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ON SUBCLASSES OF M-FOLD SYMMETRIC BI-UNIVALENT
FUNCTIONS

B. SEKER!, . TAYMUR?, §

ABSTRACT. In this study, we introduce and investigate two new subclasses of the bi-
univalent functions which both f(z) and f~*(z) are m-fold symmetric analytic functions.
Among other results, upper bounds for the coefficients |am+1| and |a2m+1]| are found in
this investigation.
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1. INTRODUCTION

Let A denote the class of functions f(z) which are analytic in the open unit disk U =
{z : z € Cand |z| < 1} and normalized by the conditions f(0) = f/(0) —1 = 0 and having
the form:

oo
f(2) :z—l—Zakzk. (1)
k=2
Also let S denote the subclass of functions in A which are univalent in U (for details,
see [6]).
It is well known that every function f € S has an inverse f~! , which is defined by
FHfR) =2 (z€U)
and

).

g(w) = f_l(w) = w — ayw? + (2a§ — ag)w3 — (5a?2’ — bagas + a4)w4 4+ (2)

Py

£ W) = w <\w| < rolf), rolf) >

In fact, the inverse function f~' is given by
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A function f € A is said to be bi-univalent in U if both f(z) and f~1(z) are univalent
in U. We denote by 3 the class of all bi-univalent functions in U given by the Taylor-
Maclaurin series expansion (1).

The problem of coefficient bounds of bi-univalent functions dates back to the 1967,
when Lewin [10] investigated the class ¥. Following, Brannan and Taha studied with
bi-univalent functions [3, 17]. Lewin, Brannan and Taha, thus pioneered the formation
of the concept of cornerstone in bi-univalent functions theory. However, in these days a
significat amount of theoretical work is done by outstanding mathematicians as Srivastava
et al. [12, 13], Ali et al. [1], Caglar et al. [4], Hamidi and Jahangiri [8], Hussain et al. [9],
Seker [15, 16], Zaprawa [20].

Let m € N. A domain E is said to be m-fold symmetric if a rotation of E about the
origin through an angle 2w /m carries E on itself. It follows that, a function f(z) analytic
in U is said to be m-fold symmetric (m € N) if

f(eQﬂ'i/mZ) _ 62m/mf(z).
In particular every f(z) is 1-fold symmetric and every odd f(z) is 2-fold symmetric. We
denote by S, the class of m-fold symmetric univalent functions in U.
A simple argument shows that f € S, is characterized by having a power series of the
form

o0
() =2+ ampprz™ (z €U, meN). (3)

k=1
In [14] Srivastava et al. described the class of m-fold symmetric bi-univalent functions
similar to the class of m-fold symmetric univalent functions (Also, see [7, 5, 18, 19, 2]).
They obtained that each function f € X, given by equations (3), constitue an m-fold
symmetric bi-univalent function for each m € N. Also considering the normalized form
of f is given by (3), they expressed the Maclaurin series for the inverse of a function as

follows:

g(’UJ) =w— am+1wm+1 + [(m + 1)a3n+1 - a2m+1] w2m+1

(4)

1
— i(m +1)(3m + 2)a§n+1 — (Bm+ 2)am+1a2m+1 + a3m+1 wdmt 4

where f~! = g. We denote by 3,, the class of m-fold symmetric bi-univalent functions in
U.
In 1983, Salagean [11] has introduced the following differential operator :
D" A— A
Df(z) = f(2),
DYf(z) = Df(2) = zf'(2),
and
D"f(z) = D(D" 1 f(2)) (n € Ng =NuU{0}).
For the functions given by (1.1), we can easily find that

D"f(z)=z+ Y k'apz® (neNy).
k=2
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The object of the present paper is to introduce new subclasses of the function class
bi-univalent functions in which both f and f~! are m-fold symmetric analytic functions
and obtain coefficient bounds for |a,,+1| and |agm,41| for functions in each of these new
subclasses.

2. COEFFICIENT ESTIMATES FOR THE FUNCTION CLASS (7';3’?”)
We begin by introducing the function class (’7;7:”) by means of the following definition.

Definition 2.1. A function f(z) given by (3) is said to be in the class (7;1:;) 0<a<
1;n,t € No;t > n) if the following conditions are satisfied:

Fes,, and |arg < 5;?8)‘ < (zey) (5)
and
Bt e e

where the function g(w) is given by (4), D' and D" are Salagean differential operators
and have the following forms

o0
Dif(z) =z + Z(mk + Dl apppr 2™
k=1
and -
D"g(w) =w+ Z(mk: + 1) by w™r L
k=1

Theorem 2.1. Let f € (th?n) (0<a<1;n,teNy;t>n) be given by (3). Then

2c
A < 7
R T e B (Y ST "

and

2a 24102

< .
|a2mi1| < YD + (ut — )2

where A =2m+1 and p =m+1

Proof. From (5) and (6) we have

DG

e = P2 )
and for its inverse map, g = f~!, we have

Dig(w) _. v

where p(z) and ¢(w) are in familiar Caratheodory Class P (see for details [6]) and have
the following series representations:

p(2) = 14 prmz™ + pom2®™ 4 p3p2>™ 4 - - (11)
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and

q(w) =1+ gnruw™ + GomW>™ + g™ - (12)
Comparing the corresponding coefficients of (9) and (10) yields

(1' = 1" ams1 = apm, (13)
(N = Nz = (557 = 2 = cpam + 2O, (14)
(' = M) ami1 = agm (15)
(A= A" [pad, 11 — agmi1] — (W™ = p?™)ag, 1 = agam + a(a;l)(ﬁn- (16)

From (13) and (15), we get
Pm = —Gm (17)

d

h 2(u" — p")2ah, 1 = QPP + d)- (18)

Also from (14), (16) and (18), we get

a2 _ a2(p2m + q2m) . (19)

LT auA = A = 2t — p20] — (o — 1)[ut — pr)?
Note that, according to the Caratheodory Lemma (see [6]), |pm| < 2 and |gn,| < 2 for
m € N. Now taking the absolute value of (19) and applying the Caratheodory Lemma for

coefficients po,, and g9, we obtain

2«
a < '
i) S N N = el — A (o= Dl =

This gives the desired estimate for |a,,+1| as asserted (7).

Next, in order to find the bound on |agm+1/, by subtracting (16) from (14), we get

ala—1)
2

Upon substituting the value of a2, ,; from (18) and observing that p?, = g2, it follows
that

(A" = A") [2a2m41 — pat, 1] = a(pam — gom) + (P — dim)-

oo P2 = qom) | (D7 + G

T (N =) T 2 ot — )2

Thus, by applying the Caratheodory Lemma again for coefficients p,,, po, and go, we
find that

(20)

2c 21102

lagm+1| < v + G = )2
This completes the proof of the Theorem 2.1. O
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3. COEFFICIENT ESTIMATES FOR THE FUNCTION CLASS 7'5’:;(6)

Definition 3.1. A function f(z) given by (3) is said to be in the class T;’;Ln(ﬁ) 0<p<
1;n,t € No;t > n) if the following conditions are satisfied.

fex, and Re{ll));é(é))} > (z€U) (21)
and
D'g(w)
Re { D”g(w)} > (w e U) (22)

where the function g(w) is given by (4).
Theorem 3.1. Let f € 7;:;(5) (0<pB<1;n,teNy;t>n) be given by (3). Then

1—
|am+1] <2 t ° t_ 2
p[AT = A] = 2(pntt — p2n)

(23)
and

2(1 — 1— )2
|agma1] < A(t_ﬁ)+(‘:ft_ﬁ))2. (24)

where A\=2m+1 and p=m+1

Proof. Tt follows from (21) and (22) that

D'f(z)

Brr) =B+ (1= () (25)
and

Dlg(w) _ B\l

Dy =8+ (1= Aaw) (26)

where p(z) and g(w) have the forms (11) and (12), respectively. Equating coefficients (25)
and (26) yields

(1" = p"ami1 = (1= B)pm (27)
()\t — )\n)azm+1 - (Mt+n - MQ”)a?nH = (1 — B)pam (28)
—(u' = uM)am+1 = (1~ B)am (29)
(A" = A" [pag, 4y — agmir] — (0" = p?)az g = (1= B)gam. (30)

From (27) and (29) we get
Pm = —Qdm (31)

and

2(u' — p")2am 1 = (L= B)% (7, + dm)- (32)

Also from (28) and (30), we obtain
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(X = A" = 2(u"" = )] gy = (1= B)(p2m + gom)- (33)
Thus we have
1—
’a?’n—l-l‘ < ()\t _ )\n)'u(_ Q(B'u)tJrn — ,LL2n) (‘p2m| + |q2m|) :
4(1-5)

(A=A = 2(utt — g2

which is the bound on |a,,+1| as given in the Theorem 3.1.

In order to find the bound on |agm+1]|, by subtracting (30) from (28), we get

()\t — )\n) (2a2m+1 — Ma2n+1) = (1 - 5)(p2m - Q2m) + (1 + 2m/\)(m + 1)a?n+1

or equivalently

o (L= B)(pom = g2m) (L= B2 (P, + i)
T () Apt —pm)2

Applying the Caratheodory Lemma for the coefficients py,, ¢m, pom and gopm,, we find

21—8) , u(l-p)?
A — )\ ('ut _ lun)Z'

|a2m+1| <

which is the bound on |ag;,+1| as asserted in Theorem 3.2. O

Remark 3.1. For 1-fold symmetric bi-univalent functions, if we putt =1 and n =0 in
Theorem 2.1 and Theorem 3.1 , we obtain to results which were given by [3]. Furthermore,
for one-fold symmetric bi-univalent functions in Theorem 2.1 and Theorem 3.1, we obtain
to results which were given by [15].
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