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FIXED SOFT POINT THEOREMS FOR GENERALIZED
CONTRACTIVE MAPPING ON SOFT METRIC SPACES

K. ABD-RABOU!, S. JAFARI?, I. K. HALFA™® K. BARAKAT"* M. EL SAYED?, §

ABSTRACT. In this paper, we introduce new notions in a soft metric space. We study
a fixed soft point under generalized contractive conditions without mappings continuity.
Further, we prove some results related to our generalization. Moreover, we provide one
example to present the application.
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1. INTRODUCTION

A soft set notion is introduced by Molodotsov [8] in 1999. He and others brought out
applications for a soft set in different fields [1, 2, 6, 10, 11, 13]. In 2012, Das et al. [3]
introduced the concepts of a realsoft set and a real soft number, also they studied some
of their properties. The concept of a soft metric and some of its main characters are
introduced by Das et al. [4]. The notion of a fixed point for a soft mapping was studied by
Wardowski in [12]. In 2016, Hasan [5] introduced the notion of a soft metric on a soft set
and investigated its properties. He studied the continuity of soft mappings on soft metric
spaces. Moreover, the Banach contraction theorem on complete soft metric spaces was
proved. In this paper, we create some notions of a soft metric space, and introduce the
notion of a fixed soft point under generalized contractive conditions, also some properties
of our generalization are explained and one example is given as an application.
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2. PRELIMINARIES

Definition 2.1 [8] A pair (F, E) is called a soft set over X, where F is a function given
by F' : E — P(X) and F is a set of parameters. In other words, a soft set over Xis a
parameterized family of subsets of the universe X. For any parameter x € E, F(x) may
be considered as the set of z- approximate elements of the soft set (F, E).

Definition 2.2 [7] Let (F, E)and (G, D) be two soft sets over X. We say that (F, E)
is a sub soft set of (G, D)and denote it by (F, E)C(G, D)if :
(1) EC D, and
(2) F(e) C G(e),Vee€ E.
(F, E) is said to be a super soft set for(G, D), if (G, D) is a sub soft set of (F, E). We
denote it by (F, E) 2 (G, D).

Definition 2.3 [7] Let (F, E) be a soft set over X. Then

(1) (F, E) is said to be a null soft set denoted by ¢ if for every e € E, F(e) =¢.
(2) (F, E) is said to be an absolute soft set denoted by X, if for every e € E, F(e) =
X.

Definition 2.4 [5] Let A C E be a set of parameters. The ordered pair (a, r), where
r € Rand a € A, is called a soft parametric scalar. The parametric scalar (a, r) is called
nonnegative if 7 > 0. Let (a, r) and (b, 7’) be two soft parametric scalars, then (a, r) is
called no less than (b, ') denoted by (a, r) > (b, '), if r > 1.

Definition 2.5 [5] Let A C E be a set of parameters,7 : £ x E — E a parametric
function and (a, 7),(b, ') be two soft parametric scalars. Then an addition and a scalar
multiplication of soft parametric scalars (a, r) and (b, ') are defined as follows:

(a,r)+ (b, ") = (7 (a, b), 7+ ') and X (a, r) = (a, A1), for every A\ € R.

Definition 2.6 [5] Let (F, E) be a soft set overX. A function f on (F, E)is called soft
parametric scalar valued, if there are functions f; : £ — E and fy : F(F) — R such
that f(F, E) = (f1, fo)(E, F(E)).

Similarly, as an extension of the above defined parametric scalar valued function,f :
(F,E) x (F,E) — (E, R) given by f(E x E, F(E) x F(E)) = (f1, fo)(E x E, F(E) x
F(E)), where fi : E x E — F and fy : F(F) x F(E) — R.

Definition 2.7 [4] Let (F, E) be a soft set over X and # : E x E — E a paramet-
ric function. The parametric scalar valued function d : (F, E) x (F,E) — (E, RT{0})
is called a soft meter on (F, F) if d satisfies the following conditions:

(1) d((a, F(a)), (b, F(b)))
(2) d((a, F(a)), (b, F(b);g

(7 (a, b), 0), and equality holds, whenever a = b.
((b, F(b)), (a, F(a))), for alla, b € E.

((a, F(a)), (b, F(b)))+ d((b, F(1)), (c, F(c))),

3) d((a, F(a)), (¢, F(c)

foralla, b, c € E.

>
=d
<d

Definition 2.8 [5] Let (F, E) be a soft set over X. An element (c, F'(c)) € (F, E) is
called a soft point of (F, E), where ¢ € E. In general, if for some ¢ € E, z € F (c), then
it is not necessary that (c, ) belongs to (F, E), otherwise, (¢, x) is considered as a soft
point.
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Definition 2.9 [5] Let (F, E) be a soft set over X. A soft sequence in (F, E) is a
function f: N — (F, E) given by f(n) = (F,, E), such that (F,, F) is a soft subset of
(F, E), for n € N and is denoted by {(F,, E)}> .

3. SOFT METRIC SPACES

In this section, we consider X as a universal set, E a set of parameters and A as a set
valued function on F, A : E — P(X), where (A, E) is a soft set over X. Also, a soft
sequence in (A, E), denoted by {(Ay, E)}22, and (X, d) is a soft metric space over X,

where X = (A, F) and d is a soft metric on X.

Definition 3.1 Let (X, d) be a soft metric space over X. A soft sequence {(4,, E)}52,
in (A, E) is called convergent to (e, A(e)) if li_)m d((a, Ap(a)), (e, A(e))) = (b, 0), foralla, e, b e
E.
Definition 3.2 Let (X, d) be a soft metric space over X. A soft sequence {(A,, E)};Z,
in (A, E) is called Cauchy if lir£1> d((a, An(a)), (a, Am(a))) =0= (b, 0),

foralla,be E, m,n € N.

Definition 3.3 Let (F, E) be a soft set over X and d be a soft metric on (F, E). Then

(X , cz) is called a complete soft metric space if every Cauchy soft sequence converges in
(F, E).

Definition 3.4 Let f be a soft mapping f : (A, E) — (A, E), (z, A(z)) € (A, E) such
that f (z, A(z)) = (z, A(z)).Then (z, A(x)) is called:
(1) a fixed soft element for f.
(2) a fixed soft point for f if A(z)is singleton.

Note : Each fixed soft point and a fixed soft elementis a soft set and clearly, every a
fixed soft point is a fixed soft element.

Definition 3.5 Let (A, E) be a soft set over X. We define the distance between two
soft elements (a, A(a)), (b, A(b)) € (A, E) as follows:

D((a, A(a), (0, A(b))= _ inf d((a, {2}, (b, {y})

z€A(a),yeA(b)

= i ’ b ’ inf d ’ ) ) b € Ev
(min{a, b}, P eay AoV o

where d is a metric on X, it is clear that D is a soft metric on X.
If A(a) consists of a single point z, then the distance between (a, {x})and (b, A(D)) is

D ((a, {z}), (b, A(b))) = (min {a, b}, yégf(b) d(z,y)).
And also

d ((a, A(a), (b, A(D)) = Al d((a, {}, (b, {9})
rx€eA(a),ye

= (max {a, b}, sup d(xz,y)), a,be E.
z€A(a),yeA(b)

It is obvious that & is a soft metric.
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Theorem 3.6 Let (X' , J) be a complete soft meric space, and T : X — X a soft
mapping such that whenever (a, A(a)), (b, A(b)) € X,

(1) d(T(a, A(a)), T (0, A(b)))émax{acf((a’ A(a)), (b, ()2)
ad((a, Aa)), T (a, A(a))), pd((a, Aa)), T (b, A(b))) + Ad((b,

where 0<a< 1,u>0,A>0, u+A<1, and a. max{l“,

ad((b, A(b)), T (b, A(D))),
(1)), T (a, A(a))) }

< L

Then T has a unique fixed soft point.

Proof 3

Let (Ao, E), (A1, E) be two soft elements in X, such that (4, E) = T(Ag, E). Then
we are able to define a soft sequence {(Ay+1, E)}02, of soft elements such that
(Apy1, E) = T (A, E),forn=0,1, 2, ...

Since

d((An-l—l: E), (4, E)) = CZ<T(A7U E), T (An-1, E))
by (1), we have

(Ant1, E), (An, B)) =d(T (Ay, E), T (Ay-1, B))

d
< mzix{ad((An, E)v (An—la E))v (( n—1, E)v T(An—l’ E))v
ad((A'm E)v T(Am E))7 Nd((A E) T(An 1 )) + /\d((An—la E): T(Am E))}

= max{ad((An, E), (An-1, E)), ad((An-1, E), (An, E)),
ad((Anv E)’ (An-‘rl? E))’ :U’d((Am E)v (Am E)) =+ )‘d((An—la E)? (An-i-l, E))}

Since 0<a< 1, 0< A< 1and
if @« > X thus

J((AnJrly E)’ (Ana E)) = ad((Ana E)v (Anflv E))

if A > « thus 3

J((A?}-Hv E)’ (Anv E)) A (( n+1, E)? (An—la E))
< )‘[d((An—i-l’ E)v (Ana E)) +d ((Am E)) (An—la E))]a

thus
d((An-i-h E), (Ana E)) S %d((Am E)v (An—la E))

Then

(A, B), (An, B)) < max{a, =2} d(An, B), (Au1, B))

By the same taken, we have

A((Aniz, B), (A, B)) < max{ o, 751 (Anss, ), (An, B))

Let ¢ = (max{a, {%;} max{a, 25}, then 0< ¢ < 1.
Thus

d((Apsa, E), (Ang1, BE)) < cd((An, E), (Ap_1, E)),n=1,2, ...
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d((Ans2, B), (Any1, B)) < cd((An, E), (An1, B))
< C2d((An*27 E)’ (An*?n E))

< @d((A1, B), (Ao, E))

For any m > n, and by the definition of a soft metric,

d((An, E), (Am, E)) < d((An, E),(An11, B)) + . + d (A1, E), (A, E))
< Cnd((Ala E)v (A07 E)) + "'~+ Cm_l d((Ala E)? (Ao, E))
< (4 e d((Ag, E), (Ao, E))

Since 0 < ¢ < 1,d((An, E), (An, E)) — 0 as n, m — oo, consequently the soft
sequence {(Ay, E)}52 is Cauchy . Since (X , 07) i s a complete soft meric space, there is
(a, A(a))in (A, E) such that {(4,, E)}:°, converges to(a, A(a)). Thus
T(A,, E) = (a, A(a)), asn — oo.

Since o + A < 1,

(An, E)), ad((An, E), T (An, E)),
(@) T (An, E)) + Ad((An, E), T (a, A(a))) }

: d((a, A(a)
< max{ad((a, A(a), T (a, A(a))), Ad((a, A(a)), T (a, A(a))) }
< (a+A)d((a, A(a)), T :
Hence T'(a, A(a)) = (a, A(a)).
Now, we show that (a, A(a)) is a unique fixed soft point for T'. Suppose (z, A(x)) #
(a, A((S)) such that T'(a, A(a)) = (a, A(a)),T(z, A(z)) = (z, A(z)). Then from condi-
tion ,

d((z, A(x)), (a, Ala))) = d(T (z, A(z)), T (a, A(a)))

< max{ad((a, A(a)), (z, A(z))), ad((z, A(z)), T (2, A(z))),

ad((a, A(a)), T (a, A(a))), pd((a, A(a)), T (z, A(z))) + Ad((z, A(2)), T (a, A(a))) }

< max{ad((a, A(a)), (z, A(2))), pd((a, Ala)), (z, A(2))) + Ad((z, A(z)), (a, A(a)))}
< (u+ N d((a, Ala)), (x, A(z))

Hence (z, A(x)) is a unique fixed soft point for 7.

Theorem 3.7 Let (X' , ci) be a complete soft metric space overX and T : X — X
a soft mapping such that whenever (a, A(a)), (b, A(b)) € X,

d(T(a, A(a), T (b, A(b))) < ¢ max{ d((a, A(a)), (b, A(D))), d((b, A(b)), T (b, A(D))),
d((a, Aa)), T (a, Ala))), (U@AG@LT@.AE >>)+d(<b AG).T (0 A@))) y

where 0<c< 1.

Then T has a unique fixed soft point.
Proof
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By condition (1) in Theorem 3.6, we have
pd((a, Aa)), T (b, A(b))) + Ad((b, A()), T (a, A(a))))

< max { 1, A}( ((a A(a)), T (b, A(b))) + d((b, A(b)), T (a, A(a)))))
= max {2y, 2)\}( (a, A(a)), T (b, A(b )))+ (5, A®). T (0, Ala)) )

If ¢ = max {2y, 2\, a}. Hence the proof as in Theorem 3.6.

Theorem 3.8 Let (X, ci) be a complete soft metric space over X, and T : X — X a
soft mapping such that whenever (a, A(a)), (b, A(b)) € X,
d(T(a, A(a)), T (b, A(b))) < ¢ max{ d((a, A(a)), (b, A(b))), d((b, A(b)), T (b, A(D))), }
d((a, A(a)), T (a, A(a))) where 0<c< 1, a,b € E. '
Then T has a unique fixed soft point.
Proof
If we put A= g =0, @ = ¢ in Theorem 3.6, then the proof is complete.

Remark 3.9 Theorem 3.8 is a generalization for Theorem 4.3 [5] and Theorem 2 [9)].

Theorem 3.10 Let (f( J) be a complete soft metric space over X, and T be a soft
mapping T : X — X, such that whenever (a, A(a)), (b, A(b)) € X,

0 (T(a, A(a)), T (b, A(b))) < 1 6((a, A(a)), (b, A(b))) + 2 0((a, A(a)), T (a, A(a)))
+c3 (( A(b)), T (b, A(b))),
where ¢; >0, Vi, Z?:l ¢ <1.

Then T has a unique common fixed soft set. Proof If we put A = 0, p =0, a =
c1 + ¢ + c3in Theorem 3.6, then we are done.
Obviously, Theorem 3.10 is a generalization for Theorem 3 [9].

Theorem 3.11 Let (X, d) be a complete soft metric space over X, and T : X—- X
be a soft mapping such that whenever (a, A(a)), (b, A(b)) € X,

d(T™(a, A(a)), T™ (b, A(b))) < max{ad((a, A(a)), (b, A(b))), ard((b, A(b)), T™ (b, A(b))),
ad((a, A(a)), T™ (a, A(a))), pd((a, A(a)), T™ (b, A(b))) + Ad((b, A(b)), T™ (a, Aa)))},
where 0<a < 1,p>0,A>0, p+ A <1, and a. max{ {* T i}\} <1.

Then T has a unique fixed soft point.
Proof
It follows from Theorem 3.6

T (a, A(a)) = (a, A(a)),
(T (a, A(a))) = T(T™(a, A(a))) = T(a, Ala))

Thus T'(a, A(a))and (a, A(a)) are fixed soft points for 7.

Since

d(T(a, Aa)), (a, Ala)) < d(T(a, A(a)), T™ (a, A(a))) +d(T™(a, A(a)), (a, A(a))),
T(a, A(a)) = (a, A( ), (a, A(a)) is a fixed soft point for 7.

We shall give an example, as an application for Theorem 3.11.
Example 3.12
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Let X = [0, X = (A, E), E= QtJ{0}, and for all (a, A(a)) € (A, E),
we consider (a ) = 1[0, a]. Define amap T: X — X such that

T(a, A(a) = (%, A(2 )

Also, let d : XxX — (E, RT|J{0}) be such that

S

((a, A(a)), (b, A(b))) = sup d((a, {2}), (b, {y}))

z€A(a),y € A(b)

= (max{a, b}a sup {|CC -y |})7
z€A(a),y € A(b)

then it is clearthat (X' , d)is a complete soft metric space.

d(T(a, A(a)). T (b, A®)) = d( (3,

(max{%, 5}, max{a, b})

max{ % (max {a, b}, max{a, b}),
maX{g d((a, A(a)), (b, A(1))), 3
max{y d( (a, A(a)), (b, A(b))), 3

((a, A(a)) (b A(b)))
((a, A

Wl

VARVANRPVAN

< max{

Cleol—

d
d

mapping T.

4. CONCLUSION

In this article, we have inserted new conceptions in a soft metric space.We have dis-
cussed a fixed soft point under generalized contractive conditions without continuity of
mappings. In addition, we have compared our own results with those reached by other
authors [5, 9] in this field, and found out that our results are more comprehensive and
general. Moreover, we have given one example as an application.
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