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NEW RESULTS ON ODD HARMONIOUS LABELING OF GRAPHS
P. JEYANTHI', S. PHILO?, §

ABSTRACT. Let G = (V, E) be a graph with p vertices and ¢ edges. A graph G is said to
be odd harmonious if there exists an injection f: V(G) — {0,1,2,---,2¢q — 1}such that
the induced function f* : E(G) — {1,3,---,2q — 1} defined by f*(uv) = f(u) + f(v)
is a bijection. If f(V(G)) = {0,1,2,---,q} then f is called strongly odd harmonious
labeling and the graph is called strongly odd harmonious graph. In this paper we prove
that Spl(Cpn) and Spl(B(m)(y)), slanting ladder SL,, mG., H-super subdivision of
path P, and cycle C, n = 0(mod 4) admit odd harmonious labeling. In addition we
observe that all strongly odd harmonious graphs admit mean labeling, odd mean labeling,
odd sequential labeling and all odd sequential graphs are odd harmonious and all odd
harmonious graphs are even sequential harmonious.

Keywords: Odd harmonious labeling; Strongly odd harmonious labeling; Odd sequential
labeling; Even sequential harmonious labeling; Mean labeling; Odd mean labeling.

AMS Subject Classification: 05C78.

1. INTRODUCTION

Throughout this paper, by a graph, we mean a finite, simple and undirected one. For
standard terminology and notation we follow Harary [11]. One of the major themes in
graph theory is graph labeling, introduced by Alex Rosa in 1967. The graph labeling is an
assignment of integers to the set of vertices or edges or both, subject to certain conditions.
During the last five decades nearly 300 graph labeling techniques have been studied which
are beautifully classified by Gallian [7] in his survey under seven headings. One of such
classifications is harmonious labeling, introduced by Graham and Sloane [9]. The concept
of odd harmonious labeling (one of the variations of harmonious labeling) was due to Liang
and Bai [23] who proved the following results:

1. If G is an odd harmonious graph, then G is a bipartite graph. Hence any graph that
contains an odd cycle is not an odd harmonious.

2. If a (p,q) — graph G is odd harmonious, then 2,/ < p < (2¢ — 1).

3. If G is an odd harmonious Eulerian graph with ¢ edges, then ¢ = 0,2(mod 4).
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Followed by this, some authors have also proved several results on odd harmonious label-
ing. For example, Vaidya and Shah [29], [30], have proved that shadow and splitting of P,,
K1, By, are odd harmonious. Also they established that the arbitrary super subdivision
of path, join sum of two copies of cycle and H,, , are odd harmonious. Abdel- Aal [1] -[3]
has proved that cyclic snakes, m-shadow of path and complete bipartite graph, n-splitting
of path and star, symmetric product between paths and null graphs and two copies of
even cycles sharing a common edge and a common vertex are odd harmonious. Gustri
Suptri and Sugeng [10] have established that dumbbell graph D, j 2 is odd harmonious if
and only if n,k = 2(mod 4). Selvaraju et. al [25] have proved that quadrilateral snake
and k-regular caterpillars are odd harmonious. Fery Firmansah [5], [6] has constructed
the odd harmonious labeling of pleated of the dutch windmill graphs and the variation of
the double quadrilateral windmill graph.

Motivated by the above results, we have [12] - [22] further studied and proved that
several graphs are odd harmonious. In this paper, we establish some new results on odd
harmonious labeling. In order to prove our results we use the following definitions.

Definition 1. A graph G is said to be harmonious if there exists an injection f : V(G) —
Zy such that the induced function f* : E(G) — Z; defined by f*(uwv) = (f(u)+ f(v))
(mod q) is a bijection and f is called harmonious labeling of G.

Definition 2. A graph G is said to be odd harmonious if there exists an injection f :
V(G) = {0,1,2,--- ,2q — 1} such that the induced function f* : E(G) — {1,3,--- ,2¢ — 1}
defined by f*(uwv) = f(u) + f(v) is a bijection. If f: V(G) — {0,1,2,--- ,q} then f is
called as strongly odd harmonious labeling and G is called a strongly odd harmonious graph.

Definition 3. The Corona of a graph G on p vertices vi,v,--- ,vp 15 obtained from G by
adding p new vertices ui,us,--- ,u, and new edges u;v; for 1 <i < p, denoted by G o Kj.
The graph P, o K1 s called a comb Ch,.

Definition 4. The m-splitting graph Spl,(G) is obtained by adding to each vertexr v of G
new m wvertices, say v',v?, ....,v™ such that v;,1 < i < m is adjacent to every vertez that

s adjacent to v in G.

Definition 5. [31] The graph obtained by attaching m pendant vertices to each vertex of
a path of length 2n — 1 is denoted by B(m),)-

Definition 6. The slanting ladder SL,, is obtained from two paths uyi,uo,--- ,u, and
V1, V2, -, Uy by joining each u; with vi41, 1 <i<mn—1.

Definition 7. [28] The graph (K1, : K1) is obtained by joining the center u of the star
K1, and the center v of another star Ky, to a new vertex w. The number of vertices is
n+ m + 3 and the number of edges is n + m + 2.

Definition 8. [28] The graph mG,, is obtained from m copies of (K1 : K1) by joining
one leaf of i'" copy of (K1, : K1) with the center of (i+ 1) copy of (K1, : K1) where
1<:<m-—1.

Definition 9. [4] A graph obtained from G by replacing each edge e; by a H- graph in
such a way that the ends of e; are merged with a pendent vertex in pa and a pendent vertex
pl2 is called H- super subdivision of G and it is denoted by HSS(G), where the H- graph
s a tree on 6 vertices in which exactly two vertices of degree 3.
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Definition 10. [27] A mean labeling f is an injective function from V to the set {0,1,2,--- ,q}

W if f(u)+ f(v) is even and

1
if f(u) + f(v) is odd, then the resulting edges are distinct.

such that each edge uv is assigned a label f*(uv) =

oy = L0 S0+

Definition 11. [24] A graph G(p,q) is said to be an odd mean graph if there exists an
injective function f from the vertex set of G to {0,1,2,---,2q — 1} such that the induced

map from the edge set of G to {1,3,5,---,2q — 1} defined by f*(uv) = M if

2
J(u) + g )1 ot 1) + F(v) is odd, is a bijection.

f(u) + f(v) is even and f*(uv) =

Definition 12. [26] A graph G(p, q) is said to have an odd sequential labeling if there exists
a function f: V(G) —{0,1,2,--- ,q} and each edge uwv is assigned the label f(u) + f(v)
such that the resulting edge labels are {1,3,5,--- ,2q — 1}.

Definition 13. [8] A graph G(p, q) is said to have an even sequential harmonious labeling
if there exists a function f : V(G) — {0,1,2,--- ,2q} such that the induced map f* :

E(G) = {2,4,--- ,2q} defined by f*(uv) = f(u)+ f(v) if f(u)+ f(v) is even and f*(uv) =
fw)+ f(v) +14f f(u)+ f(v) is odd, then the resulting edge labels are distinct.

2. MAIN RESULTS

In this section, first we prove that Spl(Cy,) and Spl(B(m)(y)), slanting ladder SL,,
mG,,, H-super subdivision of path P, and cycle C,, n = 0(mod 4) admit odd harmonious
labeling.

Theorem 2.1. The graph Spl(Cb,,) is odd harmonious.

’ ’ / . . . / /
Proof. Let vy, v, ,v, and vy, vy, -+ ,v, be the vertices of comb in which vy, vy, - -
/ . / / ’
, v, are the pendant vertices. Let wi,ug,---,u, and wu;,uy, - ,u, be the new added
. . ’ ’ 7 .
vertices corresponding to vy, va, -+, v, and vy, vy, - ,v, and let G = Spl(Cby). This

graph has 4n vertices and 6n — 3 edges.

Define f: V(G) — {0,1,2,--- ,2(6n — 3) — 1} as follows:
2i —1 if i is odd .

f(”i):{ 2 -2 ifiiseven 'L ='=T
dn+4i—5 ifiis odd

f(ui):{4n+4i—6 if 7 is even. ’ Lsm;

W[ 206-1) ifiisodd .
f(“i)_{%—l if i is even, T =S

/ 12n — 47 —4 if 7 is odd .

) = <
f(u;) 12n—4i—3 ifiiseven, 'F S¢S

The induced edge labels are

fr(vivip) =4i—1,1<i<n-—1;

(o) =4i— 3,1 <i < n;

[(uv’) =4n +6i — 7,1 <i < n;

f(uivig1) =4n+6i — 5,1 <i<n-—1;

ff(viuip1) =4n+6i — 3,1 <i<n-—1;

[F(viu') =12n—2i — 5,1 <i <n.

In view of the above defined labeling pattern, the split of Comb Cb,, is an odd harmonious
graph. O

*
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An odd harmonious labeling of split of comb Cb, is shown in Figure 1.

FIGURE 1. An odd harmonious labeling of Spl(Cby)

Theorem 2.2. The graph Spl(B(m)y,)), m is even, is odd harmonious.

i

Proof. Let the vertices be u;, v, u;j, v, 1 <i<mn,1<j<mand u;,v;,u;j,vij, 1<i<n,
1 < j < m be the new vertices added to the corresponding vertices u;, v;, u;;, v;; to obtain
Spl(B(m)yy) - This graph has 4(m + 1)n vertices and 6(m + 1)n — 3 edges.
Define f: V(G) — {0,1,2,--- ,2[6(m + 1)n — 3] — 1} as follows:
3(i — 1) if  is odd .
Floi) = { 1(+3(i—2) it i is even, L = S 20
[ 2+3(0i—1) ifiisodd

F) =93 513G -2) ifiiseven.
If i is odd, f(vij) =12n =5+ (4m —=3)(1 —1)+4(j —1); j =1,3,--- ,m;
If i is even, f(vij) =12n+4m —84+4(j —1)+ (4m—3)(1 —2)+2,j=1,3,--- ,m —1;
fuij) =12n+4m -8 +4(j — 1)+ (4m —3)(i — 2), j = 2,4,--- ,m;
If i is odd, f(ui;) = 12n+4m+6(m—1)+(4m—3)(2n—2)+14+2(j —1)+(2m+3)(2n—1—1i),
j=1,,.,m;
If i is even, f(ui;) = 12n+4m—24+4(m—1)+(4m—3)(2n—2)+2(j —1)+(2m+3)(2n—1),
j = 17 y o, M
The induced edge labels are
fr(vivig1) =6i =5, 1<i<2n—1;
ff(viuipq) =6i— 1, if i isodd, 1 <i < 2n — 1;
ff(viuipq) = 6i — 3, ifiis even, 1 < i < 2n —1;
[ (ujvipq) = 6i — 3, if i is odd, 1 <1i < 2n — 1;
f(

i

1 <1< 2n;

*(uvip1) = 6i — 1, if i is even, 1 < ¢ < 2n —1;

If i is even, f*(vvy;) =143 —2)+12n+4m —84+4(j — 1) + (4m — 3)(i — 2) + 2,
j:1737"'7m_1;

[*(vivij)) =143G —-2)+12n+4m —84+4(j — 1)+ (4m —3)(1 —2), j =2,4,--- ,m;
If i is odd, f*(vivij) =3(i —=1)+12n =54+ (4dm —=3)(i—1)+4(j —1),j=1,2,--- ,m;
Ifiisodd, f*(uvij) =24+3(@—1)+12n—5+4m—-3)(i—1)+4(—1);j=1,2,--- ,m;
If i is even, f*(uv;) =5+3(—2)+12n+4m —8+4(j — 1)+ (4m — 3)(1 — 2) + 2,
7=13,---,m—1;

[*(uvij) =543 —2)+12n+4m —84+4(j — 1)+ (dm —3)(i — 2), j = 2,4,--- ,m;
If i is odd, f*(vius;) =3(i—1)+12n+4m+6(m—1)+(4m—-3)2n—-2)+1+2(; —1) +



P. JEYANTHI, S. PHILO: ODD HARMONIOUS LABELING OF GRAPHS 1305

(2m+3)(2n_ 1 _i)7 ] = 1727"' , T

If i is even, f*(viu;;) =14+3(i—2)+12n+4m—2+4(m—1)+ (4m—3)(2n —2)+2(j —
D+@m+3)2n—1),j=1,2,,m.

In view of the above defined labeling pattern, the split of B (m)(n) is an odd harmonious
graph. ]

An odd harmonious labeling of B(4) (s is shown in Figure 2.
5 N 8

VA

"‘L A".LA

| }.{{
IR A A

13 Ul Vo1 Vo2 Vo3 wou| VBl Us2 U3zl vauf V41 wvgo

A3 VA4
311 31 36 43 44| 43 49 53] 57| 60 62 6§ 7(

Uq

. U31 U U
UL uqe UL3 Upg U2l U22 U2 U24 32 U3z U4 U4l U42 U4z g4,

107 109 111 113 98 100 102104 85 87 89 91 - 78 80 §

FIGURE 2. An odd harmonious labeling of Spl(B(4)))

Theorem 2.3. The slanting ladder SL, is odd harmonious.

Proof. Let the vertices of G = SL,, be ui,us, - ,u, and vy,ve, -+ ,v,. This graph has
2n vertices and 3(n — 1) edges.

Define f: V(G) — {0,1,2,--- ,6(n — 1) — 1} as follows:

flui)=i—1,1<i<n; f(v;) =2n+i—-3,1<i<n.

The induced edge labels are

f(ujuip1) =2i— 1,1 <i<n-—1; f*(vjvis1) =4n+2i — 5,1 <i<n—1;

[ (ujvig1) =2n+2i—3,1 <i <n—1. In view of the above defined labeling pattern, the
slanting ladder SL,, is an odd harmonious graph. O

An odd harmonious labeling of slanting ladder S L, is shown in Figure 3.

u3 Ugq

FI1GURE 3. An odd harmonious labeling of S1L4

Theorem 2.4. The graph mG,, is odd harmonious.
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Proof. Let G = mGy,. Let {s; : 1 <i <m}U{t; : 1 <i<m}U{u; : 1 <i <mpU{ss, ;¢
1 <i<m,1<j<n} be the vertices of G . This graph has 2m(n + 1) + 1 vertices and
2m(n + 1) edges.

Define f: V(G) — {0,1,2,--- ;4m(n + 1) — 1} as follows:

fls) =144 —1), 1<i<m; f(t;) =3+4(—1), 1L <i<my

flui) =2n(i—1),1<i<m;

f(si) =4+2mn+2(j—1)+6(m—1i)+2(m—i)(n—1),1 <i<m, 1 <j<n

fltij) =2i4+2(i-1)+2(—-1)(n—1),1<i<m, 1 <j<n;

The induced edge labels are

f(siu;)) =144 —1)+2n(i —1), 1 <i<m;

[*(tiu) =34+4(i—1)+2n(i — 1), 1 <i < m;

[*(sisi5) = 14+4(i—1)+4+2mn+2(j —1)+6(m—1i)+2(m—i)(n—1),1 <i<m, 1 < j <mn;
[rtitij) =3+4(i—1)+2i4+2(—1)+20—-1)(n—1),1 <i<m, 1 <j <mn;

In view of the above defined labeling pattern, the graph mG,, is odd harmonious. g

An odd harmonious labeling of 3G is shown in Figure 4.
1 0 3

FIGURE 4. An odd harmonious labeling of 3G4

Theorem 2.5. The graph HSS(P,) is odd harmonious.

Proof. Let G = HSS(P,). Let the vertices be ui,ui(li)ﬂ) Ellll)z,ul(.?i)ﬂ),ugil)i,umrl; 1<
¢ < n and the corresponding edges are uiu((l.)ﬂ), ug(li)ﬂ) 5(21)+1) ug(li)ﬂ)u&)rl)i, UE'Llll)z Ei)rl)
uglil) uit+1; 1 <4 <n where n > 1. This graph has 5n + 1 vertices and 5n edges.

We define f: V(G) = {0,1,2,--- ,4m(n+ 1) — 1} as follows:

()—3@—1)1§i§n+L
f(“H)*1+3u—n 1<i<n;
f(UEZHZ)—Q—I—?)(i—l) 1<i<n;
f<Uf,+1)—3n+5+7(n i), 1<i<n;
f@E )=3n+2+7n—1i), 1<i<mn;

1+ Z

The induced edge labels are
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f(uiug(li)ﬂ)) —6i—5 1<i<n;
f(ui+1ug}rl)i) =6i—1, 1<i<m;

f (uﬁ(lz)ﬂ)ugll)z) =6i—3, 1<i<m
f(ul((lz)+1)“z('(2i)+1)) =10n—-4i+3, 1 <i<mny
f<U8L)Zu§?L)Z) =10n—4i+1, 1<i<m

In view of the above defined labeling pattern, the graph HSS(P,) is odd harmonious. [
An odd harmonious labeling of HSS(Ps) is shown in Figure 5.

FIGURE 5. An odd harmonious labeling of HSS(Ps)

Theorem 2.6. The graph HSS(C,), n = 0(mod 4) is odd harmonious.

Proof. Let G = HSS(C(nz. Ize)t tlze) Ve(rtices be ui,ug(ll)ﬂ) u&)rl)l, ul((zl)ﬂ) “Ezl)w
1) (2 2

. 1
1<i<n—1and uy,u,{,u, | uy, Ui, ) The corresponding edges are ulu( )

i(i+1)°
e (2) (1) (1) (1) (2) (1) . @ @) (2
Ui(i4 1) Yi(i41) Yi(o1) Ui 1)io Uit 1) Ui 1)e Uiyt L S 0 S = 1and upty, g, tp g

ufﬂ)ugn),ugguﬁ), ugn)ul This graph has 5n vertices and edges.

We define f: V(G) — {0,1,2,--- ,10n — 1} as follows:
f(u;) = 3i— 3, if 7 is odd,;

f(u;) =3i—3,if i is even and 2 <i < g

flu;) =3i—1, §§i§n;

f(ug(lz)ﬂ)) =3i—-2 1<i< g

f(ul((li)ﬂ)):iiz , if 7 is even and§+2<z<n—2
f(ul((ll)ﬂ)) = 3i, ifi is odd and 5 +2<i<n-—1;
f(ugzll)) =3n —

Fluf ) =3i—1, 1<i< s +1

f(ugllll)l) =3i+1, -+2<i<nandiiseven
f(u&)rl)z) =3i—1, =+3<i<n-—1andiisodd
ful) =38n+1;

) =10n=Ti+5, 1<i< 3

f(ul((?l)ﬂ)) =10n — Ti + 5, g <i<mn-—2andiis even
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F?)) =30+ 5;

f(“g?l)ﬂ))—lOn—?z—l—?) f—|-1<z<n—1and11sodd
2

f(ugzil)z) 10n — 7i + 2 1<z< "y,

Jul ) =10n=Ti+2, Z4+3<i<n—1landiisodd;

f(“gil)i)zl()n—?i, g+2§i§n—2andiisodd;

The induced edge labels are

[ (uiu 5(2“)) =6i—5 1<i< g;

F (u’uz((lz)+1)) = 61— 9, g +1<:<n

f*(unu,(lll)) = 6n — 3;

f*(uluLB) =3n+1;

f*(uﬂrl“gw)rn )=6i—1, 1<i< g +1;

f*(uz+1u811) ) =6i+1, g_q-g <i<n-—1;

f*<u§(1i)+1)“§(2i)+1)> =10n—-4i+3, 1<i<n-—-1

f*(ugz‘lil)i“gil)i) =10n—-4i+1, 1<i<n-—1;
« (1 2

f (“2(2—1)“7(1()”_1)) = 6n + 5;

FH(ugul) = 60+ 3;

In view of the above defined labeling pattern, the graph HSS(C,), n = 0(mod 4) is

odd harmonious.

An odd harmonious labeling of HSS(Csg) is shown in Figure 6.

2
ugs) (2)

2 L4
W) 248

Uyg

2
“5)4)

FIGURE 6. A odd harmonious labeling of HSS(Cy)
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Further, we conclude the paper with the following observations. Since it is easier to
prove the observations, we omit the proofs.

Observation 2.1. Fvery strongly odd harmonious graph admits an odd sequential labeling.
Observation 2.2. Fvery strongly odd harmonious graph admits mean labeling.
Observation 2.3. Fvery strongly odd harmonious graph admits an odd mean labeling.
Observation 2.4. Fvery odd sequential graph admits an odd harmonious labeling.

Observation 2.5. Every odd harmonious graph G admits an even sequential harmonious
labeling.

3. CONCLUSION

In this paper, we obtain some new results showing that the graphs Spl(Cy,, ), Spl(B(m)y)),
slanting ladder SL,,, mG,, H-super subdivision of path P, and cycle Cy, n = 0(mod 4)
are odd harmonious. Also, we observe that all strongly odd harmonious graphs admit
mean labeling, odd mean labeling, odd sequential labeling and all odd sequential graphs
are odd harmonious and all odd harmonious graphs are even sequential harmonious.
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