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{Cy, C4}-DECOMPOSITION OF THE LINE GRAPH OF THE
COMPLETE GRAPH

K. ARTHI!, C. SANKARI'!, R. SANGEETHA'", §

ABSTRACT. For given positive integer n > 4, let C,,, K, and L(K,) respectively denote
a cycle with n edges, a complete graph on n vertices and the line graph of the complete
graph K,. For a given graph G, if Hi, Ha, ..., H; are the edge disjoint subgraphs such
that F(G) = E(H1) U E(H2)U...U E(H;), then we say that H1, Ha, ..., H; decompose G.
If G has a decomposition into copies of H; and H using atleast one of each, then we say
that G has a {H1, Hz }-decomposition (or) G is {H1, H2}-decomposable. In this paper,
it is proved that L(K,) is {C\, C4}-decomposable.
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1. INTRODUCTION

In this paper, all the graphs are finite and simple. For given positive integers n > 3,
a cycle with n edges is denoted by C,, and for given positive integers n > 2, a path with
n edges is denoted by P,, a complete graph on n vertices is denoted by K,, a complete
bipartite graph on m,n vertices is denoted by K,, , and a star with n edges is denoted by
Sy = Kin. A Hamilton cycle of a graph G is a cycle that contains every vertex of G. A
perfect matching of a graph G is a 1-regular spanning subgraph of G. Let G be a graph with
vertex set V and S C V. The subgraph of G whose vertex set is .S and whose edge set is the
set of edges of G that have both ends in S is called the subgraph of G induced by S and is
denoted by (S); we say that (S) is an induced subgraph of G. The line graph L(G) of a graph
G is the graph with V(L(G)) = E(G) and e;e; € E(L(Q)) if and only if the edges e; and e;
are incident with a common end vertex in G. The line graph of the complete graph K, is
denoted by L(K,). We note that |V (L(K,))|=(5). For a given graph G, if Hy, Hs, ..., H;
are the edge disjoint subgraphs such that E(G) = E(H;)UE(H3)U...UE(H;), then we say
that Hy, Ho, ..., H; decompose G. If H; =2 H for i = 1,2,...,1, then we say that G admits a
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H-decomposition and denote it by H|G. If G has a decomposition into copies of H; and
H, using atleast one of each, then we say that G has a {H;, Hs}-decomposition (or) G
is {H1, Ha}-decomposable. If G has a decomposition into «; copies of Hj,..., a; copies of
H;, for all non-negative values of aq, ..., a; satisfying trivial necessary conditions, then we
say that G has a {H1*', ..., H*}- decomposition or G is fully {Hj, ..., H; }-decomposable.
A bowtie is the union of two triangles with exactly one common vertex and we denote it
by B.

In 1996, Cox and Rodger [3] raised the following question: For what values of m and n
does there exists an m-cycle decomposition of L(K,)? This problem has been answered,
when m € {3,4,5,6,2', (5)} in [1-6,8]. In 2019, Ganesamurthy et al. [5] obtained the neces-
sary and sufficient conditions for {C3%, P,%, B7} and {C3%, S3”}-decompositions of L(K,,).
Recently, the authors [7] proved that if n > 4, then L(K,,) is {C,, Ss}-decomposable. In
this paper, we prove that L(K,) is {C), C4}-decomposable, for n > 4.

2. PRELIMINARIES

Let vg, vy, ..., vp—1 be the vertices of G. The notation (vg, v1, ..., v,—1) denotes a cycle
with n edges {vo,v1},{v1,v2}, ... {vn—1,v0}. Let X,Y be two disjoint subsets of V(G).
Then E(X,Y’) denotes the set of edges in G, whose one end vertex is in X and the other
end vertex is in Y. The notation (F(X,Y)) denotes the graph induced by the edges of
E(X,Y). Let V(K,)={c0}U{0,1,2,...,n — 2}.

Remark 2.1. If n is odd, then the Walecki’s construction of Hamilton cycles H; of K,
is as follows: H; = (00,i,n —2+ 4,1 +4,n =340, |5 +1+4+14 5] -1+, [5]+1),
0<i<|5]—1, where addition is taken modulo (n —1).

Remark 2.2. Ifn is even, then the Walecki’s construction of Hamilton cycles H; of K,
and a perfect matching F' is as follows: H; = (00,i,n — 24,1 +4,n—341d,....,5 — 2+
i,5 +i,5 —141), 0<i< G —2, where addition is taken modulo (n — 1) and a perfect
matching F, where E(F)={{oo,n —2},{0,n —3},{1,n —4},...{5 — 2,5 — 1}}.

Let Pr(X) denote the set of all k-element subsets of an n-element set X. Then the
vertex set of the line graph of K, is Pa({oc0} U{0,1,2,...,n —2}). Two vertices {u, v} and
{z,y} are adjacent in L(K,,) if any one of the following holds: (i) u = =, (ii) u = y, (iii)
v=ux, (iv) v =y.

3. MAIN RESULT

Theorem 3.1. If n >4, then L(K,) is {C,, Cy}-decomposable.

Proof. Case 1: Let n > 5 be odd. From Remark 2.1, K, can be decomposed into
Hamilton cycles H;, 0 < i < 3| —1. i.e., E(Ky)=E(Ho)UE(Hy)U...UE(H | 2|_1). Then
we can write, V(L(Ky)) = V(L(Ho)) UV(L(Hy)) U ... UV(L(H 2| 1)), i.e., V(L(Ky)) =
[5]-1

U V(L(H;)), where V(L(H;)) ={{o0,i},{i,n—2+i},{n—2+4+1¢,1+i},{1+i,n—3+

=0
ity {5140 (5] -1}, {5 ] —1+4, [ 5] +i}, {[§] +4,00}} and the addition is taken
modulo n — 1 with residues 0,1,2,...,n — 2. Therefore, |V (L(H;))| =n,0<i < [5] -1
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2
We denote V(L(H;)) = V;, 0 <i < 5] — 1. We write, L(K,) = |J G, where
i=1

311
V(Gy) = U Vi ; B(Gh) = U E(L(H;))

® denotes vertices in odd position of V;
O denotes vertices in even position of V;
denotes C4's starting with vertices in odd position

---------- denotes C4's starting with vertices in even position

FIGURE 3.1. Cy-decomposition of (E(Vp, V1)) in L(Kr7)

Now, each induced subgraph (E(V;,V})), 0 <i < j < [§] — 1 is a 4-regular bipartite
graph. We say the vertices {00, i},{n -2+, 14d},....{|5]|+1+4, 5| —1+i} and {[ 5] +
i,00} of Vj are in odd position and {i,n—2+i}, {1+4i,n—3+i}, ... {[ 5] =244, [§] +1+i}
and {[5] —1+14,[§] +1i} of V; are in even position. Now, we will construct [ %] copies
of C4's in the even position vertices of Vj and [ 5] + 1 copies of Cy's in the odd position
vertices of Vj. So, totally we can construct n copies of Cy4's in (E(Vp, V1)) as follows: In
(E(Vh, V1)), we first construct Cy's starting with the vertices in even position of V. Now,
consider the vertex {0,n—2} of Vj. Since the first coordinate of this vertex is zero, we look
for vertices of V7 whose one of the coordinates is zero. There are exactly two such vertices
namely, {1,0} and {0,2}. Choose the vertex of Vj which is adjacent to both {1,0} and
{0,2}, other than {0,n—2}. This is exactly {oo,0}. Now ({0,n—2},{1,0}, {oc,0},{0,2})
is a (4. Similarly, we construct Cy starting with the next vertex in the even position of
Vo. In this way we construct Cy starting with each vertex in the even position of Vj.

In the similar way we construct Cy's starting with each vertex in the odd position of
Vo as follows: Now consider the vertex {oo,0} of Vj. Since the first coordinate of this
vertex is oo, we look for vertices of V7 whose one of the coordinates is co. There are
exactly two such vertices namely, {oo,1} and {[5]| + 1,00}. Choose the vertex of Vg
which is adjacent to both {oo,1} and {[%] + 1,00}, other than {oo,0}. This is exactly
{[5],00}. Now ({o0,0}, {00, 1},{[5],00},{[5] + 1,00}) is a Cy. Similarly, we construct
Cy starting with the next vertex in the odd position of Vy. In this way we construct Cy
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starting with each vertex in the odd position of Vj. See Figure 3.1 for a Cy-decomposition
of (E(Vh, V1)) in L(K7). In the same way each induced subgraph (E(V;,V})), 0 < i <
j < |5] —1is C4-decomposable. Therefore, Go is Cy-decomposable. Hence L(K,) is
{Cy, Cy}-decomposable.

Case 2: Let n > 4 be even. From Remark 2.2, K, can be decomposed into Hamilton
cycles H;, 0 < i < § — 2 and a perfect matching F, i.e., E(K,)=E(Hy) U E(H;) U
- UE(Hz_9) U E(F). Then we can write, V(L(Ky)) = V(L(Ho)) U V(L(Hy)) U ... U

29
V(L(Hy2)) UV(L(E)), i VLK) = U VIEHD) U VL), where V(L(H)

={{o0,i}, {i,n—=2+i},{n—2+4,1+i},{1+i,n—3+i},.. {5 —2+4, 5 +i}, {5+, 5 —
1+i},{§ —1+14,00}}, the addition is taken modulo n— 1 with residues 0, 1,2, ...,n—2 and
V(L(F))={{c0,n—2},{0,n—=3},{1,n—4}, ..., {5 —2, 5 —1}}. Therefore, |V (L(H;))| = n,
0<i<%—2and |V(L(F))| = §. We denote V(L(H;)) = V;,0<i <5 —2and V(L(F))
= V.

{00,6} {05} (1.4} (2.3}

{43}

{oo.1} {0,2} {6,3} {54}

Vi

® denotes vertices in odd position of Vj
B denotes vertices of Vi

FIGURE 3.2. Cj-decomposition of G§ in L(K3)

3
We write, L(K,) = |J Gi, where
i=1



K. ARTHI, C. SANKARI, R. SANGEETHA: {Cy,C4}-DECOMPOSITION OF THE LINE GRAPH ...

- -
Vg = . B(Gh) = E(L(H)
1=0 1=0
29 19
V(G =J Vi ; E(G2) =] BV V)
2
52 272
V(Gs) = Viuve s EGs) = EVi.Ve)
=0 1=0
Va Vr Vo

{0,6} {0,5} (1.4} (2,3}

2.1} o (0,6}
(3.0} {15}
{46} o o {24}
5,00} o {3.00}

{1,0} {2,6} (3,5} (4,00}
Vi

0 denotes vertices in even position of V;
B denotes vertices of Vg

FIGURE 3.3. (Cy-decomposition of G§ in L(K3)
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Obviously, each L(H;),0<i < % —2is a (). Hence Gy is C,,-decomposable and G is

Cy-decomposable as in Case 1.

Now we prove that G3 is Cy-decomposable. The degree of a vertex of V; in G5 is 2 and
the degree of a vertex of Vp in G3 is 2(n — 2). Let V,? denote the set of all vertices of V;
which are in odd positions and V,® denote the set of all vertices of V; which are in even



1446 TWMS J. APP. AND ENG. MATH. V.12, N.4, 2022

positions. Then V; = VU Ve, 0 <i < § — 2. We define two new graphs G§ and G3 as
follows:

22 22

V(@) =Jweuve) 5 EGY =] BV, V)
i=0 1=0
22 29

Ve =Jwruve) 5 B(G =[] BV, Ve)
1=0 =0

Obviously G3 = G§ U G5. Now we prove that G§ is Cy-decomposable. Consider pairs

of vertices in V. Since the total number of vertices in Vg is 5, we have (%) pairs of V.
For each pair of vertices in Vr we have 4 adjacent vertices in G3 of which two vertices
are in G§ and two vertices in G§. For example, consider the pair of vertices {oco,n — 2}
and {0,n — 3} in Vr. The vertices in G§ adjacent to this pair are {o0,0}, {n —2,n — 3}.
These 4 vertices together forms a C4. Similarly, the vertices in G§ adjacent to the given
pair are {0,n — 2} and {n — 3,00}. Obviously these four vertices forms a Cy. Thus we

have 2 C4's corresponding to each pair of vertices in Vy. Thus, we have 2 (%) number of
Cy's in GG and hence G3 is C4-decomposable. For example see Figure 3.2 and 3.3 for a
Cy-decomposition of L(K3g). Hence L(K,,) is {Cy, C4}-decomposable.

O

4. CONCLUSIONS

In this paper, we have proved that L(K,), the line graph of the complete graph K, is
{C}, Cy}-decomposable, for n > 4.
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