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IDENTITIES AND RELATIONS INVOLVING PARAMETRIC TYPE
BERNOULLI POLYNOMIALS

B. KURT!, §

ABSTRACT. The main purpose of this paper is to give explicit relations and identities
for the parametric type Bernoulli polynomials. Further, we give some relations for the
generalized Bernoulli polynomials.
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1. INTRODUCTION

The classical Bernoulli polynomials Bff‘) (z) of order a € Ny are defined by the following

generating functions:

ZBg)(m)m: (et—1> et |t| < 2. (1)

n=0

For z =0, B (0) = B are called the Bernoulli numbers.

The generalized Apostol-Bernoulli polynomials B,(f) (z; \) of order o € Ny are defined
by following generating function in ([3]-[16])

- tn t A\

E (@) (. [ — - xt

~ Bn (.f, >‘) n! - ()\Bt o 1) e, (2)
(A € C, |t| <2m when A =1, |t| < |logA\| when X # 1).

Bernoulli polynomials and the generalized Apostol-Bernoulli polynomials have been
studied by many authors ([1]-[18]).
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Natalini et al. [13] defined a new class of generalized Bernoulli polynomials pim1 (x),
m > 1 by

S~ Bl LA
> Bl ) = — e ©
n=0 et — tn
h!
h=0

When z =0, i1 0) := BI" Y are called the new type Bernoulli numbers.
Form =1, By, 0 ]( ) := Bp(z) is the classical Bernoulli polynomials.

Kurt [6] defined the new type generalized Bernoulli polynomials plm—tel (z) of order
«a € N, the following generating function:
[e%
> m—1.0] tn tm .
m—1,x €T e
n=0 el — Z 7;7'
h=0

Srivastava et. al. in ([16], [17]) defined two parametric kind of special cases of the
Apostol-Bernoulli polynomials Bff’a)(x' A) and Bl (z; ) of order @ € N as:

t” t -
E B 3’,' y, n‘ ()\et—l) (& COS(yt) (5)
and

t" t R
ZB (z,y; A ] <)\et—1> e sin(yt). (6)

For z, y € R, the Taylor—l\/_[aclauren expansions of the two functions e®

* sin(yt) are given by [11], respectively,

cos(yt) and

e cos(yt) = ZC xy— (7)

and
sin(yt) = Z S (x y . (8)

From (7) and (8), we get the following relatlons, respectively,

_ k[T n—2k 2k
Cn(z,y) =) (1) <2k>w Yy
k=0
and
2
_ _ n—2k—1, 2k+1
Sn(z,y) = 2 (-1) (2k+1>w Y

2. SOME EXPLICIT RELATION RELATED TO PARAMETRIC TYPE BERNOULLI
PoLyNOMIALS

In this section, we define the parametric type Bernoulli numbers and polynomials.
We give some relations and identities for these polynomials. We define the generalized
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parametric cosine-Bernoulli polynomials CB,[lm_l’od (x,y) of order a and the generalized

parametric sine-Bernoulli polynomials SBT[Amel’a} (z,y) of order « as, respectively:
[0

= 1 " t t
Z CB’L,m_ ] (z,y) i — e® cos(yt) (9)
n=0 ’ et — ﬂ
h!
h=0
and
(0%
0 m—1.0] tn tm .
m—1,a Tt .
Z sBy" M (2, y) i e sin(y?). (10)
n=0 ' et — th
h!
h=0

For m =a =1 and y =0 in (9) reduces the classical Bernoulli polynomials.
It easy to see that if we set m = a =1 in (9) and (10), we arrive at

= tn t
Z CB7[1O] (CU,y) ﬁ = ot — 16 tCOS(yt)
n=0 )
and -
0] t" t o
Z sBy (x,y) A= ¢ sin(yt).
n=0 ’
Theorem 2.1. The following relations hold true:
n n .
B e = 3 (1) Bl o) (1)
k=0
m—1,a - n m—L,x
sl e =3 () B s, (12)
k=0
m—1,a . n m—L,x
B @ ) = 3 <k> Bl )k (13)
k=0
and .
“1l.a n m—1,«
Bl ) = 3 () B e (14)
k=0

Proof. Using equation (9), we write

> n tm
CB,[Lm_l’O‘} (x,y) ol I e’
n:0 : et — e
h!

tcos(yt)

]tn > n

o
= BN Culay)

n

n!

n —1, tm
(1) B e’
n=0 k=0 '
By comparing the coefficients of % in the both sides of the above equation, we arrive at
(11).
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Proof of (12), (13) and (14) are similar to that of (11), so it is omitted.

Theorem 2.2. The following relations hold true:

0

Cr(z1+ 22,01 +12) = Y <Z> {Cni(1,y1)Cr(w2, y2) — Sn—(@1,y1)Sk(22,52)} (15)
k=0

and
n

Sn (@1 + 72,91 +y2) = Y <Z> {Sn—k(@1,91)Cr(22,y2) + Cpi(z1, Y1) Sk(22, y2)} . (16)

k=0

Proof. By (7), we write

t"
Z Cr(z1 + 22,1 + 92)*, elerrea)t cos((y1 + y2) 1)
n=0
= "1t coS(ylt)emt COS(yﬂ) — ™ sin(yit)e™" sin(yat)

tTL
= ZZ < ) {Cnw(z1,91)Cu(22, 42) = Snk(21, 91) Sk (22, 92)} -
n=0 k=0 '
Comparing the coefficients of Ly o7, we get (15).
Similarly, by (8), we get (16)

For 1 = o = x and y; = y2 = y, we get respectively,

n

Cy (22,2y) = Z <Z> {Cr—i(z,y)Cr(z,y) — Sn—k(z,y)Sk(z,y)}

k=0

and
n

Sn (2757 23/) = Z (Z) {Sn—k(:rv y)ck’(xa y) + Cn—k($7y)5k(x>y)}

k=0

Theorem 2.3. The following summation formulas hold true:
-1
B (2 4 1,y) — B (2,y) ”Z(n > [m (g, y)B,S D
and

n—1
n—1 m—
sBI" N (@+1,y) - sBI" V(z,y)=nd_ ( k > sBI (@ y) B,

Proof. For av = 1, using (9), we write as

- ) L ) t" tm
Z CB’Lm_ ] (.%' + 17y) o Z CBLm_ ] ($7 y) . =1 o1 €xt COS(yt)
ot nl n! o o
h!
h=0

= (m—1] "o~ -t
n=0 =0

tk
|

= ZC T1,91)— ch T2, Y2) k' = Sl y)— ZSk 562,y2)k
m=0 " k=0
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o0 -1 n
=3y () err e O
=0 k=0 :

By comparing the coefficients of %, in the both sides of the above equation, we arrive at
(17).

Proof of (18) is similar to that of (17), so it is omitted. O

Theorem 2.4. The following relations hold true:

3,
CBLm_l’O‘] (z,y) = Z < > CBLT;;’Q} (z,0) (—1)k y" (19)

2k
k=0
and
2N k
— m—1l,x
e = Y (") B @0 ot
k=0
Proof. From (9), we write
(6%
= tn tm
Yo eBr N wy) = | | ¢ eos(yt)
n' m=1 h
_ t t
e — Z il
h=0
0o gm 2 12k
_ m—La] (, 1)k 2k
- S e DS
m=0 " k=0
w |z n
_ n [m—1,a] ko2k+1| ¢
= Z <2k> Bnm%a (2,0) (—1)" 7t prt
n=0 | k
Comparing the coefficients £y, we have (19).
From (10), we write
[0
- 1 t" t t
Z sBIM b (2, y) Pl “sin(yt)
n=0 et — Z 1;7'
h=0
tl oo t2]€+1
_ B[m 1.q] v -1 k  2k+1 ]
ZS )zvkz_o( 'y 2k +1)!
By using Cauchy product and comparing the coefficients & n,, we have (20). U

Theorem 2.5. The generalized parametric Bernoulli polynomials satisfies the following
equations, respectively;

m—1,x = n m— (a3 m — «@
BV (@ 4 @a, 1 +y2)=Z(k){ CBL,,kl’ V@1, 91) Cr(@a, y2) — SBL,kl' ]($1=y1)5k($2,y2)} (21)
k=0

and

n
sBIP T (@ d o, yn ) = D ( ) { BI™ b (@, y1) Cr(za, y2) — B0 (21, 41) S m-,yz)} . (22)
k=0
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Proof. From (5), (6) and (9), we write

67

- ) ¢n ¢m
Z CBLmi ] (w1 + 22,91 + ¥2) o p— e(ler“)tcos((yl + yo2)t)
: h
n=0 et — z 1;7
h=0
& «
tm o1t tm ot
= | ——— | ¢ cos(yit)e™ cos(yat) — | ————| €' sin(yit)e™" cos(yat)
et — S & et — th
Al Rl
h=0 h=0

ad i
Z C’B][‘mil,a] 7y1 Z Ck mg,y2 E B[m 1a] 7y1 ] E Sk $2,y2) il
J=0 k=0

= ZZ <Z> { CBLTZLOC] (w1,91) Cr(x2,92) — SB[ bel (1‘17y1)5k($2,y2)} o
=0 k=0

Comparing the coefficients of L}, we have (21).
Similarly, from (5), (6) and ( 0), we have (22). O

Setting 1 = x2 = z and y; = y2 = y in equation (21) and (22), we have the following
equations, respectively

n

m—1.o n m—1,« m—1,«
Bl Nzx,zy):Z(k) { B @) Culoy) = sBI ) (@,y) Suley) |

k=0
and
_la " n m—1,a m—1,«
sl J(zx,2y>zz<k) [ 5B (0,) Culary) — B () Sele)
k=0

3. SoMme ExpriciT RELATIONS FOr B! V(z,y) anp ¢BI" (z,y)

In this section, we provide the following symmetry identities for the parametric the
generalization of the Bernoulli polynomials, respectively, CB,[Imfl] (z,y) and SB,[%m*l] (z,y).

Theorem 3.1. The following symmetry equations for the parametric generalized Bernoull:
polynomials, CB,[Im_l] (z,y) holds true:

n

Z <n) a" " PpP CBI[)m_l] (O,ay)B,[ﬁ;l] <bx>
p=0 p @

n n— m— m— a
TR S

p=0
where a, b € ZT.

Proof. By using (3) and (9), we write as

at)™ bt)™ .
h(t) = (mzl - (m)_l " e’®t cos(byt)
“- X GEe- 2 G
=0

h=0
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_ (@) ey (00T

- — - cos(byt)
eat — 3 (a’i!) et — 3 %

Let us consider

=0
= Z Z <Z> b PaP CBLm_l](O,ay)BLm;” (%x) ﬁ

n!
Comparing the right-hand side of the last two equations, we get (23). O
Corollary 3.1. The following relation holds true:

n

Y\ n- m—1 [m—1] b
Z <p> PyP SB[ 10, ay) B “p <ax>

p=0

- 3 (o) s ().

p=0

Theorem 3.2. The parametric generalized Bernoulli polynomials, CBLm_” (x,y) satisfies
the following relation:

a—1
Z < ) SZ: B (b + bs by)B,[l”i;nl] (aa: + %7’) ampntTm

m— b _
CB,[,’;”_” (az + %r, ay)BT[le] <bu + a,8> bMa" .

Proof. Let us consider

Hm abt 1 2 bt)™
g(t) = (iﬁl - ebut (eat(i 0 (ebt)— 0 (m)—l - e cos(abyt)
eat — 3 (a;;) et — 3 (b}tg

h=0 h=0
£Hm abt_l bt)™ abt_l
— (a’ ) - abut cos(abyt) (6 = ) ( ) - eabxt (6 — )
ot _ " @) (€ =1) 4 Sleyr (€ =1)

et — > Al e’ — > Al

h=0 h=0
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S B L) S S g (a4 2) O
s=0 n=0 r=0 p=0 p!
co n a—1b—1 n
ZZ( )apb” pzz CB[m 1](bu—i- bs by)B,[ﬁ;” (ax—i—%r) %
n=0 p=0 s=0 r=0 ’

Since, g(t) is symmetric in a and b, therefore above expression can also be expressed as

a—1b—1 n
= ZZ ( ) ZZ B[m 1] (azx + br ay)B,[ﬁ;l] <bu—i— Zs) bma”*m%.

n=0n=0 s=0 r=0

Comparing the coefficients of the right-hand side of the last two equations, we obtain
it. O

Corollary 3.2. The following equation holds true:

a—1b-1
55 (1) S5 ookt Ll o e

n= 5s=0 r=

m m b—1a—1 " )

2 < ) SN sBlrU(az + Fray) B (bu + 7“) p"an ™,
n=0 " s=0 r=0 b a

4. CONCLUSION

Many researchers ([1]-[18]) have studied and investigated intensively the Bernoulli num-
bers and polynomials, the Euler numbers and polynomials, the generalized Bernoulli and
Euler polynomials and numbers and Apostol-Bernoulli and Apostol-Euler polynomials
and numbers. Bretti et al. [1] and Kurt [6] considered generalized Bernoulli polynomi-

als B (z). They gave some recurrence relations. Srivastava et al. [15] investigated
parametric kind of the Fubini-type polynomials and they proved some recurrence relations.
In this work, we define the new two parametric Bernoulli polynomials, respectively,

o Bl (x,y) and gBImY (x,y). We give some relations between these polynomials and
prove some theorems for these polynomilas. Furthermore, we prove the symmetry identi-
ties for these polynomials.
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