

then conditions (25) and (26) are fulfilled, since v, > 0 and ), v; is convergent. Also
conditions (27) and (28) hold. Indeed,

and

J 1 43 . 7 1 I+7 e tn
z;lkz:l My :tnlz:%/\l ;(_1) Uk </\0;Ul20

and
oo

J
1 k1 tn
> N Z (=1 "mng| < I D Vg
1=0 " |k=l+j+1 !

Thus conditions (27) and (28) are fulfilled, since the remainder ), v; 411 of the convergent
series is convergent to zero.

We can write that

n
gnl = U1 Z bniti = v Byt,
i=l
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k k
> (=Dfgur = (1) *v Byt
k k
and

pn =VDBpt, V= 2Zv2k.
k

Therefore conditions (30), (31) and (34) are satisfied if and only if ¢ := (t,) € mls. As
t € m'y implies that the finite limit lim, B, ¢ exists and |B,t| = O(1), then

o0 oo

1 _ 1 B v
Z)T Z(_l)k LG :Z)T Z(_l)k Lok | Bnt| < antny =0(1)
l =i l U= I l
and
1| _ v
n ) v ~1)"gp — Gi| = pn| Bt —lim Bt Y — = O(1);
M;Al;( ) gk l L | 1yrln |;/\l (1)
i.e., conditions (32) and (33) are fulfilled. 0

5. CONCLUSIONS

This work characterizes certain matrix classes involving some spaces with involvement

of speeds. The findings should inspire to investigate for several other matrix classes char-
acterization by assigning speeds to different classes of participating spaces. It may also be
interesting to know the speed of convergence while studying a process for convergence.
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