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BARGMANN’S VERSUS FOR FRACTIONAL FOURIER
TRANSFORMS AND APPLICATION TO THE QUATERNIONIC
FRACTIONAL HANKEL TRANSFORM

A. ELKACHKOURI', A. GHANMI'*, A. HAFOUD?, §

ABSTRACT. We present a general formalism & la Bargmann for constructing fractional
Fourier transform associated to specific class of integral transforms on separable Hilbert
spaces. As concrete application, we consider the quaternionic fractional Fourier trans-
form on the real half-line and associated to the hyperholomorphic second Bargmann
transform for the slice Bergman space of second kind. This leads to an extended version
of the well-known fractional Hankel transform. Basic properties are derived including
inversion formula and Plancherel identity.
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1. INTRODUCTION

The fractional Fourier transform (FrFT), which is special generalization of the Fourier
integral transform, is a powerful tool in many fields of research including mathematics,
physics and engineering sciences [1, 17, 14]. Its introduction goes back to 1929. In fact, it
was considered implicitly in Wiener’s work [20], when discussing the extension of certain
results of H. Weyl and leading later to Fourier developments of fractional order. Mainly,
Wiener sets out to find a one—parameter family of unitary integral operators

+o0o
Fap(zx) := Kq(z,v)p(v)dv

— 00

! Department of Mathematics, Faculty of Sciences, Analysis, P.D.E. & Spectral Geometry, Lab.,
M.I.LA.-S.I., CeReMAR, P.O. Box 1014, Mohammed V University, Rabat, Morocco.
e-mail: elkachkouri.abdelatif@gmail.com; ORCID: https://orcid.org/0000-0003-1112-6066.
e-mail: allalghanmi@umb5.ac.ma; ORCID: https://orcid.org/0000-0003-0764-5576.

* Corresponding author.

2 Centre Régional des Métiers de 'Education et de la Formation de Kenitra, Morocco.
e-mail: hafoudaliali@gmail.com; ORCID: https://orcid.org/0000-0002-8934-5093.

§ Manuscript received: August 24, 2020; accepted: November 22, 2020.
TWMS Journal of Applied and Engineering Mathematics, Vol.12, No.4 (© Isik University, Department
of Mathematics, 2022; all rights reserved.

1356



A. ELKACHKOURI, A. GHANMI, A. HAFOUD: BARGMANN’S VERSUS FOR FRACTIONAL ... 1357

on L2(R) for which the n—th Hermite function hy(z) = Hy,(z)e /2 is an eigenfunction
with e as corresponding eigenvalue. The explicit Wiener formula for the kernel func-
tion K, is a limiting case of Mehler’s formula for the Hermite functions. This fact was
rediscovered sixty years later in quantum mechanics by Namias [15], and showed earlier
by Hormander [12]. Recently, this has been extended to a FrFT related to the generalized
Laguerre functions by exploiting their relation to Hermite polynomials [5].

Another and elegant way to define FrFT is given implicitly in Bargmann’s seminal paper
[3] (see also [4, 11, 19]). Indeed, associated to the classical Segal-Bargmann transform B,
mapping L?(RY) onto the Fock-Bargmann space, one considers Ry := B~! o Ty o B, with
Tyf(z) := f(#z), which defines a unitary homeomorphism transform on L?*(R?) when
0 = e; o € R, and satisfies

Reiohn(z) = e™hy(z).

In the present paper, we provide a la Bargmann a general abstract formalism for con-
structing fractional transform associated to given special invertible integral transform
S XY ! Hx — Hy,

Sxyily) = /X R(z,y)p(x)wx (2)dA(z),

on an arbitrary infinite separable functional Hilbert space Hx = L?(X;wx (z)dz). Namely,
we deal with integral transforms of the form S;(ly oTyoSx,y, where Ty ia an appropriate
action of a group GG. We show that the perforrhed fractional integral transform inherits
numerous properties from the ones of Sxy. The explicit computation shows that the
kernel function of S)}}Yng oSx y can be expressed explicitly in terms of the kernel function
R(z,y) (see (10) below). As concrete application, we deal with a special quaternionic
fractional Fourier transform (QFrFT) acting on the right quaternionic Hilbert space

L?Hia(R‘F) = L§ (RT, 2% “dz), a>0,

and associated to the second Bargmann transform for hyperholomorphic Bergman space
of second kind [7]. More precisely, they are the family of (left) integral transforms

3 o(y) = /0 " kg y)pla)d, (1)

whose kernel function can be shown to be given in terms of the modified Bessel function
I, of first kind. They verify £5 (% (x)) = 0"p5 (). We also prove that Lf is continuous,
interpolates continuously the identity operator to the Fourier-Bessel transform and satisfies
the index law (semi-group property) L£f o Ly = 3‘77, so that the inverse of L§ reads simply

Ly)5. When |0] = 1, the constructed family of QFrFT for L?Hia(]Rﬂ appears embedded
in a strongly continuous one-parameter group of unitary operators and coincides with the
fractional Hankel transform [16, 13] with quaternionic parameter (QFrHT). The exposition
of these ideas in the quaternionic setting add some technical difficulties which we overcome
using tools from the theory of slice regular functions.

The paper is organized as follows. In Section 2, we recall the definition of FrHT due to
Namias that we adapt it to the quaternionic setting. In Section 3, we present a general
abstract formalism for constructing QFrHT by means of eigenvalue equation involving
orthogonal basis of certain quaternionic Hilbert space. Section 4 is devoted to the recon-
struction of QFrHT for LIZHI’Q(]RJ“) by Bargmann versus, and show how to derive in a simple
way their basic properties such as the Plancherel and inversion formulas.

We conclude by noting that all needed notions and notations on hyperholomorphic
Bergman spaces are those fixed in [7].
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2. QUATERNIONIC FRACTIONAL HANKEL TRANSFORM (A LA NAMIAS)

In this section, we adopt the Namias’ approach for constructing fractional Hankel trans-
form for the quaternionic right Hilbert space L]%ia (RT); a > 0, of all quaternionic-valued
functions on the half real line RT that are square integrable with respect to the inner
product

(0., = /R P,

We denote by ||-||,, the associated norm. A complete orthonormal system in L?HI’O‘(RJF) is
given by the functions

a+n+1

@ = (5 )1/2”() @

oo(x) = | =&——= Ly (x), 2
I( )

where L%a) (z) denotes the generalized Laguerre polynomials

—Oé(l)dn

L(a) _ T e i n+o _—x )
(@) = LA (o) 6
The Hille-Hardy identity [2, (6.2.25) p. 288]
S n! (@) () [,(@)
Ry (z,y) :;MQ Ly (z) Ly (y)

1 1\ /2 0(x +y) 20
- (= ERASTUS D Iy e LAy 4
1—9<9xy) eXp( 1-0 ) 1-gV" )
is valid for |#] < 1 and nonnegative integer . Here I,(&) denotes the modified Bessel
function of first kind [2, p.222]

1 =12 —_ | 2 . 5
(&) <2> TLZ:%n!F(a—Fn—Fl) (2) 5)
Thus, we can rewrite the kernel function K§(z,y) := z%e "Ry (z,y) as

Kia,9) =+ (;;)a/? e (<25 1, (f_fi) ﬁy) 7 (©

so that the corresponding integral operator is well-defined on LIQHI’O‘(Rﬂ by

+oo
L)) = | Kg(@ y)ele)de (7)
is what we call here quaternionic fractional Hankel transform (QFrHT). The Laguerre
polynomial ¢ (z) in (2) is (left) eigenfunction of £ with " as corresponding (right)
eigenvalue,
Ly (pn(x)) = @ ()"
This readily follows from the definition of Lg.

Remark 2.1. Such transform is closely connected to the fractional Hankel transform
[16, 13]. In fact the last one appears as the limit case of L when restricting 6 to |0] = 1.

We conclude this section by proving that for || < 1, the integral transform L£f defines

a continuous k-contraction from L%(R*) into itself with k = (1 — []?)~1/2.
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Proposition 2.1. For 0| < 1 and every ¢ € L?HI’O‘(Rﬂ, we have

o 1
15 < (=g ) el

Proof. Since (¢%)y in (2) is a complete orthonormal system in L%ﬁa(RJr), we can expand
+oo

any f € L%Q(Rﬂ as f(x) = Zgogcn for some ¢, € H. Hence, using the fact that

n=0
L5 (o) (x) = i (2)0", we get
+o00
LE(f)(x) =D @h(x)0"cn. (8)
n=0
Using the orthogonality of ¢, we obtain
+o0
L5 (@)II* = > 101" |eal?
n=0

(5) ()

1 2
<=
< (=) ol

which requires |0 < 1. O

3. ABSTRACT BARGMANN’S FORMALISM FOR FRACTIONAL INTEGRAL TRANSFORM

This section is devoted to present a general formalism for constructing like fractional
Fourier transform. For this, we explore Bargmann’s idea related to Segal-Bargmann trans-
form. It will be applied in Section 4 to recover the quaternionic fractional Hankel trans-
form discussed in Section 2. Thus, let Hx and Hy be two arbitrary infinite functional
right quaternionic separable Hilbert spaces with orthonormal bases {¢,;n =0,1,---} and
{tn;n =0,1,---} defined on given sets X and Y, respectively. The corresponding inner
scalar products are given by

(02 By, = /X Ble)d(x)wx (z)da
and
(U, @)y, = /Y U(y)®(y)wy (y)dy,

respectively, for some weight functions wy and wy. Associated to the data (X, Hx, ¢n)
and (Y, Hy, ), we consider the integral transform Sxy : Hx — Hy of the form

Sxy(9)(y) = /X R, 9o (w)wx ().

We assume that Sxy is well defined on Hx such that Sxy (¢n) = ¥,. This is equivalent
to say that the kernel function R(x,y) on X X Y can be expanded as

R(z,y) =Y on(@)tn(y)
n=0
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whenever the series in the right-hand side is uniformly and absolutely convergent. Subse-
quently, Sxy is an invertible integral kernel transform, whose inverse is given by

Sxbuia) = [ R ypoter )y

Y

for x € X and ¥ € Hy. We then perform the fractional transform associated to Sxy to
be the F, given by the commutative diagrams

Sxy
Hx —=Hy

FV)——=6()

for every g € G, 1 € Hy, where I : G xY — Y, (9,y) — I(g,y) = fg(y) = g(y),
is a special action of some group G on Y that we have extended to Hy by considering
I' : G xHy — Hy with I'(g,9)(y) = T'y(¥)(y) = ¥(9(y)) with y € Y and ¢ € Hy.
Namely,

fg:S)_(%,OFgOSXy; gEG.

Therefore, for every 1 € Hy, we have

7)) = [ R ([ B g@o (@)t ) oy (s )

To change the order of the integrals, stronger conditions need to be imposed on the inte-
grand so the requirements of Fubini’s theorem are met. This holds true when for example
wy (y)dy is a finite measure on Y and the function (z/,y) — R(z,y)R(2’, g(y)) belongs
to L?(X x Y,wx (2" )wy (y)dax'dy) for every fixed z € X and g € G. A sufficient condition,
when wy (2')dx’ and wy (y)dy are finite measures on X and Y, respectively, is |R(z,y)|? €
L2(Y,wy (y)dz'dy) for every fixed z € X and |R(2’, g(y))|? € L*(X xY,wx (2" )wy (y)dx'dy)
for every fixed g € G. Thus, under such kind of conditions, we get

F)a) " [ Ry(el )l ox @i
where ]A%;(a:’ ,x) stands for
Ry(2/,z) = (R(2',g()), R(x,y)),,. (10)

An expansion of Rvg(:n’ ,x), at least formally, is the following

E($/7$) = Z Z‘Pn<m)<¢mrg¢m>%y¢m(ﬂ)

m=0n=0

= Z on(@)xn(9) pn(2’) = Ry(2', x). (11)
n=0
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The last equality follows under the additional assumption that

Lyt (y) = Ym(9(y)) = Xm(9)Vm (). (12)

According to the above discussion, we reformulate the following definitions.

Definition 3.1. If the series in the right-hand side of (11) converges absolutely and
uniformly to Ry(x',x), then

Folp)(x) := / Ry(2', x)p(z")wx (2)da’
X
defines a like-fractional Fourier transform for the data (Hx, pn, Xn)-

Remark 3.1. We have Fy(¢n) = ©nXn(g). This gives an integral representation for ¢y,.

Definition 3.2. We call fractional Fourier transform associated to Sxy and " the integral
transform

]::g(‘»@)(x) = /X]A%;(xl,w)go(xl)wx(xl)dx’

with

Rg(:E/,ZL') = <R(a:',g(y)),R(w,y)>HY (13)
provided that (13) exists.

Remark 3.2. The construction is valid for any arbitrary complex or quaternionic Hilbert
spaces. Its description is more simpler when dealing with complex Hilbert spaces. Thus,
when the quaternionic Hilbert spaces are considered, the fractional Fourier transforms in
Definitions 3.1 and 3.2 are called quaternionic (QFrFT).

Remark 3.3. The equality fg(go)(x) = Sy TySxy (¢)(x) holds true under further as-
sumptions on the kernel function allowing the application of Fubini’s theorem to (9). In
this case, if Xm in (12) is a character of the group G, i.e., Iy satisfies I'gyr = I'yI'gr, then
.7?9 1s wnvertible with inverse given by .%971.

Remark 3.4. Possible description of other properties of the considered QFrFT, like its
behavior with ordinary derivatives, with fractional derivatives, with fractional integrals, as
well as the discussion of its eventual role in the resolution of ordinary and partial differ-
ential equations is closely connected to the initial transform Tx y and its kernel function.

4. APPLICATION: THE QFRFT For L3*(RT)

The needed notions and the notations from the theory of slice regular functions as
mentioned at the end of the introductory section are those used in [7].

In view of the explicit expression of the kernel function in (6), we see that we can consider
the limit case of the Hille-Hardy formula which corresponds to |6 = 1 with § # 1. We show
below that this can recovered by the formalism presented in Definition 3.2 and specified
for L?HI’O‘(Rﬂ, so that for 6§ = 1 the considered transform reduces further to the identity
operator of Lﬁa (RT). To this end, we begin by recalling that the hyperholomorphic second
Bargmann integral transform [7], defined by

400
el = iy [ e (L et
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is the quaternionic analogue of the complex second Bargmann transform introduced by
Bargmann himself in [3, p.203]. It establishes a unitary isometry from L%*(RT) onto the
slice hyperholomorphic Bergman space (of second kind) on the unit ball B in R*,

Aje(B) := SR(B) N L**(By), (15)

slice

where I € S = {q € H;¢*> = —1}; B; = BN Cy is the unit disc in the slice C; = R + IR,
and

L**(By) := {f : B — H; |f(2)]2d\3(2) < +OO} .
B
Here d\¢ denotes the Bergman measure on the unit disc B; in R? given by
Af(z=x+1y) = (1-2° - y2)a_1 dxdy.
Consequently, we have

2 n! 9
Allice (B >={ =3 en o c B, Zm"’n’ <+°O}

n=0

so that the restriction to By is the classical Bergman space on the unit disc of C;. It
should be mentioned here that the scalar product defining L*%(B;),

{(f:9); = WQ(Z)dA?(Z),

is independent of I when acting on Aslwe( ) X Ailf‘ce( ), ie., (f,9); = (f,g), for any
fg€ Ailf‘ce( ) and any I,.J such that I? = J? =
The inverse of the second Bargmann transform .Ag‘li ce 18 well-defined from Axe e (B) onto
L2%(RY), and is given by [7]
tz ) (L= 2P
«a 1
; dxdy. 16
il 10 = s [ e (555 ) S e . 9

Notice for instance that the definition of A% S .(B) is based on the classical one on a
given disc B;. This was possible by extending the complex holomorphic functions to the
whole B by the representation formula (see for example [6]). While the transform A%,
n (14) is associated to the kernel function

1

a ca) g
Aslice(xv Q) T 7TF(O£) (1 _ q>a+1 eXp <q — 1) (17)

on R* x B, and obtained as bilinear generating function involving the functions (¢%), in
(2) and the orthonormal basis of A B) given by the functions

slzce(
fila) = T(n+a+1)\'"?
)= 7l'(a)n! v
Now, by means of A%

O icer its inverse |
f(q0), we perform the transform

L5 = [A%0) "' Tp A%

slice

(18)

~! and the angular unitary operator I'y(f)(q) =

?lice]

(19)

slice

on L3%(R). According to Definition 3.2 and Remark 3.2, this transform is the quater-

nionic fractional Fourier transform associated to A%, .. Here we consider the Ug(1)-action
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( ) :=¢q0 of G = Ug(1) on B, that we extend to the hyperholomorphic Bergman space
A * (B) by considering

To(f)(q) = fx(g9) : Zq"e"cn (20)

for given f(q) = > .07 qq"¢cn € A%® (B). The function ¢ — f*(qﬁ) is in fact the slice

slice

regularization of ¢ — f (qé?) obtained by makmg use of the left xL-product for left slice

regular functions f(q Z q"a, and g(q Z q"by, on H defined by [9]
n=0

(f «E g)( Zq (Zakbn_k>. (21)
k=0

In particular, we have

(fn)*(qg) = fn(Q)env (22)

and therefore we may prove the following.

Proposition 4.1. For 6 € H with || < 1, the transform Zg‘ in (19) defines a continuous
integral transform from L%fa(R*) onto L%Q(Rﬂ with norm not exceed 1. For |0] = 1, we
have

(Ljo, Egv) = (0, 0).

Proof. The operator Zg‘ in (19) is well-defined from L]%I’O‘ (RT) into itself if and only if the
action Ty leaves the space A% o o(B) invariant, which is clear from the definition of 'y given
through (20). Moreover, using the fact A% = fn as well as (22), we get

fo
slicePn

L5(2(Y) = [A%e] ™ (fa()0™) (y) = 2 ()0

In addition, under the condition that || = 1, it is clear that 'y preserves the scalar product
in A% (B). Indeed, for every f = Yoo o fucn and g =>4 fnd, € A% (B), we have

slice slice

o0

(B) = Z (fnv fm>A§l?¢e(B)9mdm

n,m=0

= iaw"\?dn
n=0

= <f’ g>A§l’L°‘w(B)

(Tof,Tog) 2.0

slice

Accordingly, the identity <£9cp, Egd)> = (¢, 1) follows as composition of operators pre-
serving scalar product. ([l

Remark 4.1. As particular case, we have the Plancherel formula ‘

L5 = Il when

0] = 1. This can be recovered directly from the definition of Lf, since in this case I'g is
un isometry like the Bargmann transform and its inverse.

Corollary 4.1. If |§| = 1, then the QFrFT in (19) defines a unitary transform from
LE“(RYY into LE“(RT).
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Remark 4.2. The family of one-parameter transforms Lg verifies the semi-group property
LGoLy = Egn, so that its inverse is E?/e when 6 # 0. But we do not have L§o Ly = Lo Ly
in general, for lack of commutativity in H. However, Ly o L7 = 377 = L3 o Ly holds only
when 0 and v belongs to the same slice C; := R+ IR C H; I? = —

The next result gives the explicit expression of the inverse of EN‘(}.
Proposition 4.2. For any quaternionic 0 # 0, the inverse ong‘ s given by
(L) = AT A= L.
Proof. It is immediate form the definition of Zg‘ and the fact that I'g o I';) = I'y,,. O
The following result identifies the kernel function given by (13),

R\g‘(% y) = < ?lice(x; 9())a A?lice(y; ')>L2’0‘(BI) (23)
of the QFrFT transform

1£5())(y) = <§§‘(-,y),<ﬁ>

L@’

Theorem 4.1. The kernel function ]/%\g“(x, y) is a left slice reqular and coincides with the
kernel function of the fractional Hankel transform on the quaternionic unit ball. Moreover,
the explicit expression of L is given by

Oy

Lyeoly) = (1_9;W /OO 2?1, <(12\_/§9) \/@) e7 1 p(x)dz (24)

for any 0 € H with |6] <1 and 0 # 1, where I, is as in (5).

Proof. Notice first that for § = 1 there is nothing to prove since 1n this case, the operator
EO‘ reduces further to the identity operator of the Hilbert space L “(R") and the R§(z,y)
in (23) can be considered as the Dirac delta function. To 1dent1fy the closed expression of
the kernel Eg‘(:n, y), we should notice that the I'p-action reads

To(q— Aice(39) = (1 — q0) " xexp, (vq0, (g0 —1]71),
where
— [ (q) * g"*(q)
Z CANNAS PRGNS Vi

n!

exp, (f(9),9(q)) =

n=0
For 6 being a non real quaternionic number, there exists a unique imaginary unit Iy;
I2 = —1, such that 6 € Cy, N S3. By means of (23) and the independence of the scalar

product (f,g); in I when acting on A B), we may write

slzce(

Rg‘(w,y) (Lo ASice (5 ) Aice (s ')>L2va(IB§1 )
exp (222 ) exp (£ a—
- Wfl(a) / (1p—<z9)0‘+>1(1p—<zz)a:->l (1 B ’2‘2) 1 dAi ()

in view of the explicit expression of the kernel function A%,
function for generalized Laguerre polynomials [2, p.288]

(1 _ Z)—a—l exp < SUZl) _ 2 :L%a)
z —_—
n=0

in (17). Using the generating

slice
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provided |z| < 1, as well as Fejer’s formula [18, Theorem 8.22.1, p. 198], it is not hard
to see that the involved z-function series are uniformly convergent on any compact set
contained in unit disk. Therefore, direct computation yields

RS (z,y) = er(a / (ZL z)o" ”> (Z L (y)yzm (1 - |z|2)“1> dA(2)
m=0
1 — n (a) (o) LN o a—1 p
Wr(anzgmzou L) [ 22 (1= 1) )
_ n! ny(a) () (@)

for |6z| < 1 which holds true when |#] < 1 and |z| < 1. This provides the expansion series

of the restriction of R§(x,y) to any B;. For |§] < 1, we recognize the Hille-Hardy identity
(4) for Laguerre polynomials. Thus, we have

— B 1 1 a/2 291/2 Q(x + y)
Ry (z,y) = 1-0) (1:3/0) Io <10@> €xp <—19> (26)

for |§] < 1 and 6 ¢ R. This leads to (7) by considering the kernel function }’%\g‘(x, y)xte ",
The right-hand side in (26) is clearly a slice regular function in 6 € B for z,y being reals.
The extension of (26) to the whole unit open ball B relies on the Identity Principle for
left slice regular functions [9], since both sides of (26) are left slice regular and coincide
at least on the upper half unit ball. To conclude, we need only to examine the validity of
the closed expression in the right-hand side of (26) for the expansion of Ry (z,y) which
remains valid when |§] = 1 with 6 # 1. This can be handled by fixing 6 and let ¢ € (0,1),
so that (26) holds true for |ef]| < 1, and next sending € to 17, at least formally. This
can be rigorously justified making use of test functions and classical argument from the
Schwartz theory of distributions. O

Remark 4.3. By taking 6 = —1 with v/ = i in (24), we recover the classical Fourier-
Bessel transform [16, 13|

(Hath) () = /0 " wda (yu) (u)du

for ¢ € L*(R"), where J, is the Bessel function of first kind associated to I in ( ) by
I, (z) =i~ %Jy(iz). Indeed, by setting Lo = Eal and making the change of variable u®> =
and the function (u) = 3%/2e~%/2p(z) = u®e"/2p(u?) we get

y?/2 oo y2/2

e | e ) e ) = (o) ),

YT Jo Y

Remark 4.4. The considered family of QFrFT on the real half-line appears embedded in
a strongly continuous one-parameter group of unitary operators the quaternionic context.
Moreover, it is continuous and interpolates continuously the identity operator (6 = 1) to
the Hankel transform [2, p. 216] corresponding to 0 = —1.

Lo(y) =

Remark 4.5. The considered transform can be used to reintroduce the hyperholomorphic
Bergman space Ashce(B) in (15) as well as some of their specific generalization in the
context of slice reqular functions on the unit quaternionic ball by considering the dual
transform of 0 — ng‘cp(y), for fized y € (0,400). For the limit case of y = 0, the last
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transform is nothing than the Bargmann transform in (14). The concrete study of the
spectral properties of these dual transforms is studied in [10].

5. CONCLUSION

By exploring Bargmann’s idea related to Segal-Bargmann transform, we have been able
to present a general abstract formalism for constructing like fractional Fourier transform
associated to given specific integral transform between complex or quaternionc Hilbert
spaces. This formalism is next applied for the hyperholomorphic second Bargmann trans-
form to re-derive the quaternionic fractional Hankel transform constructed a la Namias
and to derive their basic properties. As mentioned by one of the referees, the approach
used in this paper improves some results established (in this paper and its ArXiv version
[8]) an in and can be applied to some Hamiltonians characterizing the Field Reggeons
Theory. Moreover, the obtained results can be applied in several areas. Especially, to
solve certain classes of ordinary and partial differential equations.

Acknowledgment: The authors would like to extend their gratitude to the referee(s) for
their valuable comments and suggestions.
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