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ON A CLASS OF p(z)-KIRHHOFF TYPE PROBLEMS WITH ROBIN
BOUNDARY CONDITIONS AND INDEFINITE WEIGHTS

NGUYEN THANH CHUNG, §

ABSTRACT. In this paper, we consider a class of p(z)-Kirhhoff type problems with Robin
boundary conditions and indefinite weights. Under some suitable conditions on the
nonlinearities, we establish the existence of at least one non-trivial weak solution for the
problem by using the minimum principle and the Ekeland variational principle.
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Variational methods
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1. INTRODUCTION

In this paper, we are interested in the existence of weak solutions for the following
p(x)-Kirhhoff type problem with Robin boundary condition

—M (Lga) () Apiayu = AV () [u D20 — pVo () [u]2 20,z € Q, 0
V[P =204 4 B(z)|u[P™ 20 =0, x € 0R,

where  is a bounded domain in R with smooth boundary 9Q, N > 2. % is the outer nor-
mal derivative of u with respect to 9Q, Lg(u) :== [, ﬁwuw(:‘) dz + [5 %\UV’@) do,

1 <p :=infrecqp(z) < pt i=supycqp(x) < N, B € L®(0N), 7 := infeoq B(z) > 0,
A, b are two real parameters, Vi, Vo are functions in some generalized Sobolev spaces.
Throughout this paper, we assume that M : Rg := [0, +00) — R is a continuous function,
there exist mg > mq > 0 and « > 1 such that the following condition hold:

(Mp) mit*=t < M(t) < mot®~! for all t € R{.
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Problem (1) was firstly proposed by Kirchhoff in 1883 as a model given by the stationary
version of the Kirchhoff equation

Pu_ (P E [*
P o

@
ox

2 2
0“u
dx) 92 = 0 (2)

where p is the mass density, Py is the initial tension, h represents the area of the cross-
section, E is the Young modulus of the material and L is the length of the string, see [26].
Problem (2) is often called a nonlocal problem because it contains an integral over €. This
causes some mathematical difficulties which make the study of such a problem particularly
interesting. The nonlocal problem models several physical and biological systems, where u
describes a process which depends on the average of itself, such as the population density,
see [15].

Kirchhoff type problems have been studied in many papers in the last decades, we refer
to some recent works [3, 6, 8, 12, 13, 17, 16, 19, 20, 29] in which some interesting results
on the problems with Dirichlet or Neumann boundary conditions have been obtained.
Relatively speaking, Kirchhoff type problems with Robin boundary conditions have rarely
been considered. Robin boundary conditions are a weighted combination of Dirichlet and
Neuman boundary conditions and it is also called impedance boundary conditions, from
their application in electromagnetic problems or convective boundary conditions from their
application in heat transfer problems. Moreover, Robin conditions are commonly used in
solving Sturm-Liouville problems which appear in many contexts in sciences and engineer-
ing, see [21]. We know that the p(x)-Laplacian operator where p(.) is a continuous function
possesses more complicated properties than the p-Laplacian operator, mainly due to the
fact that it is not homogeneous. The study of various mathematical problems with vari-
able exponent are interesting in applications arising in the study of calculus of variations,
partial differential equations [1, 18, 22|, as well as in the modelling of electrorheologi-
cal fluids [28], the analysis of Non-Newtonian fluids [30], fluid flow in porous media [4],
magnetostatics [11], image restoration [9], and capillarity phenomena [7]. For this reason,
ordinary differential and partial differential equations with nonstandard growth conditions
have received specific attention in recent years.

In this paper, we are motivated by the results introduced in [2, 3, 10, 12, 14, 25],
we study the existence of solutions for problem (1) with Robin boundary condition. In
[3, 12], the authors considered a class of p(z)-Kirhhoff type problems with Dirichlet bound-
ary conditions and positive weight functions. Using variational methods, they obtained
some existence and multiplicity results for the problem with the singular or non-singular
conditions imposed on the Kirhhoff function. In [10, 14, 25], the authors studied the ex-
istence of solutions for some local problems with indefinite weight functions. In a recent
paper [2], Allaoui et al. have considered p(z)-Kirhhoff type problems with Robin boundary
conditions of the form

-M gfg ﬁ|Vu|p(“*’) dz + [4 %WV’(I) da) Apyu = f(z,u), x€Q,
[VulP@) =288 1 3(z)|u[P@ =2y =0, z € 0L,

n tar ),

3)

where (2 is a bounded domain in R with smooth boundary 99, N > 2, % is the outer
normal derivative of u with respect to 02, M : R(J)r — R is a non-singular function, that is,

inf teR} M(t) > 0and f: QxR — R is a Carathéodory function satisfying the Ambrosetti-
Rabinowitz type condition, see condition (f;) of [3]. Using the mountain pass theorem
and Fountain theorem, the authors obtained some existence and multiplicity results for
problem (3). The purpose of this paper is to consider Robin problem (1) in the case when
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the Kirhhoff function M is singular at zero and the nonlinear term f involves indefinite
weight functions. Therefore, our main results introduced here are natural extensions from
the papers mentioned above. Finally, we point out that if M(¢) = 1 and g = 0 then
problem (1) has been studied in a very recent paper due to Kefi [25].

2. PRELIMINARIES

In order to state and prove the results of the paper in the next section, we recall in what
follows some definitions and basic properties of the generalized Lebesgue-Sobolev spaces
LP@) (Q) and W1P®) (Q) where Q is an open subset of R, In that context, we refer to
the books [22, 28] and the papers [21, 24, 27]. Set

C+(Q) :={h; he C(Q),h(x) > 1 for all x € Q}.
For any h € C () we define

h* =suph(z) and h~ = inf h(z).
zeQ zef

For any p(x) € C(f2), we define the variable exponent Lebesgue space
LP@)(Q) = {u : a measurable real-valued function such that/ |u(z)[P@) da < oo} :
)

We recall the following so-called Luxemburg norm on this space defined by the formula

p(z)
[ulppe) () = |tlp(z) := inf {A > 0; / o) g < 1} :
Q

Variable exponent Lebesgue spaces resemble classical Lebesgue spaces in many respects:
they are Banach spaces, the Holder inequality holds, they are reflexive if and only if
1 < p~ < pt < 400 and continuous functions are dense if p© < +o0o0. The inclusion
between Lebesgue spaces also generalizes naturally: if 0 < |Q| < 400 and p1, py are variable
exponents so that pi(z) < pa(x) a.e. € Q then there exists the continuous embedding
Lr2@)(Q) — L7 ()(Q). We denote by L' (#)(Q) the conjugate space of LP(®) (), where
= 1. For any u € LP@®)(Q) and v € LV’ *)(Q) the Holder inequalities

1 1
wdr| < | — + —— | [u]pw) Y]z 4
/Q _<P_ (P')_>’ o)Vl o @

hold true. Moreover, if p1,pa,p3 : @ — (1,+00) are Lipschitz continuous functions such
that pl%x) + pQ%x) + pz%x) = 1, then for any v € LP*®)(Q), v € LP2®)(Q) and w € LP3(*)(Q)

the following inequality holds

/ d <_<1 +*1 +1>|! |l ps () [l (5)
uvw dz — — — ) |y () [ () | ] s (2 -

0 T Py P pi(z) [Ylpa(z) %lps(x)

An important role in manipulating the generalized Lebesgue-Sobolev spaces is played
by the modular of the LP(*)(Q) space, which is the mapping Pp(z) LP@)(Q) — R defined
by

1 1
@ T @

Pp(a) (1) = /Q JulP™) da.
If u € LP(*)(Q) and pt < 400 then the following relations hold

- +
[ulf < ppay (w) < Julb (6)
p(z) p(z)



NGUYEN THANH CHUNG: ON A CLASS OF P(X)-KIRHHOFF TYPE PROBLEMS ... 403

provided |ul,(,) > 1 while

+ —
‘u\z(x) < Pp(z) (u) < ‘ulg(x) (7)
provided |ul,,) < 1 and
[, — ulpz) = 0 & pp)(un —u) — 0. (8)

If p € C,(Q) the variable exponent Sobolev space WP(*)(Q), consisting of functions
u € Lp(x)(ﬂ) whose distributional gradient Vu exists almost everywhere and belongs to
[LP@) (Q)]V, endowed with the norm
p(z)
dr <1

luf == inf 4 A > 0: /

Q
HUH = |u|p(as) + |vu’p(x)a

is a separable and reflexive Banach space. The space of smooth functions are in general

not dense in W1hP(*)(Q), but if the exponent p € C () is logarithmic Holder continuous,

that is,

p(z)

Vu(x) n

A

u(z)
A

or

M 1
>~ T \V/CE,yEQ, ’l‘iy|§77
log(|z —yl)

2
then the smooth functions are dense in W'P(#)(Q). The space (Wl’p(l’)(Q), ||||) is a
separable and Banach space. We note that if s € C(Q2) and s(x) < p*(z) for all  then
the embedding
wir@)(Q) — L5@)(Q)

is compact and continuous, where p*(z) = ]\],szgﬁ) if p(z) < N or p*(x) = 400 if p(z) > N.

If s € C4(09) and s(z) < p«(x) for all I then the trace embedding
WP@/(Q) — L@ (9Q)

% if p(x) < N or pi(z) = +oo if

p(z) > N. Moreover, for any u € W'P@)(Q), let us define

is compact and continuous, where p.(z) =

[ullo == |vu’LP(I)(Q) + |U|Lp<z>(ag),

then |lul|s is a norm on WP (Q) which is equivalent to the norm ||ul|, see [21, Theorem
2.1].
Now, let us introduce a norm which will be used later. Let g € L>®(9) with = =
inf,co0 B(z) > 0, and for any u € WHP®)(Q), define
p(z)
do <15,

ullsa) ::inf{)\>0;/ﬂ Vulz) da:+/m,8(:v)

A
where do is the measure on the boundary 02. Then [|u||(,) is also a norm on whr)(Q)
which is equivalent to ||.|| and |[|.||s. Let

gy (u) = / IVulP@®) de + / B(2)|ulP® do,
Q o0

p(z) u(z)

x
A

we have
- +
lullyy) < Ty (u) < (9)
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provided ||u||g(;) > 1 while
[l < T () < uly, (10)
provided ||u||g(;) < 1 and
||un — u”mx) -0 < Ig(z)(un — u) — 0. (11)

Proposition 2.1 (see [24]). For f € L*(9Q) with f~ := inf,epq B(x) > 0, let us define
the functional Ly : WirE)(Q) - R by

. Bz
L) = [ s ivup@ ot [ 2 jupto (12)
for all u € WP (Q). Then L@ € CH (WP (Q),R) and its derivative is given by
(x) /|Vu\p uvd:v+/ B(z)|u[P® 2 uv do. (13)

Moreover, we have the following assertions

(i) L,,B(a:) cWEPE(Q) — WLP)(Q) is a continuous, bounded and strictly monotone
operator;
(ii) Llﬁ(x) cWEPE) Q) — WLPE)(Q) is a mapping of type (S)T, i.e. if {u,} converges

weakly to u in WHP#)(Q) and lim sup L’ B )(un)(un —u) <0, then {un} converges

n—o0

strongly to u in WHP()(Q).

3. MAIN RESULTS

In this section, we will state and prove the main results of the paper. Let us denote by
X the Sobolev space with variable exponent Wl’p(x)(Q) and denote by ¢; positive constant
whose value may change from line to line. In the sequel, we impose the following condition:

(H) 1 < qi(z) < g2(x) < p(x) < N < aN < min{s1(z), sa(x)} for all z € Q, where

(z)
q1,q2,51,82 € C(Q), V1 € L o (Q) such that Vi(x) > 0in Qo CC Q with |Qg] > 0

and V5 2 (Q) such that Va(z) > 0 in Q.
Remark 3.1. From (H) and (6), (7), it is clear that for all uw € X,

Do) o] < LV O]
o ¢i(x) q. (@ —a

()

—|V’ w)|u| Z(E)ql(z) if Juls si@e@) < 1,

_ s(z)— Ts(@)—a

7“/’ Z(gc) "LL’ 55 (2)g; () lf ‘u|si(x)qi(gj) >1, 1=1,2.

s(z)—a s(z)—o

We set hi(z) = ;(8) (2) and k;(x) = %‘%, i = 1,2. By condition (H), it follows
that

Nsi(x) [gi(x) — p(2)] <0 <P( ) [si(2)gi(x) — aN]
for all x € Q and thus, hi(x) < p*(z) = ]\JZVP for all x € Q, i = 1,2. Similarly, we also
have

Nsi(z) [qi(x) — p(z)] <0 < p(z )Qi( ) [si(x) — aN]
for all x € Q, so ki(x) < p*(x) for all x € Q, i = 1,2. Therefore, the embeddings
X < LM@(Q) and X — LF®)(Q) are continuous and compact.
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Definition 3.1. We say that u € X is a weak solution of problem (1) if
M (L (/ |V [P®) ZVqudx—i—/ B(z)|uP® uvdo) —/\/ Vi (2) |u| @) 2y da

—l—u/ Va()|u|2®2up da = 0
Q

forallv e X.

Theorem 3.1. Assume that the conditions (My) and (H) hold. Then for all X\ > 0 and
p >0, problem (1) has at least one non-trivial weak solution with negative energy.

Theorem 3.2. Assume that the conditions (Mo) and (H) hold. Then there exists A* > 0
such that for all X € (0,\*) and all p > 0, problem (1) has at least one positive weak
solution.

In order to use variational methods, for each A € R and p € R, let us define the
functional Jy , : X = W@ (Q) — R corresponding to problem (1) by

Trnuw) = M (Ly((w)) —A/QZII(( ))I ) dz + A%IUI‘”(” dz,
where M (t) = fot M (s)ds and
L) = [ siwup@as [ 28 e dg

Q P\
By the conditions (Mp) and (H), some simple computations help us to show that Jy , €
C1(X,R) and its derivative is given by

LK#@O@):JW(Lm@@Q)(AJVUF“*QVqudx+¥é96@HMM@_%wda)

—)\/ Vl(:v)\u|m(‘”)2uvdx+u/ Vo (2)|u| 2@ =2y da
Q Q

for all u,v € X.

Lemma 3.1. Assume that the conditions (My) and (H) hold. Then for any A > 0 and
p > 0 the functional Jy ,, is coercive on X.

Proof. By condition (H), there exists ¢; > 0 such that
Ul () < crllullp@), Vu€ X, (14)

where hi(z) = si@ai(@) 5 — 1 9 Hence, by condition (M), the Holder inequality and

si(z)—a

Remark 3.1, we deduce that

[ @)@ g, Va(2) | ae@) g
Tap) = BT (L)) =X | S o + /Qw)u d

> (/ VP da + / B(a)up® da) f*|v1|51<z)||u|@“ I
Sle

ap— )‘ .
Z a( +)a Hu”ﬁ?ﬂn) B E|V1|Lo(f) mm{’u‘(}lzli(z)’ |u’;111¢(m)}
A 1 1
> Il — Vil min el b
1

Since ¢ < p~ < ap~, we infer that Jy ,(u) = +00 as [Jul|gz) — +0o, which means that
the functional J) , is coercive on X. ]



406 TWMS J. APP. ENG. MATH. V.10, N.2, 2020

From Lemma 3.1 and the minimum principle, for any A > 0 and p > 0, the functional
Ju has a critical point and problem (1) has a weak solution. The following result shows
that it is not trivial and so, Theorem 3.1 is proved.

Lemma 3.2. Assume that the conditions (Mg) and (H) hold. Then for any A > 0 and

p >0, there exists ug € X such that ug > 0, ug # 0 and J ,(tug) <0 for all t > 0 small
enough.

Proof. Set gio := inf g ¢i(x), 1 = 1,2 and p, := inf_ g, p(x). Since g4 < gy, let
€0 > 0 be such that ¢;  + €9 < g5 . Since 1 € C (), there exists an open set 21 CC Qg
such that |q1(x) — g1 0| < e for all z € Q. Thus, q1(x) < g7+ €0 < gy for all z € Q4.

Let ug € C§°(Q2) be such that supp(ug) C Q1 CC Qo, up = 1 in a subset Q) C supp(uo),
0 <wup <1in Q. Therefore, for any t € (0,1) we have

Tagu(tuo) = M (Lg(p (tuo)) — A /Q (@)

< / Vo[ dar + B(x)u0|p<w>da>
Qo 00

a1 (z) 192(z)

 Vo(x)|tug|2® da
(@) 2() [tuo|

Va(o)ltuol ) do + o [

Q
m2tapa
a(pgy )*

)\/ th(w)V( )‘ |q1( )4 / th(x)V( )| ’qz( )4
- —Vi(2)|u Y dx + x)|u ) dx
(ol q1(x) ! 0 a Qo q2(x) 2 ’

apy, «
mat T < / Vuo[P® da + / B(x) |uoP® do>
a(pO )a QO BQQ

Atd1,0t€0 92,0

—_/ Vi () o | @) ds + P / V() o | ) da
q0 921 d20 JQ

<

IN

< tqioLf (/ Vo [P da + B(x) |uo|P®) da>
a(p() )a Qo 890

it 20

4 M /Vg(x)\uol‘p(x)dx—
20 JQ0

A¢91,0t¢€0

/ Vl(w)|ug\q1(x) dx.
410 o5
1

It follows that Jy ,(tug) < 0 for all 0 < ¢ < §“207 %070 with 0 < § < min{1,dp} and
A Jo, Vi(@)|uo| ™) da

do 1= .
a0 [a(;nf)a (fQO Vo |P@) d + [o6, B(x)|uo|P®) dU) + ﬁ o, Ve(@)[uo|e2®) dx

Finally, we point out that

"2 ([ vuap s+ [ suoras) L [ vatofule o > o
a(pO ) Qo 690 q2,0 QO

In fact, if it is not true then

/ V[P da + | B(a)|uol”™) do = 0,
Qo Qo

which gives |lug||gy) = 0, hence ug = 0 in €2y. This is a contradiction and thus the proof
of Lemma 3.2 is now complete. O

Lemma 3.3. Assume that the conditions (Mg) and (H) hold. Then for all p € (0,1)
there exist \* > 0 and a constant a > 0 such that for all u € X with ||ul|g,) = p we have
Inpu(w) > a for any A € (0,\*).
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Proof. Let us assume that ||ul|g,) < min {1, i}, where ¢; is given by (14). It follows that

||, (2) < 1, where hi(z) = 55(2311( %) i =1,2. Using relations (4), (14), the condition (Mp)
and Remark 3.1, we deduce that for any u € X with [jul|g,) = p € (0,1) the following

inequalities hold true

Vi(z) Va(x)
J M L a1 (2) 1 + / a2(2) 1
o) = BT (L)) =1 [ S8 e
</ VP dx+/ B(z)|ulP@ do) o [ 8@ e g,
QQ1($)
apt A (@)
Vil (o ||u] 2 s1(z
( ) lull 5 — | s lul |51£>_L
apt
) lull36n) — _’Vﬂsm)Mh @)

)\
2 oty T = S Wil

_ qy m apt—q A a
= ph < P == Ve
a(pt)® aQ g

This inequality shows that if we choose

AR T ——— (5)

2a(pt)ect Vil

then for all A € (0,\*) and for all u € X with [[u[|g(,) = p, there exists a > 0 such that
Jau(u) > a > 0. The proof of Lemma 3.3 is complete. O

Proof of Theorem 3.2 completed. Let A* > 0 be defined as in (15) and A € (0, \*),
@ > 0. By Lemma 3.3 it follows that on the boundary of the ball centered at the origin
and of radius p in X, denoted by B,(0), we have

f Jy,>0. 16
ag:(o) A (16)

On the other hand, by Lemma 3.2, there exists ug € X such that Jy ,(tug) < 0 for all
t > 0 small enough. Moreover, by hypothesis (Mj) and the proof of Lemma 3.3 we deduce
that for any u € B,(0),

JA,u(U) >

my +
WHUHZ&) |V1|51<w 1 HUH
It follows that

—oo < c:= _inf Jy, <0.
B,(0)

Let 0 < € < infyp, (o) Jru — Infp, (o) Jr,- Using the above information, the functional
I Bp(0) — R, is lower bounded on B, (0) and J) , € C*(B,(0), R). Then by Ekeland’s
variational principle [23], there exists u. € B,(0) such that

c< J)\,p,(ue) <c+e

0 < (W) = Iap(ue) +ellu—uellp@), v # te.

Since

Iyp(ue) < inf Jy , +e < inf Jy , +e < inf Jy,,
M( ) B,(0) " B,(0) g 9B,(0) "
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we deduce that u. € B,(0). Now, we define J) , : B,(0) — R by J) ,(v) = Jy .(u) +
€llu — ucll () It is clear that uc is a minimum point of J) , and thus

j,\,u(ue +t-v)— j,\,u(ue)

t
for small ¢ > 0 and any v € B1(0). The above relation yields
J,\,M(ue +t-v)— J)\7M(u€)

t

Letting t — 0 it follows that J} ,(ue)(v)+€l|v] 5(z) > 0 and we infer that [|J}  (uc)|ls@) < €.
We deduce that there exists a sequence {u,} C B,(0) such that

>0,

+efvllge) = 0.

Iapu(tn) — ¢ <0 and J/’\#(un) — Oxx. (17)

It is clear that {u,} is bounded in X. Thus, there exists u in X such that, up to a

subsequence, {u,} converges weakly to v in X. Since k;(z) = % < p*(x) for all

z € Q,i=1,2, we deduce that there exist compact embeddings X — L*(®)(Q), hence
the sequence {u,} converges strongly to u in L¥(*)(Q), i =1,2.
Using Holder’s inequality (5) we have

/ Vl(x)‘“n’ql(x%Qun(un —u)dr < ’Vl‘MHunwl(z)izun(un - u)|h1(:):)
Q o

< ’V1|L(I)||Un|m(m)_2un| Q(1()1)1 |tn, — U|k1(:c)‘
a q1(z)—

. —9 -2 a
Now if Hun|‘h(x) Up| ¢y > 1 then we get Hun|‘h(x) Un| @ < |un|t,y. The
q1(z)—1 q1(z)—1

compact embedding X < L%(®)(Q) helps us to show that

lim Vi (2) |t |20, (1 — w) daz = 0. (18)
Similarly, we get

lim [ Va(@)|un| 22, (u, — u) dz = 0. (19)

n—oo Q

Moreover, by (17) we have

nl;n;o I (tn) (U — u) =0

or
M (Lg(y) (un)) </ Vi, [P 2V, - (Vu, — Vu) da —I—/ B(2) | tn [P 20y, (uy — ) da)
Q 80

)\/ Vi (2) |t | )20, (uy — ) da + p/ Vo ()| tn |2 ® 20, (1, — u) dz — 0.
Q Q

Combining this with relations (17)-(19) it follows that

M (L) () ( /Q IV [P 2T, - (Vi — Vr) dar + /8 BP0 = ) da> N

(20)
If Ly (un) — 0 as n — oo then it follows from (10) that u, — 0 strongly in X and
the proof is finished. If Lg(,)(u) — to > 0 then for n large enough, we have

M (Lgay(un)) — M(to) = matg™" >0,
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so it follows that

lim / IVt [P 2V u,, - (Vi — V) d +/ B(x) [un [P 2wy (1, — w) do = 0
Q 00

n—oo

or

Combining this with Proposition 2.1, we deduce that {u,} converges strongly to u in
X. Since Jy , € CY(X,R), we conclude that

Jﬁw(un) — Jf\?#(u), as n — 0o. (21)

Relations (17) and (21) show that J{ ,(u) = 0 and thus u is a weak solution for problem
(1). Moreover, by relation (17), it follows that Jy ,(u) < 0 and thus, u is a nontrivial weak
solution for (1). The proof of Theorem 3.2 is complete. O

4. CONCLUSIONS

In this paper, we consider a class of Kirchhoff type problems with Robin boundary
conditions in Sobolev spaces with variable exponents. In particular, the Kirhhoff function
is allowed to be singular at zero and the nonlinear term involves indefinite weights. Using
the minimum principle and the Ekeland variational principle, we establish some results on
the existence of nontrivial weak solutions for such problems.

Acknowledgement. The author would like to thank the referees for their suggestions
and helpful comments which improved the presentation of the original manuscript.
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