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ON BIPOLAR COMPLEX INTUITIONISTIC FUZZY GRAPHS

R. NANDHINT!, D. AMSAVENT!, §

ABSTRACT. In the present article, we devised the novel approach on the bipolar complex
intuitionistic fuzzy set, bipolar complex intuitionistic fuzzy graphs and operations namely
composition, cartesian product, join and union of the bipolar complex intuitionistic fuzzy
graphs are elucidated with certain examples. Finally, the notions of isomorphisms and
complement of bipolar complex intuitionistic fuzzy graphs are established and reviewed
many of its characteristics.
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1. INTRODUCTION

The main fundamental fuzzy set theoretical concept was introduced, first by Zadeh in
1965[19]. This theory works in uncertainties, ambiguous situations and solves ill-posed
problems or problems with incomplete information. After two decades, the intuitionistic
fuzzy sets was discovered and generalized by Atanassov [4]. At the same time, Coker [7,8]
introduced the notions of an intuitionistic fuzzy points and intuitionistic fuzzy topological
spaces with some related concepts. The main idea of intuitionistic fuzzy set theory i.e. the
degree of membership and the degree of non membership and its application have been
studied in various subjects including image processing, pattern recognition and multi-
criteria decision making etc., The complex numbers and fuzzy sets are merged by Buckley
[1989] and Nguyen et al [2000]. Later, in the year 2002 the notion of complex fuzzy sets was
developed by Ramot et al. [13] whose range of membership function can be extended to
the unit circle in the complex plane. The complex intuitionistic fuzzy sets and operations
on the complex Atanassov intuitionistic fuzzy set were described by A. M. Alkouri [2,3].
Recently, Naveed Yaqoob et al., initiated the applications of complex intuitionistic fuzzy
graphs [18]. The important notion of bipolar fuzzy sets and its membership degree ranges
between -1 to 1 was introduced by Zhang in 1994 [20,21]. A general notion of fuzzy graphs
and its structure was first presented by A. Rosenfeld [14]. Subsequently, M. Akram][1]
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sketched the idea on bipolar fuzzy graphs in the year 2011 and investigated its properties.
Later, the fuzzy hyper graph was elaborated and some of its properties were studied by
Mordeson and Nair [11]. After a period of time, Ali Asghar Talebi and Hossein Rashmanlou
introduced the complement and isomorphisms on bipolar fuzzy graphs [16]. The Bipolar
intuitionistic fuzzy set and its stronger forms were well defined by K. Sankar and D.
Ezhilmaran [12,9].

In the current paper, the novel approach on bipolar complex intuitionistic fuzzy set,
bipolar complex intuitionistic fuzzy graphs and its operations are devised and elucidated
with certain examples. Then the composition, cartesian product, join and union of two
BCIF graphs is BCIF graph(respectively). Moreover, we discussed an isomorphism notion
of bipolar complex intuitionistic fuzzy graphs and found that the existence of an equiv-
alence (partial ordered) relation, for an isomorphism (weak isomorphism) between any
three BCIF graphs. Further we established the complement of bipolar complex intuition-
istic fuzzy graphs and then the complement of the sum of two graphs is equivalent to the
union of the complement of the graph G1&Gs and G1|J G2 = G7 + Go. Also found that
the existence of a strong isomorphism between G and Ga.

2. PRELIMINARIES

Definition 2.1 (10). Let X be a non empty set. A bipolar fuzzy set B in X is an object
having the form B = {(z,pf (z), u™N(x)) : 2 € X}, where p¥ : X — [0,1], pV : X —
[—1,0], are the mappings such that 0 < pt + 1P <1. -1 < ¥ + 0V <0.

Definition 2.2 (2). A complex intuitionistic fuzzy set A, defined on a universe of discourse
X is an object of the form A = {(z, pa(x)e' 4@ vy (x)ePa@) : x € x}, where
i = V=1, pa(z),va(z) € [0,1], aa(z),Ba(z) € [0,27] and 0 < pa(x) +va(z) < 1.

Definition 2.3 (18). A complex intuitionistic fuzzy graph with an underlying set V is
defined to be a pair G = (A, B), where A is a cif-set on V and B is a cif-set on E CV xV
such that (i)up(zy)e’ @) < min{ua(x), paly)erminteal@)aaly)}

(i )vp (2y)e®B@Y) < max{v(x), va(y) e iBa@)BaW} for all z,y € V.

3. BipoLAR COMPLEX INTUITIONISTIC Fuzzy GRAPHS

Definition 3.1. A bipolar complex intuitionistic fuzzy set (in brief BCIF set) £ defined
on a universe of discourse x, which is defined as an object of the form

& ={(& nh(©e s up(€)ePr®, v (£)e= O, v (€)ePrC), : ¢ € x}, wherei = V=T, uf,
vh 0 X = [0,1), pg.vg : X = [-1,0], ag,Be,vE,6p € [0,27] and 0 < pjf + v < 1.
—1<pugp+vg <0.

Definition 3.2. A bipolar complex intuitionistic fuzzy gmph{ in short BC’IFG) with an
underlying set V is an ordered pair G =(A,B) where A = (p}e'®a, pefa vhelva yeia)
is a BCIF set on V and B = (u5e?, nzes, vhe'®, v;e8) is a BCIF set on E C
VxV:

(i) ph(zy)e @) < min{ut(z), uh(y)yemmiea@) aal)}
(il) pp(zy)e®s @) > maz{u; x)’M;(y)}eimal’{ﬁA(l‘)ﬂA(y)}
(iii) yg(xy)e”B(W) < maz{v}(z), yj(y)}eimw{m(w),m(y)}
(iv) v (zy)e®B@) > min{vy (z), v, (y) e 0a@0aW} foralle,y € V

Here, we take A as a BCIF vertex set of V and B as a BCIF edge set of E.
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FIGURE 1. Bipolar complex intuitionistic fuzzy graph

Definition 3.3. Let G=(A,B) be a BCIFG. The order of a BCIF graph G is defined by

> o > Ba D A S da

O(G) = (Z phz)ersv | Z poy(z)ereV | Z vh(z)esV | Z vy (x)ersV ).

eV eV zeV eV
Definition 3.4. Let G=(A,B) be a BCIFG. The degree of a vertex x in BCIF graph G is
defined by
deg(x) = (degu™ (v), degu™(x), degv™(x), degv™ ()

> an > b
where,degpt(z) = Y ph(x)e™€Y | degu(x) = Y pp(w)etvel
z,yeE r,yek
> > 98

degv™ (x) Z v (2)e Vel | degr (z) Z vy (z)e®ver

zyel ek
Example 3.1. Let us consider a graph G* = (V, E): V = {a,b,c}, E = {ab,bc,ca}. Let A
be a BCIF subset of V and Let B be a BCIF subset of E C'V XV, is defined by

0.2e"57, —0.5¢'05™ 0.6e37, —0.4e""°™ - 0.5e127T, —0.7€'T,0.4€"057, —0.3¢"

A=(( a )s ( b )s
0.7 —0.4e"™,0.2¢0-27 —0.6¢'™
( )

0.1e117 —0.4e'™,0.3¢0-27 . —0.2¢057  0.4€057 —0.3¢"™,0.1€017, —0.2¢""
B=(( ) (

0 1ei1.377 -0 2€7L7r 0 16?01?“' -0 3ei7r be
. s . , U. , . ))

& . . . .
(i) Order of BCIFG O(G) = (1.4e7, —1.6¢"57,1.2¢"-17, —1.3¢257)
(i) The degree of each vertex in BCIF graph G is deg(a) = (degu™(a), degu™ (a), degv™ (a), degv™(a))
deg(a) = (0.2e”47, —0.6e"7,0.4€"37, —0.5¢'1-57)
deg(b) = (0.5¢"07, —0.7¢"7,0.4¢"057 —(.4¢"-5T)
deg(c) = (0.5e57, —0.5¢"7,0.2¢"027, —0.5¢"7)
Definition 3.5. Let Ay, Ay be two BCIF subsets of Vi and Vo and let Byand Bo be two
BCIF subsets of E1 and Es independently. Then the cartesian product G1 X Go of two
BCIF graphs is defined to be an ordered pair G1 X Go = (A1 X Ag, By X Bs) :
1 15y (0, 22) e = iy (20), i () Je o ()02, 5}
Wity setg (21, 2)PA420152) — mmaz(pis (1), i, (2) b e (21) Bag a2))
le v (21, xz)ei’YAleQ(m,xz) — max{yzl (1), le_g (x2)}eimax{ﬁA1(931)75,42(962)}
Vi y (1, @2) @402 0022 — min{u (1), v} ()}l 10a1 (71):045 (22)}
V(xy,22) € V.

),

x1,%2)
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Gy G
FiGURE 2. Two bipolar complex intuitionistic fuzzy graphs G; and Gs

(4 %7) (0.2¢™%7 —0.4¢™7 0.6¢""7 - 0.4¢™7) (4g7y) (0.2~ 0577 0.6e™77 —0.42777)

(OzerID.er:_O.jell s",O.ée"T:—OAQ'D i:r)

(0.12“'1”,—0.4 fl.Sz!0_6em.5;r,_0_5610.5;r) (Oller.S;r _ 0.46“'” ,0.58”'” - 0.3810.3)7 )

il3x

(0,267 ~ 036" 056" - 03¢ 57)
iz TS i0.5x% 057 . 031 .7z i5r i0.37
(3, )(0.3¢™7 - 04777067 - 0.5¢"7) (., ¥2)(0.5¢77,—0.7¢""" 047", - 0.377)
G1[Gy]

FIGURE 3. The cartesian product GGy X Go of two bipolar complex intu-
itionistic fuzzy graphs

2. pih, o, (@, 22) (2, y2))e'@Prx 2 (@020 = min{pf (x), ufy, (22yn) pe o (2 an, (r202)}
(5, 22) (2, 92))e 20130 002D = (), i, (e2y) =0 () )
Uiy (2, 02) (2, )€l 1B0 B2 (0020002 = mmag (U] (), v (22yn) el or a0, (202))
Vi (2, 02) (2, )88 (@02 @082)) = min{vy (2), v, (wayz) pem im0 (7):05, (r202))

Vx € Vi, xoys € Es.

S'NE1X32(($17 2)(y1, 2)) B x By (21,2)(y1,2)) — min{/fél (z1,71), M;g (Z)}ez‘min{aBl (z1,y1),0045 (2)}
/‘LéleQ((xla 2)(y1, Z))eiBBl x By ((71,2)(y1,2)) — mam{#gl (z1,71), 1y, (Z)}eimal“{BBl (z1,91),845(2)}
VgleQ((xl’ 2)(y1, z)) e 1BrxB2 (E1,2) (W1,2)) — maz{ygl (z1, 1), VXZ (z)}etmax{ysy (w1y1) 74, (2)}
Vg, (21, 2) (U1, Z))eitSleBg((95172)(741#)) = min{vy, (z1,1), ugg(z)}eimm{‘SBl (z1,91),64,5(2)}
Vz € VQ, T1Y1 € El.

Example 3.2. Let us consider G1 and Go be the two BCIF graphs then, their cartesian
product G1 X Go is BCIF graphs.

Definition 3.6. Let G1 and G2 be the two BCIF graphs. Then the degree of a vertex
(x1,22 € Vi x Vi) of G1 X Go is defined by for any (x1,x9 € Vi X V3)
degG1><G2(x1?‘T2) = (degﬂgl ><G2(x17x2)7degua‘leQ(xlax2)7degygle2 (x17x2)7d6g1/51><c2 (Jfl,aj‘g))

where,
Z min{aa, (x1), B, (22, y2)}

deguds, i, (X1, 22) = Z min{p} (1), pf, (w2, yz) e1=v1 w2265
T1=Y1,22Y2E€F2
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Z min{ozg1 (m,yl),aj&Q (y2)}

+ Z min{,u,gl (z1,y1), Nj2 (y2) yer2=v2.m1y1€E
T2=Y2,T1Y1 €k

Z maz{Sa, (z1), BB,(T2,y2)}

degiig, v, (1, T2) = > max{py, (1), pp, (w2, yo) femr 1 2v2€E
T1=Y1,22Y2€F2

Z max{ﬁBl(ml,yﬂ,ﬁL(w)}

+ Z max{,ugl (xb y1), #22 (yz)}ex2:y27m1y1€E1
T2=Y2,21Y1 €L

Z max{ya, (x1), 7B, (T2, y2)}

degugleQ(ml,xQ) = Z maa:{yjl (x1)7yEQ(x%y2)}€x1=y1,932y26E2
xl:y17x2y2€E2
Z max{’yBl (x17y1)77X2}
+ Z ma:c{ygl (J;L y1), ngg (y2)}612:y2,x1 y1€E

T2=Y2,21y1 €L

Z min{da, (z1),0B,(r2,92)}

degya1 XG2 (l’l, '1:2) = Z min{yzl (xl)? UEQ (.7;2, y2)}€$1:y17z2y26E2

z1=Yy1,2y2€E>
Z ma’x{631(x1ﬂyl)a522(y2)}
+ Z mz’n{ugl (x1,91), Va, (y2) ye*2=v2.2141 €Ey
z2=y2,T1y1€EL

Proposition 3.1. Let G; and G be the two BCIF graphs, then the product G1 X G is
also a BCIFG.

Definition 3.7. Let A = (ujl’“;hv”jl’”;l) and Ay = (Mj4_27/~522,vj2,vz2) be BCIF
subsets of V1 and Vo and let By :(ugl,ugl,ygl, Vl;l) and BQZ(ME27MEQ,VE2, ng) respec-
tively be BCIF subsets of E1 and Ey. Then the composition G1 o Gy of two BCIF-graphs
is a pair G1[Ga] = (A1 o A9, By o Bs) as follows.

(i) MX10A2 (x17$2)eiOéAloA2($1,w2) — min{,ujl (1:1)7”1?2 ($2)}eimm{aA1(11)704A2(a:2)}

Ao, (z1, $2)615A10A2 (w1,22) _ max{“,ﬁjl (1), 1, (xg)}eimaff{ﬂAl(h)ﬁAg (z2)}

VX10A2 (1, xz)ei’YAloAg(xlny) — max{%‘gl (z1), le‘? (xQ)}eimax{BAl (%1),84,(x2)}

Viayon, (1, @2)e Ao 102 = min{u ] (1), v}, () pe O (21) 045 (22)}

V(z1,z2) €V.

(ii)MEIOB2(($7l,2)(x ya))e iy 0B, (7,02)(2,y2)) _ min{ﬂjl (2), “EQ (x2y2)}eimin{aA1(l‘):aBg (z2y2)}
pon, (%, 72)(,32))e oiBB10By (z,32)(wy2)) ma:l:{'u;h(:L»)’u§2($2y2)}eimar{ﬁA1(fﬂ)vﬁBQ(x2y2)}
VgloBg (@, 22)(z, 22) e iVBy 0By ((m,22)(z,22)) _ max{”jl (z), VE2 (x2y2)}eimaw{7A1(l‘)ﬁBQ (w2y2)}
Vron, (@, 32) (2, m9))e0Prema (22022 — min{uy (z), v, (ayz) e {041 ()08, (r202)}

Vz € V1 T2Y2 € Es.

(iii)ﬂgloBg(( 1,2) (Y1, 2)) ZaBloBQ((Z'l,Z)(yly z)) — min{u; ($1,y1),u22 (z)}eimin{GBl(x1,y1)704A2(z)}
Kpom, (21, 2) (41, 2))e iBBy08, ((21,2)(41,2)) _ = maz{up, (21, 1), M,Z (2)}emae{Bn, (@1,91),04, ()}
vh on, (21, 2)(y1, 2))e /By 0B,y ((21,2)(y1,2)) — = maz{v} (v1,11), v}, (2 ) yermar{ys, (w1.51)745(2)}
Vo, (01, 21, )00 = i, (a1, 1),y (2) e 100 322
Vz e Vo z1y1 € El.
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@ (03¢°7,—0.4eg°",0.2¢"" 7, —0.2¢"77) a,(0.4¢"37, ]0.2e"””, 0.2¢'%%7 —0.4¢'%%7)

(0.1610'5'1, *0.2610'?;{,0.4610'5“, *0.5810'4/7] (0.581'0.5:.', -0 3210.2/’r, 0.4210.4,1’ 70.1‘210.7,7]
b [
b (0.2627 030947 0.4¢""7 — 0.3¢7"17) b,(0.16"017, 017067 026737, 0.5¢1057)
G1 G»

FIGURE 4. G and Ga- bipolar complex intuitionistic fuzzy graphs

(al:az)(0.39'03”:—0.2e’°3”_.0.2e’°”:—0.49’””) (0.19’“”,—0.29'“7”,0.4e‘“5”,—0.59’n'2”)(al.bz) (0267 02677 04609 0400

exDl/’:!_OllexDM,OAelD)’ﬁ .SEIM )
(0.3210'3)7,—O.BEKUJE,0.4210'4)‘-,—0.221 .2»7) ( .281‘)2”,*0.3810”,0.4810SK,*O.?)EIMH]

(0.1810'1’7,—0.IEIU'M,OABIU' > Olsgrﬂ_ﬂ')

(0,5, X01™ ~046°% 0.26™7 056" ) (0.0 ,-0.16"77 046" -0.56% ) (b, by)(0.1e™ - 0,165, 0.4 - 0.5
GioG2

FIGURE 5. The composition of two bipolar complex intuitionistic fuzzy graphs

(“’) :u’BloBg((xl)xQ)(ylayQ)) ZaBlOBQ((xl’ZQ)(yl,W))
= min{pc}, (22), 11, (92), i, (o, g0} ) s )0, ()
Hron, (21, 22) (41, yo) )& PPrera (F122) (w102))
= max{uzz ( ) MAQ(?J ) /’LBl (lll’yl)}eimax{/@AQ(m2)vﬁA2(y1)7531(1‘1ay1)}
Vo, (@1, 72) (41, y) JeProp2 ((F72) 102))
= mar{v}, (22), vay(y2). v, (21, 92) &1 02 905 00 20, (.00)
Vo, (@1,22) (y1, y2) Je0Propa ((F1,22) (Wr2)
= min{vy, (v2),v4,(y2), yBl(acl,yl)}ezmm{é%(m)’hz W08 @y} - for all g, yy € Va, and
r1y1 € Es.

Example 3.3. Let us consider the two BCIF graphs G1 and G then, their composition
G1 0G4y is a BCIFG.

Definition 3.8. Let G1 and G2 be the two BCIF graphs. Then the degree of a vertex
(x1,22 € V1 0 Vi) of G1 0 Go is defined by for any (x1,x9 € Vi 0o V3)
dega,oa, (21, T2) = (degpd;, o, (€1, 2), degug, o, (1, 22), deguds o, (21, 22), degrg, o, (41, 2))

where,
Z min{aa, (1), B, (22, y2)}

degﬂaocz (z1,22) = Z mz’n{,ulfl (xl),ugz (22, o) peF1=y1,22y2€ B2
T1=y1,22y2€E2
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Z min{ap, (:cl,y1),04j4_2 (y2)}

+ Z min{ugl (x1,91), sz (y2) yer2=v2:11y1€E
T2=Y2,T1Y1 S5

+ Z 77%'71{;[)&2 (x2), ,uL (y2), M}Sl (w1,91)}
T2F£Y2,21y1 €L

Z maz{Ba, (1), BB, (x2,y2)}

deglic o, (T, 02) = > maz{py (21), g, (w2, yo) et Y1 v2v2€ L2

T1=Y1,T2Yy2€F>
Z max{Bp, (x1,41), b1, (y2)}

+ Z max{u;?l (xlvyl)vHZQ (y2) }er2=v2:m101 €EL
zo=y2,x1y1€E

+ > maz{uy, (w2), g, (12), g, (@1,51)}
To2F#Y2,x1y1 €E1

Z max{ya, (x1),vB,(T2,y2)}

degygloGQ (.’Bl,&,’g) = Z max{yjl ((1}1)7 V§2(x2’y2)}6I12917I2yQEE2
$1:y17x2y2€E2
Z maz{yp, (1,1), 74, (y2)}
+ Z mam{ugl (1:1, yl)7 Vj{g (yz)}€w2=y2,x1y1€E1

z2=Yy2,T1y1€F1
+ Y max{v},(z2), v, (v2), v (w1, 01)}
r2FY2,21Y1€E
Y min{da, (1), 08, (w2, 92)}

degyéloGQ (.731,.%2) - Z min{y;l (xl)v V§2 (1"27 yz)}ex1=y1,x2y2€E2

T1=Y1,22Y2EF2
Z maz{dp, (561791)7522(?/2)}

+ Z mz’n{ujg1 (z1,11), Va, (o) yeT2=v2,m191€E1
T2=Yy2,71y1€F1

+ Z mz’n{u;2 (xg),Z/ZQ(yQ),ygl (x1,91)}-
ToFY2,21Y1€E

Proposition 3.2. For any two BCIF graphs G1 and Gy then G o Gy is also a BCIFG.

Definition 3.9. Let A; = (ujl,uzl, VXI, vy,) and Ay = (,ujQ,,uZQ, VZ2, vy,) be two bipolar
complex intuitionistic fuzzy subsets of V1 and Va and let By = (”E1’“J§1’V§1’V§1) and
By = (ME2,MEZ,I/§2,I/§2) respectively be two bipolar complex intuitionistic fuzzy subsets
of E1 and Es. Then their Union of two BCIF graphs G and Gy are defined as follows
Gi1UGy = (Al UAs, B1 U Bg) :

1. :“zluAg (z)e'a1042(2) = ,ujl ()41 (@)

M;l1UA2 (x)eiﬂAlLJAQ(w) = 'u’;h (I)eiﬁAl )

le_luAg (z)eA1042 (z) — VL (x)ei%al(x)

VA, UA, (z)ed41042(®) — V4, (2)e®1 @) for x € Vi and x & Vs.

2. ,ujlqu (z)el*a1042(2) = ML (z)e'42(@)

Ko, (z)ePauaz (@) — 12, ()€ P42 (@)

VLUAQ (x)e’i’YAluAg (z) — VXQ (m)eimg (z)
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a (05910.57! _ 0.3910.271 0.26!0'41, —0.4¢ 0.37)

(0.2210'1'7, —0.2210'17,0.1910'17, —0.1810'47)05 ac 0.1910.17, _Ollgxom, 0.1810'11,—0.3810'47)

d(0.5¢"N,-0.4¢%°7,03¢7%7 - 0.6¢"67)

(036" 02657 .16 _0 16274

b (0.4em'h,—0.32‘0'“.0.12‘0'&,—0.22[0'3”) be (026%F - 01627 06217 _0.16%47) € (0.3BT9—1H!_0_23T9—”,0_ lgm—’f!_o_zgmﬁ)
Gi

FIGURE 6. G bipolar complex intuitionistic fuzzy graph

Vaoa, (x)eiéAluAQ (z) — v, (z)e 104,y (z for ¢ Vi and z € Va.

8. ko, (@) 0022 = maz{f (w), ik (@) permarioa (.eay ()

Haua, (@) = min{uy, (&), i, () ) 2

VX1UA2 (m)ez’YAluAg (z) — max{yjl (:L’) VA ( )}ezma:r:{'yAl (), ’yA2( z)}

V,ZlUAQ (x)eiéAluAg () — mm{l/g ( )7 I/AQ( )}ezmzn{éAl( )04y ()} forx € VinNVa

4. ’ugluBQ(my 'LaBluBQ(zy)—lu (xy)eiocBl(xy)

MBluBQ( y)eimuns (@y) —M (z ?J) 5, (2v)

Z,B1UB2 (zy)e ivB, (zy)
)

Je

iYByUBy (TY) — y (xy)

¢?0B1uBy () — Vg (xy) 951 for 1y € By and xy ¢ Fo.
)

VBluBQ( Yy
5. b, up, (wy)e@P1om (W) = it (zy)et*r: ()
”BluBg (zy eBB1UB, (2y) — ,Uf (a:y) BB, (2y)
eB1UBy (TY) — = v L(zy)e B, (2Y)
VB1UBQ( Yy ei0ByUBy () — =vg (asy) 0B, (2y) for xy € Ey and xy ¢ Fy.
6. 'uBluBz zy)ei*B1uBy () — maﬂﬁ{ugl(xy)aHBQ(M)}@””M{QBI(W) By (zy)}
M31UBQ( zy)ePB1uBs (1Y) — = min{uy, (vy), np, (zy) yeimiriBe, (@9).Bp, (zy)}
V31UB2 (zy)eiB10B2 (*Y) max{ygl (xy%yg?(xy)}eimax{ml (xy) VB, (xy)}

Je

I/Bl UB2 (wy

VBluBg( ry)
)

Example 3.4. Let us consider G1 and Ga be the two BCIF graphs then, their union

G1 UGy is BCIFG.

’L(SBlUB2 Iy min{l/gl (xy)7 ng (xy)}ezmln{(sBl (.Z'y),532 (xy)} for xy = El ﬂ EQ-

99

Proposition 3.3. Let G1 and Gy be the two bipolar complex intuitionistic fuzzy graphs.

Then G1 U Gy is also a bipolar complex intuitionistic fuzzy graph.

Definition 3.10. Let A; = (MXI,MZI,VXI,VZI) and Ay = (ML,MZQ,VXQ,I/ZQ) be two

BCIF subsets of V1 and V5 and let By = (,ugl,ugl,ugl, 1/51) and By = (NEQ’Négv VEZ, 1/52)

correspondingly be two BCIF subsets of 1 and Fs. Then the join of two BCIF graphs is

defined by G1 + Go = (A1 + A2, By + Bs) as
1. MX1+A2 (:E)eiaA1+A2 (@) = MXlUAQ (x)eiaAl (@)

Pay+ Ay (z)ePar+ax(®) = a0, (z)etfar (@)

VX1+A2 (:Ii)ei’YA1+A2 (=) — VX]_UAQ (x)ei“l (z)

V21+A2 (x)ei5A1+A2($) = VgluAg (x)eidAl(I)for xeVi and x ¢ Va,if x € V1 UV,
AN C) @) = 15, (Ty) e’ P1UBs (@y)
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a (03810,41,70.4810 2,1’! 0.361053,*0.1210 3,’[)

(027 ~0.26"7 027, - 016" )b ac (02677 ~03¢"%7 026747, - 02677

(0.26'10 lz, _0.1910 3'7,0. lezO,M! —0. 1% ,2,75 _02910 3110.2910 7,1'! _0.861'0,2,7)

2 7 05 5
.EIU"'T,—0.1220'7I,0.2610"T, _ 0.1610"'7)

b (0.561'0.7.7! _ 03610.4?{,0.4210.3?{! _0.521'0.5.7) c (0561'0.3.7! _ 0561’0.77! 0.3610'57, _0.3210.2?{)
G2

FIGURE 7. bipolar complex intuitionistic fuzzy graph Go

a(0.5¢%57 ~0.4¢027 036057 0 4607

iaN0.2¢" 17, —0.1¢7,0.16™7, - 0.16'27)

(0.221 0.3,7! 0.2 0.17! 0221‘0.3,7! ~0. 1210'47)11[1 ac (0.221 0.2,7’ 03¢ 0.4,7! 0.2210'4I, 70.3210.37)

02,1! _0_2210 3:50.2210 775 —0.8610 27)

(0.3650'17, _ 02210 6,1’0. le[O,lr’ -0. 1€E
(0.5¢"77, —03¢"47 046"~ 0567 )b & O (0.5¢™7,-0.5¢"1,03¢™,-0.3¢"%)
be (0 2607 _ 016017 o017 _q lefo'”)

G, UG,

p 0.4210'27,70.1210'77",0.261.0'5W, 70.1210'57)

FIGURE 8. The union of two bipolar complex intuitionistic fuzzy graphs G J G

'uBl-‘rBz (.fy) BB, +B, (TY) — MBlUBQ (xy)eiﬂBlLJBQ(xy)
VBl"rBz (wy)ePreme(Y) = V—g UB, (TY)e "B108; (7)
VBl+B2( y)€2531+82 ) = VB UB> (my) W08, (@) Zf Ty € N EQ,
3. 'uB1+B2(5U Je gy By (TY) mm{,uAIr( )’“AQ( )}ezmzn{aAl(x) a, ()}
'“Bl+Bg( zy)e BB+, (TY) — maa:{,uA, (x)’/‘zg (y)}eimax{ﬁAl(x),gA2 ()}
1
VBl+BQ( zy)e By +B, (TY) — min{VAj (2), VXQ (y)}ezmzn{*ml (@),v45 (W)}
V5, in, (xy)€z5B1+BQ (zy) — max{I/A; (z), v, (y)}eimaz{éAl(m),éAg ()} if vy € E', where E’ is
the collection of edges joining the point of Vi and Va, for xy € Es and xy ¢ Ej.

Example 3.5. Let us consider Gy and Go be the two BCIF graphs. Then, their join
G1+ G4 is BCIFG.

Proposition 3.4. Let G1 and Gy be the two BCIF graphs, then the join G1 + G is also
a BCIFG.

Proposition 3.5. Let Gi = (A1,B1) and Gy = (Ag, Bs) be the two BCIF graphs of
the graphs G} and G% and let Vi N Va = ¢. Then, union G1 U G2 = (A1 U Az, B; U By)
respectively is a BCIFG of G* if and only if G1 and Go are BCIF-graphs G] and G3.

Proposition 3.6. Let G1 = (A1, B1) and Gy = (A, By) be the BCIF graphs of the graphs
G5 and G5 and let Vi N'Va = ¢. Then, join G1 + G2 = (A1 + Aa, B1 + B2) is a BCIFG of
G* if and only if G1 and Go are BCIF-graphs G and G5 individually.
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a (0.56‘0'51,—0.3610'21,02@10'%,—0.461037)

(0.2810 ”,—0‘2610 11,0.1610 ”,—O.Ie’w]ab a (0 lezﬂ 11!_ 0.18‘0”, O.lelj 17!_03810%)

d(olfexl. (. —04@“'”,0.3@10'27,—0.6@10'61)

(0367 -026°7 016" 016" b

(0.461027!_03210 17Y OllezDZI!_Olth}I)b be (0.28107:!_0.1810 lzyoem 1:5_0.181041)

G1

. (0.36’“ lz!_OlzexD 17!50.181027:! —0.2@” 3:]

FiGURE 9. The bipolar complex intuitionistic fuzzy graph G

° 8(0.3210'447, *0.4610'27{,0.321.051, 0. 181'0,3,-’{)

ef (0.2, - 0.1¢037 0,147, - 0.1¢027)

[ ]
f(0.7210.2,’r,7 0.2810'31, 0_2210.7,7: _ 0_8810.27{)

G2

FiGure 10. The bipolar complex intuitionistic fuzzy graph Ga

pe0.3e™7, 036 gt dr _g 1047

ae(03e™4" -0.3¢"27 0.2 _0.1e"*)

(u.seiﬂ.s:t - u.seiﬂ.lft ,ﬂ elﬂi:t .- 0. 4eiﬂ.3/.1 )ﬂ

w0 2 g
(i].lemh,— 16947 016017 /) 304N S “',‘g"*"““:‘e
de@-se ‘WQ&;&_
(0.2™7 026" 0.1V - 0.1 ab 4 g™ Ddel®, 026077 0.6 < 20, ef(0.2¢/|*
= 03 . Jeiﬁj{’

2003601 0,267,187, 0120 2 1"]11‘ E ':9494'93
)
3

(D_4ei).!: - D-sem].:_['_leio.h__n_

(ﬂse'li.lf! - D.‘.'e:'l"’_.l}.lem:"’
(ﬂ‘-l:ei]_’rf_ﬂ‘:ei]_?rfu‘:’eill !!!e_ ﬂ&illlrjf

(0.2 —0.1&%1% 0% 1%, -0.1

(0,347, 0,417, 0367 % - 0.160%)

* 0.16M7,0.14%, - 0.1

FiGURE 11. The join of two bipolar complex intuitionistic fuzzy graphs
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4. IsoMORPHISMS OF BCIF-GRAPHS

Definition 4.1. Let Gy = (A1, B1) and Go = (Aa, Ba) be two BCIF-graphs. A homo-
morphism h : G1 — G2 s a function h V1 — Va which satisfies the following conditions:
(Z):U'Al(xl) zaAl(:m < M (h(m )) zaA2 h(z1))

i, ) ) 2 iy ()0

v (e)e ) < o () ()i ()

V,Zl(xl)ei(sAl(xl) 2 Vy, (h(z1))e Bap (M) Wy gy € V4.

(i, ()51 90) < i, (a2 (H )

I, (:l:lyl)ei’BBl (z1y1) > pg, (h(xl)h(yl))eiﬁffg (h(z1)h(y1))

b @1y ) < ok (e h(ya)e e (e

VB, (w1y1)e™ @1v1) > V§2(h(ﬂ'?l)h(yl))eiéBQ(h(wl)h(yl)) Vziy € Eq.

Definition 4.2. Let G1 = (A1, B1) and Gy = (Asg, Bs) be two BCIF-graphs. A function,
h: Gy — Ga, a map h : Vi — Vo which is one-one, onto homomorphism is said to be a
weak isomorphism if (i),ujl (z1)eta1(®1) = Mz2(h(x1))ei"‘Az (h(z1))

piz, 0)e 1) = g () et )

V,L ($1)6i7A1(11) — VXQ (h)(xl))e”@(h(wl))

vy, (1) (@) = VA_Q(h(xl))eM% (h(#1)) Y1 € Vi. Hence, the weights of the vertices are
preserved by a weak isomorphism but not necessarily by the weights of the edges.
Definition 4.3. Let Gy = (A1, B1) and Go = (As, Bs) be two BCIF-graphs. Then a

co-weak isomomorphism h : G1 — Gz is a bijective function h : Vi — Vi : which meets
the following properties: (i) h is homomorphism

(it)pfs, (z1yn)e P9 = it (h(wy)h(ys))etosa M)

g, (21y)e P51 ) = g (h(1)h(yy))ePpe M0 0)

vh (1y1)e 219 = i (h(w1)h(yy))e e (Eh)

Vg, (z1y )em (T1vn) — 1/];2(h(azl)h(yl))ei532(h(ml)h(yl)) Vxiy1 € Eq1. Hence, for a co-weak
isomorphism the weights of the edges are preserved and not necessarily by the weights of
the vertices.

Definition 4.4. Let G1 = (A1, B1) and Gy = (As, Bs) be two BCIF-graphs. A function,
h: G1 — Go, a map h : V1 — Vo which is one-one, onto is called an isomorphism if

0 i o o) = i (b eins )

2, (z1)e 16,41(961 =y, (h(z1))ePaz(hz1)

Lo ()t

( )616 =Vy, (h(z1)e 4z (h@)) vy € V1,

(83, G ) = 5, ()l

Ml_gl(q;lyl) BB (z11) IJ/BQ( (z1)h(y1))e BBy (h(z1)h(y1))

V—gl(iﬁlyl) 7By (T1y1) — 1/ ( (z1)h(y1))e ivBy (h(z1)h(y1))

Vgl(x1y1> e (T1y1) vy ( (z1)h(y1))e 0B, (h(z1)h(y1)) Yoy € B

Definition 4.5. A BCIF set A = (uAew‘A,uZez/BA,VXe”A,I/Ze“;A) in a semigroup S is
called a BCIF sub semigroup of S if it satisfies:

(i) ph(zy)e 2@ > min{pu} (x), pk (y) pemintoa@eawlt,

(i) (xy)ePa@Y) < max{py (), uy(y Jeimaz{fa(x).fa(y)}

(iii) y:{(xy)ei“(xy) > min{v} (z),v (y)}ezmm{m( )WA(?J)}}

~—_ —
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(iv) vy (zy)ed2 @) < maz{v (v), v, (y)}emaa{0a@) 04} vz y € S.

A BCIF set A1 = (ujl,,uzl, VL’VZl) i a group G is called a BCIF subgroup of a group
G if it satisfies:

(i) MX(?E‘I)GW(I ) = i (x)eioal®),

(ii) py(x~ e iBa(z™h) — = 1y (2)e eiBalx)

(i) (z~1)e ivalz™l) — =vh(2)e (@)

() vy (z71)ePalz” D= = v, (2)e?al® ) Vz € G.

Proposition 4.1. Let G = (A, B) be a BCIFG and let Aut(G) be the collection of auto-
morphisms of G. Then the ordered pair (Aut(G), o) forms a group.

Proposition 4.2. Let G = (A, B) be a bipolar complex intuitz’onistz’c fuzzy graph and let
Aut(G) be the set of all automorphisms of G. Let j1 = ( v: ) be a bipolar
complex intuitionistic fuzzy set in Aut(G) defined by

15, (s) = Sup{pp(s(z,s(y))) : (z,y) € V x V}

1,(9) = In Pl (2 5(0) ¢ (r.9) € V x V)

VH(©) = Inf v (s(, o) : (,9) €V x V}

v;, (s) = Sup{vp(s(z,<(y))) : (z,y) € V x V} Vo € Aut(G). Thus, j1 = (u;,uj_l,y;;,yj_l)
is a bipolar complex intuitionistic group on Aut(QG).

+
IU‘JIMLLJl? ]1’ ,]1

Proposition 4.3. Every BCIF group has an embedding into the BCIF group of the group
of automorphisms of some BCIFG.

Proposition 4.4. Let G1,Gy and Gs be the three BCIF graphs. Hence there exists an
equivalence relation, for an isomorphism between these BCIF graphs.

Proposition 4.5. Let G1,Go and Gs be the BCIF graphs. Then there 3 a partial ordered
relation, for the weak isomorphism between these BCIF graphs.

5. COMPLEMENT OF BCIF-GRAPHS

Definition 5.1. A BCIF graph G = (A, B) of a graph G* = (V, E) is said to be self weak
complement if G is weak isomorphism with its complement G (i.e) 3 a 1-1 homomorphism

f from G to@;Vm,yEV
M}f(w)em’*(”c) uX(f( )) ““A( @)

palT
A(f (7))

N
| >+
a

X
H

)
)uSA() v

=
oA+

/‘\’\’\/’\/’\f\

ay)eioalzy)
y) eZﬁA (my)
xy)e i'}/A (.Z’y)

)

=
8

v

e > 4 H) )

Definition 5.2. The complement of BCIFG G = (A, B) of a graph G* = (V,E) is a

BCIFG G = (A, B) of G* = (V,V?) where A = (u}ef®4, u ePa vhea vela),
(/L+ew‘3 pe?B vhe B vpeB) is defined as

pp(wy)e “Ben = min{ph (x)e*4®, 1} (y)e*a W)} — i (ay)eiay),

(zy)eBen = maz{p,(2)eP4®), 1 (y)ePaW} — 1 (wy)eiPa@),

(wy)e B = maz{v} (x)e"A @), v} (y)enA W} — i (ay)erale),

(wy)e P = min{v; ()¢, v (y)es @} — ph (ay)ei®a ().

|

SIS
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a(O.ZQ[D3’?:—0‘39105420‘42"]3‘”,—0‘52106”) 5(0‘39’02”,—0‘9’"”:' ‘Se’“”:—o‘?e’“”)
ae(O.le'M”,—O‘?.e’D3”.0.42’ 3”,*0.‘ fDix) bc(O‘Ze[‘M”,—Olem” 0‘491[.2”.*0‘591[””)

(05657~ 0,667 04617 - 03657

ad(O‘le’M”:—O3@"0'5‘7:0‘3@ .Srr:_o“,‘ng.B:r) 20 49103,7:_0‘1@!' .i:r:O‘SQfD.Srr:_O‘ngD.-lrr)

d(O.TEm'?'T,—OJe’D “,0‘39’0”,—0.39’0 3,1) 5(0‘74'"'“,—0‘29’ 31‘0.3910 9,1‘_ O.SEJD”)
dC(OﬁE!D 6.‘!-7 0‘12[.[’ 8]{30‘2910 3.‘!-7 0‘3610‘”)

G

FIGURE 12. Bipolar complex intuitionistic fuzzy graph of G

0(02910 3”.*0‘391D i”.O‘-'I_e’" 3”,70.5810 ﬁfr) 5(0‘32[02]{,70‘912‘{,O.SEIM'T,* O‘Tem i.‘!)

02 ,—0.28’0M_.O‘SEJD'M_.—OJQJD'MJ

léngl‘f :0‘4210.3rr:70‘3er0 3:r)

ed(O.Se’D 3'1_.—0‘59[0 8:!:0‘4810 Jf:{- 0.32[0 3,'()

[}
d(O“?@m ‘u'r:_ 0.7910 s”.O‘Se’"”,—O.Se’" 3.7) 8(0‘7910 En__ozefl)ifr:ojgll) er:_ 0‘8910”)

G

FIGURE 13. Complement of BCIF-graph of G is G

Definition 5.3. The complement of BCIFG G = (A, B) of a graph G* = (V,E) is a
BCIFG G = (A, B) on G*, where A = (iaTe"a, e‘ﬁA ,vhea, VAe“s ),

B= (u3+ g uses, 1/+ B vy v-eB) are defined by (i) V =V

(I ()i () = g () @),

pa(2)e?a(z) = pf (a)efa ),

vi(@)e " (x) = v ()e ),

vy (2)ea(z) = v ()@ for allx € V

0 i phley)e=) £0

i) T log — if ,LL
(MZ) //’B(wy)e B(xy) - { min{uj&(‘r),Mj(y)}eiminaA(x),aA(y) ’lf nh ( y) iap(ry) — 0,
Be

— Oifu() (wv) 3£ 0
i3 _

DD = ) gm0 | pa)e ) =,

— ; _ 0 if vi(xzy)eBEY) £ 0

VB($y)€ ’}’E(xy) = max{y;‘&—(x),Vj(y)}eimax’m(l‘),’m(y) if yg(wy)ei’m(wy) =0,

— i _ 0 if vg(zy)e?s@y) £

vp(y)es (zy) { min{vs (z), vy (y) }eminda@oat) i Vg(xy)ewja(wy) =0,

Definition 5.4. A BCIFG G is said to be self complementary if G ~ G.

Example 5.1. Let us assume a BCIFG G as in Figure 12. Then, the complement G of
G as in Figure 13.
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Proposition 5.1. Let G = (A, B) be a self complementary BCIFG. Then,

ZIU’B zy)e zaB (zy) me{ﬂA (y)}eimin{aA(x),aA(y)}7
z#y THY

S up(ey)e (wy) = 3 maz{py (x), iy (y) pemerPa@)am),
T7Y TFY

Z v (zy)e? (zy) Z maz{v} (z), v} (y)}eimariia@aa)i
z#y T#y

Z vg(zy)e 7’63 (xy) Z min{v, (z),v,(y )}eimi”{(SA(ﬂU)ﬁA(y)}.
T7Y zFy

Proposition 5.2. Let G1 = (A1, B2) and Gy = (Aa, Bs) be two BCIF graphs such that
Vi(\ Vo = ¢. Then the complement of the sum of two graphs is equivalent to the union of
the complement of the graph Gy and Ga. (i.e) G1 + G2 = G1|JG.

Proposition 5.3. Let G1 = (A1, B2) and Go = (Ag, By) be two BCIF graphs such that
Vi Va = ¢. Then the complement of the sum of two graphs is equivalent to the union of

the complement of the graph Gy and Ga.(i.e) G1|J G2 = G1 + Gs.

Proposition 5.4. Let G = (A, B) be a BCIF-graph. If,

pp(wy)e s (ey) = min{uh (x), uf (y) e mintoa@eawlt,

pip )PP (ey) = maa{uy (2), 1 (v )}eimaz{a(0).840),

v (xy)e? (xy) = max{v (z), v] (y)}emortal 90},

v (2y)eB (zy) = min{v, (x), vy (y) }emm0a@)0aW} for all x,y € V, then G is self com-
plementary.

Proposition 5.5. Let G1 and G2 be BCIF-graphs. If there exists a strong isomorphism
between G1 and Go, then there exists a strong isomorphism between Gy and Gs.

PropOSItlon 5.6. Let us consider G1 and Go be BCIF-graphs. Then, G1 = G if and
only if G1 =

Proposition 5.7. Let G1 and Gy be BCIF-graphs. If there 3 is a co-strong isomorphism
between G1 = G, then there is a homomorphism between G1 = Gs.

6. CONCLUSIONS

The combinatorial problems are solved by using a dynamic tool i.e. Graph Theory,
in numerous areas such as algebra, topology, chemistry, geometry, computer science and
operation research. It has massive applications in traffic signal, cellular networks, GPS
and decision making etc. Here, we developed a notion of BCIF-sets and BCIF-graphs and
then, we defined and established the composition, cartesian product, join and union of
BCIF-graphs and the degree of vertices of the graphs G1[G2| and G x G2. In addition,
we also introduced complement and isomorphisms on BCIF-graphs and some of its special
features are derived.
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