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COMMON FIXED SOFT ELEMENT RESULTS IN SOFT COMPLEX
VALUED -METRIC SPACES

I. DEMIR, §

ABSTRACT. In this paper, firstly, on the base of the soft complex numbers suggested by
Das and Samanta, we introduce the concept of a soft complex valued b-metric space and
investigate some of its properties. Also, we compare it to a soft complex valued metric
space and a soft topological space. Next, we establish some fixed soft element theorems
in the context of soft complex valued b-metric spaces and give suitable examples to
illustrate the usability of the obtained main results. These results extend and generalize
the corresponding results given in the existing literature.
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1. INTRODUCTION

In 1999, Molodtsov [21] initiated the concept of a soft set theory as a new approach for
coping with uncertainties and also presented the basic results of the new theory. In [21],
Molodtsov successfully applied the soft set theory in several directions, such as smoothness
of functions, game theory, operations research, Riemann integration, Perron integration
and theory of measurement. After presentation of the operations of soft sets [20], the
properties and applications of this theory have been studied increasingly [4, 16, 22, 28].

Shabir and Naz [32] initiated the study of soft topological spaces. Das and Samanta [10]
presented the notion of a soft metric space by employing soft elements introduced in [9]
and investigated some of its fundamental properties. Recently, many papers concerning
the soft set theory have been published [5, 13, 19, 26, 35].

Fixed point theory plays a fundamental role in mathematics and applied sciences, such
as optimization, mathematical models and economic theories. Also, this theory have been
applied to show the existence and uniqueness of the solutions of differential equations,
integral equations and many other branches of mathematics [14, 27, 33]. A basic result
in fixed point theory is the Banach contraction principle. Since the appearance of this
principle, there has been a lot of activity in this area.

In 2011, Azam et al. [6] defined the notion of a complex valued metric space which is
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more general than the well-known metric space and obtained some fixed point results for a
pair of mappings satisfying a rational inequality. In this line, Rouzkard et al. [30] studied
some common fixed point theorems in this space to generalize the result of [6]. Ahmad et
al. [3] investigated some common fixed point results for the mappings satisfying rational
expressions on a closed ball in such space. Later, Rao et al. [29] gave a common fixed
point theorem in complex valued b-metric spaces, generalizing both the b-metric spaces
introduced by Czerwik [7] and the complex valued metric spaces. After the establishment
of this new idea, Mukhemier [23] presented common fixed point results of two self-mappings
satisfying a rational inequality in complex valued b-metric spaces. Verma [36] studied a
common fixed point theorem using property (CLCS) in these spaces. In recent years, there
has been a considerable literature on fixed point theory in complex valued metric spaces
(2, 15, 24, 25, 33, 34, 37].

Extensions of fixed point theorems to the soft sets have been studied by some authors.
Wardowski [38] defined, in a different way than in the literature, a soft mapping and
obtained fixed point results in the soft set theory. Das and Samanta [10] investigated
Banach fixed point theorem in the soft setting. Then, Yazar et al. [39] proved some fixed
point theorems in soft metric spaces. Abbas et al. [1] established soft metric versions of
several important fixed point theorems for metric spaces. Guler et al. [17, 18] introduced
soft G-metric spaces with the help of soft elements and proved a fixed point theorem on
these spaces.

In this work, with the help of soft complex numbers, we define the notion of soft complex
valued b-metric spaces and study some of their topological aspects. Next, we prove some
fixed soft element theorems for various soft mappings on soft complex valued b-metric
spaces. Moreover, we furnish some examples to demonstrate the validity of the obtained
results.

2. PRELIMINARIES

In this section, we recollect some basic notions regarding soft sets. Throughout this
work, let X be an initial universe, P(X) be the power set of X and E be a set of parameters
for X.

Definition 2.1. ([21]) A soft set F' on the universe X with the set E of parameters is
defined by the set of ordered pairs
F={(e,F(e)):e€ E,F(e) e P(X)}
where F is a mapping given by F : E — P(X).
Throughout this paper, the family of all soft sets over X is denoted by S(X, E) [5].

Definition 2.2. ([4, 20, 28)) Let F,G € S(X,E). Then,
(i) If F(e) = & for every e € E ,then F is called null soft set, denoted by .
(ii) If F(e) = X for every e € E, then F is called absolute soft set, denoted by X.
(11i) F is a soft subset of G if F(e) < G(e) for every e € E. It is denoted by F C G.
(iv) The complement of F is denoted by F°, where F° : E — P(X) is a mapping defined
by F(e) = X\F(e) for every e€ E. Clearly, (F°)¢ = F.

(v) The union of F and G is a soft set H defined by H(e) = F(e) u G(e) for every
e€ E. H is denoted by ' u G.

(vi) The intersection of F' and G is a soft set H defined by H(e) = F(e) n G(e) for
every e € E. H is denoted by F m G.
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Definition 2.3. ([9]) Let X be a non-empty set and E be a non-empty parameter set.
Then a function T : E — X is said to be a soft element of X. A soft element T of X 1is
said to belong to a soft set F' of X, denoted by T € F, if &(e) € F(e) for every e € E. Thus
a soft set F' can be expressed as F(e) = {%(e) : & € F} for everye€ E.

Throughout this paper, the family of all soft elements in X with the set E of parameters
is denoted by XF.
Definition 2.4. ([9]) Let &,5 € X¥. Then,

T=g< Z(e) =7y(e) foreveryeeckFE.
Definition 2.5. ([9]) Let # € X and let F; € S(X, E) for alli € J where J is an index
set. Then,

(i) & € LlieJF < T € F,,Jige J.

(i) T € [ |,c; Fs & T € F;,Vie J.
Remark 2.1. ([9]) It is to be noted that every singleton soft set ( that is, for every e € E,

F(e) is a singleton set) can be identified with a soft element by simply identifying the
singleton set with the element that it contains for every e € E.

Definition 2.6. ([9]) Let R be the set of real numbers, B(R) be the collection of all
non-empty bounded subsets of R and E be a set of parameters. Then,

F ={(e,F(e)) :ec E,F(e) € B(R)}

18 called a soft real set.

1If specifically F' is a singleton soft set, then after identifying F with the corresponding
soft element, it will be called a soft real number.
Definition 2.7. ([9]) Let F, G be soft real numbers. Then,

(1) The sum is defined by (F + G)(e) = F(e) + G(e) for everye€ E.

(13) The difference is defined by (F' — G)(e) = F(e) — G(e) for everyee E.

(t31) The product is defined by (F.G)(e) = F'(e).G(e) for every e € E.

(iv) The division is defined by (£)(e) = gg , provided G(e) # 0 for every e € E.

(

(

v) The modulus is defined by |F|(e) = |F(e)| for everyee€ E.
vi) The scalar multiplication of F by k is defined by (k.F')(e) = k.F(e) for everye € E.

From the above definition of soft real numbers it follows that F + G, F — G, F.G, £ el
|F'| and k.F are soft real numbers.

We use notations 7, §, b to denote soft real numbers whereas 7, 5 will denote a particular
type of soft real numbers such that 7(e) = r for every e € E etc. For example, 0 is the
soft real number, where 0(e) = 0 for every e€ E [9].

Definition 2.8. ([9]) Let 7 and § be two soft real numbers. Then,

(1) 7 < 5 if 7(e) < 5(e) for every e € E.

(ii) 7 = 5 if 7(e) = 5(e) for every e e E.

(i13) 7 < 5 if 7(e) < 3(e) for every e€ E.

(iv) 7> 5 if 7(e) >
)

Definition 2.9. ([9]
we write limy,— oSy, =
allm = ng.

) for everyee E.

S(e
A sequence {SNn} of soft real numbers is said to converge to §, and
3, if for every € >0, there exists an ng € N such that |$, —§| <€ for
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Theorem 2.1. ([9]) A sequence {s,} of soft real numbers is said to be a Cauchy sequence
if for every é >0, there exists an ng € N such that |$,, — S| <€ for all m,n > ng.

Theorem 2.2. ([8]) Every Cauchy sequence of soft real numbers with a finite set of pa-
rameters converges to a soft real number.

Definition 2.10. ([11]) Let C be the set of complex numbers, B(C) be the collection of
all non-empty bounded subsets of C and E be a set of parameters. Then,

F ={(e,F(e)) :e€ E,F(e) € B(C)}
1s called a soft complex set.
1If specifically F' is a singleton soft set, then after identifying F with the corresponding

soft element, it will be called a soft complexr number.

Definition 2.11. ([11]) Let F' be a soft complex set (number). Then the real and imaginary
parts of F are denoted by ReF and ImF and are defined by
ReF(e) = {Re(z): z€ F(e)} (ReF(e) = Re(F(e)))
ImF(e) = {Im(z): z€ F(e)} (ImF(e) =Im(F(e)))
for every e € E. By definition of soft real sets (numbers) it follows that ReF and ImF
are soft real sets (numbers).
Definition 2.12. ([11]) Let F,G be soft complex numbers. Then,
(1) The sum is defined by (F' + G)(e) = F(e) + G(e) for every e € E.
(13) The difference is defined by (F — G)(e) = F(e) — G(e) for every e € E.
(t3i) The product is defined by (F.G)(e) = F'(e).G(e) for every e € E.
(iv) The division is defined by (£)(e) = ggg , provided G(e) # 0 for every e E.
(v) The scalar multiplication of F by k is defined by (k.F)(e) = k.F(e) for everye € E.

From the above definition of soft complex numbers it follows that F' + G, F — G, F.G,
and k.F are soft complex numbers.

Q=

We use notations as 2,4 to denote soft complex numbers where 2 = 2z + 23 and
U = Uy + tus with Rez = Z1, Im3 = %23 and Ret = ui, Im@ = u3. On the other hand,
N A .

v =0+t and w = w + 1w will denote a particular type of soft complex numbers where
A

A A A _
Rev = Imv = v and Rew = Imw = w. For example, 0 = 0 + ¢0 is the soft complex

A _ _
number, where 0(e) = 0(e) +i0(e) = 0 + 30 for every e € E [12].
Definition 2.13. ([11]) Let £ = 21 + 23 be a soft complex number. Then the complex
conjugate of Z is denoted by Z and is defined by 2 = 21 — i23.
By definition of soft complex numbers it follows that 2 is a soft complex number.

Definition 2.14. ([11]) Let 2 = 21 +i22 be a soft complex number. Then, the modulus of 2
is denoted by |Z| and is defined by |Z| = v/ (21)? + (22)?. By definition of soft real numbers it
follows that |2| is a nonnegative soft real number (that is, 0 < |2|(e) = 1/(Z1(e))? + (%2(e))?
for every e e E).

Theorem 2.3. ([11]) Let 2, 4 € CF where 2 = 21 +i% and @ = uy + iuz. Then, the
following properties are satisfied.

(i) 2+ 4 =2+a.
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(ii) |2] = [3].
(iii) 2| = 2.2.

() |21 < |2] and |2] < |2]
(v) |2.4] = |2].|]a

@ 15~ f

(vii) |2+ 4| < 2] + |a

al < |2

Definition 2.15. ([12]) A sequence {2} of soft complex numbers is said to converges
to 2, and we write lim,_in = 2, if for every € > 0, there exists an ng € N such that
|20 — 2| <€ for all n = ny.

Theorem 2.4. ([12]) Let {Z,,} be a sequence of soft complex numbers where z, = Zn, +izn,
with Zy,, Zny € RE. Let 2 = 21 +i2y such that 21, 25 € RE. Then,

limp—ozn =2 if and only if limp_gzn, = 21 and lim,_opzn, = 22.

Definition 2.16. ([13]) Let X be a set, E be a set of parameters and R be a soft relation

on XE, ie., a subset of X¥ x XF. We say that R is a soft order on X if it has the
following properties (we write TR 7 instead of (Z,7) € R):

(so1) For every i€ X, 2R E.

(so2) If TRy and YR T, then T = .

(so3) If TRy and YR Z, then TR Z.

A set X together with a soft order | on X is called a soft ordered set, denoted by
(X,MR, E). For example, (R, <, E) is a soft ordered set.

Demir [12] introduced a soft order < on C¥ for comparing two soft complex numbers
as follows: Let 2, & € CF¥ where 2 = 2] + % and @ = U] + i3, then

220 e 21<a and %< U

Thus, 2 < 4 if one of the followings holds:
(1) 21 = uy and 25 =
(2) 21 < u7 and 23

(3) 21 = uy and 2,

)

[y

i

SUELS!

)

¢ A

~

(4) z1 < u7 and 25 < us.
In particular, we will write # < 4 if 2 < @ and 2 # 4 i.e., one of (2), (3) and (4) is satisfied
and we will write 2 < @ if only (4) is satisfied [12].
Lemma 2.1. ([12]) Let m,n e R and 2,4, 0, € CF. Then, the following properties hold.
(i) If m < n, then m.z2 < n.3.
(i) If 2 5 @ and @ X 0, then 2 2 0.
o , then |2| < |4].
o<W, then 2+ 0 < 4+ .
Definition 2.17. ([32]) Let 7 be a collection of soft sets over X. Then, T is said to be a
soft topology on X if
(st1) &, X belong to T,

(ste) the union of any number of soft sets in T belongs to T,
(st3) the intersection of any two soft sets in T belongs to T.
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The triplet (X, 7, E) is called a soft topological space. The members of T are called soft
open sets in X. A soft set F' over X is called a soft closed in X if F€ e T.

Definition 2.18. ([5, 26]) Let (X, T, E) be a soft topological space. A subcollection B of T
1s called a base for T if every member of T can be expressed as the union of some members

of B.

Definition 2.19. ([31]) Let (X, 7, E) be a soft topological space. A subcollection § of T
18 called a subbase for T if the collection of all finite intersections of members from § is a
base for T.

Theorem 2.5. ([31]) A collection & of soft sets over X is a subbase for some soft topology
7 on X if and only if

(i) Z5 €8 or & is the intersection of a finite number of members of §,

(ii) X = |6.
Definition 2.20. ([12]) Let X be a nonempty set and E be a set of parameters. A mapping

d: XEx XE — CF is called a soft complex valued metric on XF if it satisfies the following
azioms:

AL

< d(%,9), for all z,5e€ XP.

A

0 if and only if & =7, for all Z,5€ XF.
d(7,%), forall & je XPF.
d(z,2) + d(2,9), foralz,5,7e XF.
,E) is called a soft complex valued metric space on XF.
Definition 2.21. ([26]) Let S(X, E) and S(Y, E) be the families of all soft sets over X
and Y, respectively. Let f : X — Y be a mapping. Then, the mapping fr is called a soft
mapping from X to 'Y, denoted by fr: S(X,E) — S(Y,E).

(1) Let F € S(X,E). Then, fg(F) is the soft set over Y defined as follows:

fe(F)(e) = f(F(e))

forallee E. fg(F) is called a soft image of a soft set F.

(i1) Let G € S(Y, E). Then, f5"(G) is the soft set over X defined as follows:

f2'(G)(e) = [7H(G(e))
forallee E. fEl(G) is called a soft inverse image of a soft set G.
In particular, if we take S(X, F) = X¥ and S(Y, E) = Y, respectively then we have
(i) If € X, then fg(%) is the soft element over Y defined as follows:
fe(Z)(e) = f(Z(e))
for all e € E.

(43) If f is bijective and § € YF, then fgl(gj) is the soft element over X defined as
follows:

et @)e) = £ ()
for all e e E [12].
Definition 2.22. ([12]) Let (X, d, E) be a soft complex valued metric space and let fg, gg :
(X,d,FE) — (X,d, E) be two soft mappings.
(i) A soft element ¥ € X is called a fized soft element of fr if fg() = 2.
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(ii) A soft element ¥ € X is called a common fived soft element of fr and gg if
fe(%) = 9E(7) = 2.

3. ON SOoFT COMPLEX VALUED b-METRIC SPACES

In this section, we present the notion of a soft complex valued b-metric space and study
some of its topological aspects which strengthen this concept.

Definition 3.1. Let X be a nonempty set, E be a set of parameters and b > 1 be a soft
real number. A mapping dy : X¥ x XE — CF is called a soft complex valued b-metric on
XE if it satisfies the following axioms:

AN
scbmy) 0 < dy(%,9), for all 3,5¢€ XF.

scbms) dy(,§) = dy(§,7), for all 7 € XP.
scbmy) dy(,§) < b[dy(E,2) + dy(,9)], for all ,7,% € XF.
The triplet (X, dp, E) is called a soft complex valued b-metric space on XE,

(
A
(scbma) dy(Z,9) = 0 if and only if & = §, for all #,j e XP.
(
(

It is seen that the above definition coincides with that of the soft complex valued metric
when b = 1. Thus, the class of the soft complex valued b-metric spaces is larger than that
of the soft complex valued metric spaces, that is, every soft complex valued metric space
is a soft complex valued b-metric space. But the converse is not true in general as seen in
the following example.

Example 3.1. Let X = {1 +i,3 -2}, E = {e1, e} and let T7,75, 73,71 € X where
ziler) =1+1i x3(e1) =141 z3(e1) =3—1i2 x4(e1) =3 —i2
Ti(ea) =1+1i T3(e2) =3—142 a3(eq) =1+1 T4(ez) = 3 —i2.

Let us consider a mapping dp : X¥ x X¥ — CF such that

0y(FT, 7¥) = dy(T5,75) = 0, 0b(@3.73) = do(70,77) = 0,

dy(77,72) = dp(72,21) = 2+43,  dp(71,73) = dp(73,71) = 2 — i1,
0@, 79) = do(F0,77) =5+ 3, dy(@5.73) = dy(F5.73) = il

(@5, 77) = do(@0,35) =3+ T, dy(@5.70) = db(F0,33) = 2 = 21 + i,

Z
where Z1(e1) = 1,Z1(e2) = 3 and Za(e1) = 2, 22(e2) = 4. Then, (X, dy, E) is a soft complex
valued b-metric space with the constant b = 3. However, since
dy(73,73) = id and dyp(72,77) + dp(21,73) = 4 + 42
it is not a soft complex valued metric space.

Definition 3.2. Let (X,dy, E) be a soft complex valued b-metric space.
(1) A sequence {Z,} of soft elements in X is said to converge to & € XF if for every
A
¢ e CF with 0 X ¢, there exists an ng € N such that, for all n = ng, dp(Zy, ) < ¢. We

denote this by limg, T, = I.
(17) A sequence {x,} of soft elements in X is said to be a Cauchy sequence in (X, dy, E)

A
if for every ¢ € CF with 0 X ¢, there exists an ng € N such that, for all n > ng,
dy(Try Trym) < ¢, where m € N.

(1i1) (X, dp, E) is said to be a complete soft complex valued b-metric space if for every
Cauchy sequence {zy,} in (X,dy, E) there exists an & € X such that lim, T, = .
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Example 3.2. Let X = C and F be a finite set of parameters. Define the mapping
dy: CF x CF - CF by

dy(2,0) = |21 — iH]Q +i|29 — 175\2 for every 2,4 e CF.

Then, (X,dy, E) is a complete soft complex valued b-metric space with b=2

A
Definition 3.3. Let (X, dy, E) be a soft complex valued b-metric space, T € X¥ and 0 < 2.
(1) A soft open ball with centre T and radius Z is denoted by B(Z,z) and defined by

U {y e X 1 dp(T,7) < z}
for everyee E.
(i1) A soft closed ball with centre & and radius % is denoted by B[Z,Z] and defined by

U{y )€ X i dy(z,7) <z}
for everyee E.

Example 3.3. Let (X,dp, E) be a soft complex valued b-metric space which is defined in
Example 3.1. Then, for T € X¥ and 3 =3 +id e CF,

B(23,2) = {(61,{1 +1i}), (e2, X } and Blza, 2] = {(el,X),(eQ,X)}.
Theorem 3.1. Let (X, dy, E) be a soft complex valued b-metric space. Then, a family
§={B(%,2): 7€ XF, 6 <z} is a subbase for a soft topology T on X.

Proof. It follows immediately from Theorem 2.5 and the definition of soft open ball. [
Definition 3.4. Let (X, dy, E) be a soft complex valued b-metric space. Then, (X, dy, E) is

A
called a soft Hausdorff space if for any two soft elements T, € XF such that dp(%,7) = 0,
there exist two soft open balls B(z, %) and B(y,u) such that B(Z,2) m B(g,4) = &.

Theorem 3.2. Fvery soft complex valued b-metric space is a soft Hausdorff space.

A
Proof. Let ,9 € X% with dy(#,7) = 0. Then, we have |dy(%, )| = 7 > 0. Take a soft
A

complex number 2 > 0 such that |2] = 2%. It is clear that Z € B(Z, 2) and g € B(y, 2). Now,
we shall show that B(z, %) m B(y,2) = &. Suppose that there is an «* € B(z, 2) m B(g, 2).
Therefore,

dyp(Z,9) < bdy(Z,2%) + bdy(z*,§) < 2b2
Hence, |dy(Z,5)| < 2b|2| = 7 = |dy(%,7)| and we get a contradiction O

4. MAIN RESULTS

In this section, we prove some fixed soft element theorems in soft complex valued b-
metric spaces, which are the soft versions of fixed point theorems which is proposed by
Dubey et al. [15] and Mukheimer [23]. We start with the following lemmas that will play
a crucial role in the proofs of the main theorems.

Throughout this chapter, we will use the case of nonequality of two soft elements as
follows:

T #7y< T(e) #yle) foreveryecE.
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Lemma 4.1. Let (X, dy, E) be a soft complex valued b-metric space and {x,,} be a sequence
of soft elements in X. Then, {T,} converges to & if and only if limy_o|dy(Tn,T)| = 0.

Proof. Let {z,,} be converges to Z in (X, dp, E). Let us consider ¢ = % + i%, for a soft
real number € = 0. From the fact that 3 < ¢ e CF it follows that there exists a natural
number ng such that dy(7,, ) < ¢ for all n > n,. Since

|dy(Tn,Z)| < |¢| =€ foralln =n,

we have lim, o |dy(Zn, Z)| = 0.

A
To prove the sufficiency, let us take a ¢ € CF with ¢ = 0. Then, there exists a soft real

number 7# > 0 such that for 2 € C¥
if |2] <7 then 2 <é.
Hence, by 7 = 0, there is a natural number ng such that |dy(7,,Z)| < 7 for all n = ng.

Thus, we obtain dy(7,,Z) < ¢é for all n = ng and the proof is concluded. O

Lemma 4.2. Let (X, dy, E) be a soft complex valued b-metric space and {x,} be a sequence
of soft elements in X. Then, {T,} is a Cauchy sequence in (X,dy, E) if and only if
limp—oo|dp(Trs Tnim)| = 0, where m € N.

Proof. Let {Z,,} be a Cauchy sequence in (X,dp, E). For a soft real number ¢ = 0, let
_ _ A

¢ = % + z% Since 0 < ¢ € CF, there exists a natural number ng such that, for all

n = e, dp(Tr, Tnim) < ¢, where m € N. From the fact that

|dp(Zry Tnam)| < |6 =€ for alln = n,

—_—

it follows that limy, .o|dy(Zn, Tnim)| = 0.  For the converse, let us take a ¢ € C¥ with

. Then, there exists a soft real number # > 0 such that for 2 e CF

ob

¢ >
if |2| <7 then 2 <eé.
Since 7 > 0, by hypothesis, there exists a natural number ng such that |dy(Zy, Tnim)| < 7

for all n > ng. Hence, we get dp(ZTn, Tnim) < ¢ for all n > ng, which completes the
proof. O

Theorem 4.1. Let (X, dy, E) be a complete soft complex valued b-metric space with E a
finite set and let fp,g9p : (X,dy, E) — (X, dp, E) be soft mappings satisfying
N N SA(Z, fE(Z)) dy(Y, 9B (Y
ay(f5(5), 9w (@) X (i, §) + TS (5, 95(5))
1+ db(i'7g)

for all Z,5 € XE, where 7,5 are nonnegative soft real numbers with bF + § < 1. Then, fg
and gg have a unique common fized soft element.

Proof. Let 7o € XE. Construct a sequence {Z,} of soft elements in X as follows:

fe(@m) = 21 and gp(Tans1) = Tonr2 forne{0,1,..}.

Then, we obtain

dy(Tont1, Tant2) = dp(fE(Z2m), 9E(T2n+1))
3dy (Tany1,9E(T2nt1)) dy(T2n,fE(T20))

1+dy(T2n,T2n+1)

Yo~ |, Sdy(Famia,T2nT2) db (T3m,T20T
< Fdy (220, Tont1) + ( Ve Ll 22u o)

1+dp(Z2n,T2n+1)

< Fdy(T5n, Tom 1) +
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Since

~ A .
dy(T2n, Tont1) < 1+ dp(22, Tont1)

we have

T —

Ndb('rQna mi)

dy(T2ni 1, i) < T

Similarly, by putting Z = Z2,;2 and § = T, 1 in the contractive condition, we obtain

dy(T2nt2, Tonts) = do(fE(Z2nt2), 9E(Z2nt1))
S — —— 3dp(T2nt1,98(T2nt1)) dp(Tant2,fE(Tante
< 7dp(Tont2, Tont1) + bEans gi( Hlb(: SR
1+dy(T2nt2,T2nt1)
)+ 3dy (Tany1,%2n12) do(T2n 12,5201 3)

< 7dy(Tont2, Tant1
1+dy(T2nt1,Z2n12)

Because

A
dp(Z2n+1, Tont2) < 1 + dp(Z2n+1, Tont2)

we get

e~ T
dp(Tont2, Tants) < T

3
By b7 +5<T1and b > T, it follows that 7 + § < 1. Let us take h = TF” < 1. Therefore,

~dy(Tanv2, Tant1)-

for all n € N, we have
ot o) R hy(Tm 1) 3 e 3 () (s, 7).
Now, we shall show that {Z},} is a Cauchy sequence in (X, dy, E'). For any m > n,
dy (T, Tm) < bdy(Tn, Ty1) + by (Tni1, o)
< bdy(Tn, Zar1) + (0)2dp(Zni1, Tnv2) + (0)2dy(Tnva, Tn)
2 bdy(@, Zar1) + (0)2dy(Tni1, Tv2) + ()2 do(Tv2, Tavs) + (D) dy(Tns, T3m)

AL -

bdy(Tr, Tng1) + (0)2dy(Tnit, Tnrz) + (0)3dy(Tny2, Tnis)

too 4 (B Ny (E g, Bt + (D)™ (T, Ton)-

So, we get
dy(Tr, Tn) < b (h)" dy(To, T7) + (b)2 (R)" ' dy(T0, 77) + (b)® (R)"*2 dy (T, T7)
+o+ (D) ()2 dy(T0, 7)) + ()™ ()™ dy(To, )

< (bh ) dy(Zo, T7) + (bh)™ 1 dy(T, T7) + (bh)™*2 dy(T5, T7)
L
(

+ (bh)™ 2 dy(T5, 77) + (bh)™" dy (%5, 71)
= (Biz)u (bh)n+1 + (bh)2 4 L+ (bh) 2 + (bh)™ 1) dy (T, 7T)
< 1b ); dp(70

Hence, we have |dy (%5, )| < 1bh1))h

lity— o0 (bR)™ = 0 and therefore, by Lemma 4.2, {Z} is a Cauchy sequence in (X, d, E).
Since (X, dy, F) is a complete space, there exists an & € X such that lim, .oz, = .

Next, we shall show that Z is a fixed soft element of fr. For this, let dp(Z, fr(Z)) = 2.
By using the triangular inequality, we have

2 2 bdy(%, Tang2) + bdy(Tansa, f(E))
= bdy(Z, Tont2) + bdp(9E(Z2n11), fE(Z))

|dy (T, 71)|. Because F is a finite set and bh < 1,
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< Bdb(f,M) +Efdb(m,5f) + b3dy(E :fE( ) do(T2ny 1,96 (T2ng1))
1 +db($ $2n+1)

T e — e\ T~ ~ b3dy(Tani1, Tant2) 2

= bdy(T, Z2n12) + b7 dy(T2n11,Z) +

dp
VAN
1+dp (JI z2n+1)
So, by Theorem 2.3, we obtain

A2 d (5 =)+ b ld (e 7 Bédb@‘i,m 2
’Z‘<b|db($7x2n+2)|+b7“‘db(x2n+1,x)’+ | ( n+ n+ )|| |

| 1 + db(fL‘ 332n+1)|

Taking the limit of this inequality as n — o0 proves that || = 0. Thus, we get fg(Z) = 7,
that is, T is a fixed soft element of fg. Similarly, we obtain gg(Z) = Z.

Now, we check the uniqueness of the common fixed soft element of fg and gg. To show
this, assume that x* is another common fixed soft element of fr and gg. Therefore,

0o(@,5%) = do(f(7), g (%)) X y(&, %)+ SBLLOVOEIEED) — 5y (3,0%) 3 (i, %),
B 1+db(i,$*)

which is a contradiction. Thus, we get £ = z* and so Z is a unique common fixed soft

element of fr and gg. This completes the proof. O

Corollary 4.1. Let (X,dy, E) be a complete soft complex valued b-metric space with E a
finite set and let fr: (X,dp, E) — (X, dp, E) be a soft mapping satisfying

a(fe(@), @) % o5, ) + T TEE) BlG: Jo(5)
1+ db(‘%7 g)

for all &, € XF, where 7,5 are nonnegative soft real numbers with bi +5 < 1. Then, fE
has a unique fixed soft element.

Proof. 1t is immediate from setting fg = gp in Theorem 4.1. O

Corollary 4.2. Let (X,dy, E) be a complete soft complex valued b-metric space with E a
finite set and let fr: (X,dp, E) — (X, dp, E) be a soft mapping satisfying

(B, F(5) R 7dy(3, ) + D TEE) B, TEE)
1+ dy(%. )

for all 7,5 € XE, where 7,5 are nonnegative soft real numbers with b + 5 < 1. Then, fg
has a unique fizved soft element (Here, ff is the nth iterate of fg).

Proof. From Corollary 4.1, we obtain & € X% such that fp(2) = . Now, suppose that
fe(Z) # Z. From the condition (scbma) of Definition 3.1, it follows that

dy(fe(Z),Z)(e) # 6(6) =0(e) +i0(e) = 0+40 for everyee E.

Then, we have

dy(fe(2), %) = dp(fE(fE(2)), fE(E)) = dy(fE(fE(T)), fE(Z))
% fdb(fE(i'),-%) + 3dy(fE(Z )AfE(fE(x))) (x,fg( %))
1+dp(fE(2).)
_ fdb(fE(i‘); i,) + Sdb(fE(Ax)va(fg(x)))db(wi)
1+dp(fE(T),7)
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which yields a contradiction. Therefore, we get fg(Z) = Z. Thus, from the fact that
fe(%) = fE(F) = &
it follows that the fixed soft element of fg is unique. O

We construct the following example to show the validity of the hypotheses of Corollary
4.2.

Example 4.1. Let (X, dy, E) be a complete soft complex valued b-metric space defined as
in Example 3.2. Take a mapping f: C — C by

0, if v,yeQ,

D, if teQ°yeqQ,

15, if x € Q% yeQ°,

5415, if zeQ,ye Q°,

L A
where z = x + iy € C. Now, for Z = (%) and & = 0, we obtain

f(z) =

o~ ar s s o A A
(B (2), Fp(@) = 0+ 25 3 dy(2, ) + EIEED j““)’f'f(“” =7 (3) +0=7(3).
1+dy(2,a

This is a contradiction for every choice of 7 satisfying 0 < 7 < 1. But, one can readily

A
1
5

A
verify that fi(2) = 0 for every 2 € C¥ and n > 1. Therefore,

0 = B, 7)) 7, ) + DB FEL)
1+ dy(2,4)

with 27 + 5§ < 1. Thus, all conditions of Corollary 4.2

for every 2,0 € CF and 7,5 >

D> o

are satisfied and it is seen that 0 is the unique fived soft element of fg.

Theorem 4.2. Let (X, dy, E) be a complete soft complex valued b-metric space with E a
finite set and let fp,g9p : (X,dy, E) — (X,dy, E) be soft mappings satisfying

dy(f5(2), 95 (7)) 3 7dy(Z,§) +

for all 7,5 € XE such that dy(%, 95(7)) + do(F, fe(T)) + dp(Z, ) # 3 where 7,5 are non-
negative soft real numbers with b(7 + b3) Z T or dy(fr (%), 95(7)) = 8 if dp(Z,98(9)) +
Ay (7, fE(Z)) + dp(Z,7) = 6. Then, fg and gg have a unique common fized soft element.
Proof. Let 7o € X¥ and define a sequence {Z,} of soft elements in X by

fe(x2n) = Tont1 and gp(Topt1) = Tonte forne{0,1,...}.

Then, we obtain

dy(Tant1, Tonte) = dp(fE(Z2m), 9E(ZTant1))

Sos g~ —— 3dy(Tant1,9E (Tant1)) db(Ton, fE(T21))
z __ 5dp(Tan+1,98 (T2n+1)) do(T2n, [E(T20)
~ Tdb(xQ”’ xQ”""l) + dp(T2n,98(T2nt1))+dp(Tant1,fE(T2n))+dy (T2n,T2n11)

3dy(22n,%2n+1) dp (T2n+1,T2n12)
Zon,Tant2)+dp(Tant1,C2n+1)+dp(Z2n,T2nt1)

= iy (T, Tr1) + g

Since

dy(Tont1, Tong2) S bdyp(Toni1, Tan) + bdy(Ton, Tanta)
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we get

dy(Tant1, Tong2) 3 Fdy(Ton, Tang1) + 03dy(Tam, Tang1) = (7 + b3)dy(Tam, Tant1)-

Similarly, replacing & by Z2,12 and § by Z2,11 in the contractive condition, we have

dp(T2nt2, Zont3) = dp(fE(Z2n+2), 9E(T2n11))
A (m— 5dp(Tant2,/E(T2nt2)) do (Tont 1,98 (T2ni1))
< Sap\T2n+2,/E + b\T2n+1,, +1))
~ Tdb(x2n+2’ x2n+1)+ dp(Z2nt1,/E(@Z2nt2))+do(Z2nt2,9E(T2nt1))+ds(T2nt2,T2n+1)

5dp(T2nt12,%2n13) do(T2nt 1,820 12)
Zont1,%2n13)+dy(T2nt2,22n12)+dp (T2nt2,T2n11)

= fdb(mvaH-i-l) + o (
From the fact that

dy(T2n12, Tanr3) < bdy(Tani2, Tant1) + bdy(Toni1, Tansa)

it follows that

dy(Tant2, Tangs) < Fdy(Tanta, Tang1) + 03dy(Tant1, Tangz) = (F + 03)dy(T2nt1, T2nt2)-
By B(F + 35) ZTand b =T, we obtain h = (7 4 b3) < 1. Therefore, for all n € N, we have

dy(Tni1, Tnv2) S hdy(B, 2071) 3 0 2 (h)" T dy(T5, 7).
So, for any m > n,
do(Tr, Tm) < bdy(Trn, Tor1) + bdy(Tnris Tom)
< bdy(@n, Tar1) + (0)2dp(Tny 1, Tnv2) + (0)2dy (a2, )
< bdb(xn, xnﬂ) + (0)2dy(Zni1, Torz) + (0)3dy(Znyz, Togs) + (0)3dy(Tnrs, o)

2 bdy(Tn, Tav1) + (0)2dy(Znv1, Tnva) + (0)°dy(Tni2, Tns)
oo+ Oy (T, Em1) + (0)™ "y (Tt D).
Hence, we obtain
dy (T, ) 2 b ()™ dy(F5, 1) + (B)? (h)" dy (5, 1) + (b)° (R)™+2 dy (T, 77)
+o o (D)™ ()™ 2 dy (T0, 71) + (B)™ " (h)™ ! dy(T5, 71)
(bh)™ dy (5, 1) + (bh)" ! dy (T, T1) + (bh)™+2 dy(Z0, T7)
-+ (bh)™ 2 dy (5, 1) + (bh)™ " dy (75, 7)
(Eﬁ) + (bR + (bh)" 2 + .. + (Dh)™ 2 + (bh)™ 1) dy (T, T7)
b

N

l))h dp(Z0, 7).

N
/‘\A—i_

Therefore, we get |dy (5, Tm)| < Ebh)? =|dy(Zo, 21)|. Since E is a finite set and bh <1, it

follows that lim,, . (bh)" = 0. By Lemma 4.2, {x,} is a Cauchy sequence in (X, dp, E).
Because (X, dp, E) is a complete space, there exists an & € X E such that limg,_o@y = .
Now, let dy(Z, fe(Z)) = 2. Then, we have

2 2 bdy(F, Tant2) + bdy(Tanya, fr(T))
= bdy(T, Tant2) + bdp(9E(T2nt1), fE(T))
~c o = - b5 dy(2,f (%)) dy (Foms.95 (TonT
3 Bds(2,T2033) + 57 (o1, 3) + g e e e B P )
5 - = b3 dy(Fong1,d2ni2) 2
= bdy(z, 962n+2) + deb(372n+17 ) + dy (7, x2n+2)+dbb(xg2n:11,fE2(+)2)+db(a~:,m)'
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Hence, using Theorem 2.3, we get

N b3 |dy(T2nt1, Tany2)| 2]

|do(Z, T2nr2) + do(Tant1, fE(T)) + dy(Z, T2ni1)|
Taking the limit of this inequality as n — o gives |2| = 0. Thus, we have fg(Z) = &, that
is, T is a fixed soft element of fr. Arguing the same, one can show that Z is a fixed soft
element of gg.

12 < b|dy(F, Tana)| + b7 |dy(Tansi, T)]

To investigate the uniqueness of the common fixed soft element of fr and gg, assume
that z* is another common fixed soft element of fr and gg. Therefore,

dy(%, %) = dy(fB(), gp(r*))

N s 5dy (3, (7)) dy (F,95(%))
S Td(E, 27) F G ) e (- fo () £ b %)

= Fdy(Z, %)

3 dy(#,2%).
Thus, we arrive at a contradiction, so that & = z*, which proves the uniqueness of common
fixed soft element in (X, dp, E).

JAN
For the second case, if dy(T25,, 9(Tant1)) + do(Zont1, fE(T2m)) + dp(T2n, Tont1) = 0 for

A
any n € N, then we have dy(fg(Z2,), 9g(Tant1)) = 0. Therefore, we get

Zon = fE(T2m) = Tont1 = 9E(T2nt1) = Tonto-

Since T3, = fr(*2,) = Tont1, there exist two soft elements 7 and §7 such that 77 =
fe(r1) = §1. By repeating the same arguments, one can also show that there exist two
soft elements 75 and $3 such that 75 = gg(r2) = S2. From the fact that

A
dy (71, 98(r2)) + dp(72, fE(r1)) + dp(r1,72) = O
it follows that $1 = fr(r1) = grp(r2) = $2, which deduce the equalities 51 = fp(r1) =

fe(s1) and 53 = ggp(r3) = gr(s2). Because s1 = 83, we obtain fg(s1) = gr(s1) = si1.
Thus, §1 = §3 is common fixed soft element of fr and gg.

For uniqueness of common fixed soft element, let s~’1" € X¥ be another common fixed soft
element of fr and gg, i.e. fg(s}) = gr(sf) = s7. Since

N - . A
dp(51,96(s7)) + dp(s7, fE(51)) + dp(51,87) = 0

~

we have s~’1‘< = gE(SN’l") = fg($1) = $§1, which shows that s~’1" = §1. This completes the
proof. O

Corollary 4.3. Let (X, dy, E) be a complete soft complex valued b-metric space with E a
finite set and let fp: (X,dy, E) — (X, dy, E) be a soft mapping satisfying

. e~ 5dy(, fE(Z)) dy(7, fE(7))
W@, @) TDED) T G55 ) + i fo@) + (7. 9)

A
for all &, € XT such that dy(Z, fe(§)) + do(F, fe(Z)) + dp(Z,§) # 0 where 7,5 are non-

. - _ A
negative soft real numbers with b(7 + b3) < 1 or dp(fr(Z), fE()) = 0 if dy(Z, fE(7)) +
A
dp(7, fE(Z)) + dp(Z,9) = 0. Then, fr has a unique fixed soft element.

Proof. We can prove this result by applying Theorem 4.2 with fr = gg. O
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Now, we give an example to demonstrate the validity of the hypotheses of Corollary
4.3.

Example 4.2. Let X = C and E be a finite set of parameters. Let us define a mapping
dy: CF x CF — CF as follows:
dy(2,0) = |2 —af* +i|2 —a)?
where 2,1 € CF with 2 = 21 +i23 and @ = uy + iuz. Clearly, (X, dy, E) is a complete soft
complez valued b-metric space with b = 2. Now, take a mapping f : C — C such that
f(z) =35, for every zeC.

Therefore, the contractive condition in Corollary 4.3 holds for all 2,1 € CF with 7 = (%)
and § = (%) Also,

b(7 + b3) :(@)m(g)) =3 =T

A
Thus, all the conditions of Corollary 4.3 are satisfied and it is seen that 0 € C¥ is a unique
fixed soft element of fg.

Corollary 4.4. Let (X, dy, E) be a complete soft complex valued b-metric space with E a
finite set and let fr: (X,dp, E) — (X, dp, E) be a soft mapping satisfying

b sy (7, [3(E)) (. F2(5)
WU IBE) TEO) 709+ G mm N T dy(g Fa(@) + do(@5)

A
for all #,5 € X such that dy(Z, f2(9)) + do(J, f2(Z)) + dp(Z,9) # 0 where 7,5 are non-

~ ~ _ A
negative soft real numbers with b(7 + b3) < 1 or dp(fi(Z), fR(9)) = 0 if do(Z, (7)) +
A
dy(y, fR(Z)) + dp(z,9) = 0. Then, fr has a unique fized soft element.

Proof. The proof follows the same lines as that of Corollary 4.2 and is therefore omitted
to avoid repetition. ]
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