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BHARATH HUB NUMBER OF GRAPHS

V. MATHAD', ANAND! PUNEETH S.'*, §

ABSTRACT. The mathematical model of a real world problem is designed as Bharath hub
number of graphs. In this paper, we study the graph theoretic properties of this variant.
Also, we give results for Bharath hub number of join and corona of two connected graphs,
cartesian product and lexicographic product of some standard graphs.
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1. INTRODUCTION

Bharath, the land of treasure was in the clutches of many kings across several dynas-
ties. As the desire for the treasure among them got increased, so did the rivalry between
them. This was the pathway for the arise of conflicts with the neighboring territories.
Along with negotiating the attack from the neighbors, withstanding the force of other
invaders was the need of the hour. So, the strategy to defend one’s region was designed in
such a way that by deploying the troops using the minimum military resource, a path was
established between any two undeployed regions through which the challenge of hostile
was overcome in an optimal way.

Motivated by this, we represent the undefended regions by 0 whenever they are adjacent
to defended regions which are weighted 2 and the regions which can defend themselves
on their own are weighted either 1 or 2. Thus there always exist a path between any two
undefended regions, safeguarding the motherland in the process.

Let G = (V, E) be a simple graph of order n. For any vertex v € V, the open neigh-
borhood of v is the set N(v) = {u € V| uv € E} and the closed neighborhood is the set
Nv] = N(v)U{v}. For aset S C V, the open neighborhood is N(S) = [J, g N (v) and the
closed neighborhood is N[S] = N(S) U S. The vertex in G with degree n — 1 is called the
universal vertex of G. A set S of vertices is called a 2- packing if for every pair of vertices
u,v € S, N[u]NN[v] = 0. The 2-packing number Ps(G) of G is the maximum cardinality
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of a 2-packing in G [1].

A hub set H of G is a set of vertices with the property that for any pair of vertices
outside H, there is a path between them with all intermediate vertices in H. The hub
number h(G) is then defined to be the size of the smallest hub set of G[11]. A total hub
set S of G is a subset of V(G) such that every pair of vertices (whether adjacent or non-
adjacent) of V' — S are connected by a path, whose all intermediate vertices are in S. The
total hub number hi(G) is then defined to be the minimum cardinality of a total hub set
of G [§].

A map f: V(G) — {0,1,2} is said to be Bharath hub function if for every pair of vertices
u,v € V(G) with f(u) = 0 and f(v) = 0 there exists a path u, vy, vs,...,vk, v, k > 1 such
that f(vi) =2 = f(vg) and 0 < f(v;) <2, for 2 <i <k —1and if f(v;) = 0 then v; must
be adjacent to at least one w € V(G) with f(w) = 2. Several variations of hub parameters
of graphs and it’s graph operations have been extensively studied in [6, 5, 7, 4, 8, 11].
Bharath hub function can also be considered as a variation of hub parameters.

A double star graph denoted by S, ., is a graph constructed from two star graphs
Kipn—1 and K ;-1 by joining their centers vy and wg. where, the vertex set V (S, ) is
V(K1 p-1) UV (K1 m—1) = {vo,v1,...,0n—1,%0, U1, .., Un_1} and the edge set E(Sy ;) =
{vouo, vovi, uou; |1 <i<(n—1);1<j<(m-1)} 9]

Here are the standard definitions of several graph operations used in this paper. The
Join or Sum of two graphs G and H, denoted by G + H is the graph with V(G + H) =
V(G)UV(H) and E(G+ H) = E(G)UEH)U{w| u € V(G) and v € V(H)}. The
Corona of two graphs G and H, denoted by G o H is the graph with V(Go H) =V (G)U

(Uer(G) V(Hx)) , where H, is a copy of H all of whose vertices are adjacent to x for

z € V(G) and E(G o H) = BG) U (Usev(e) BUL)) Ufay : @ € V(G)y € V().
The Cartesian product of two graphs G and H, denoted by GOH, is a graph such that
V(GOH) = V(G) x V(H) and two vertices (u1,v1) and (ug,v2) of GOH are adjacent iff
either u; = ug and vivy € E(H) or v; = ve and wjus € E(G) [2]. The lexicographic
product of graphs G and H is the graph G[H| with the vertex set V(G) x V(H) and the
edge set E(G[H]) = {(a,z)(b,y)| ab € E(G), ora = bandzy € E(H)} [10].

2. PROPERTIES OF BHARATH HUB FUNCTIONS

For a graph G = (V,E), let f : V — {0,1,2} and let (Vp, V1, V2) be the ordered
partition of V' induced by f, where V; = {v € V| f(v) = ¢} and |V;| = n;, for i = 0,1, 2.
Note that there exists a 1 — 1 correspondence between the functions f: V' — {0, 1,2} and
the ordered partitions (Vp, Vi, V) of V. Thus, we will write f = (Vp, V1, V).

A function f = (Vp, V1, Va) is a Bharath hub function (BHF) if Vo = Vp, where ‘>’
means that the set V5 dominates the set Vj i.e Vj C N[Va]. The weight of f is f(V) =
Y vev J(v) = 2ng +ny. The Bharath hub number, denoted by hp(G) equals the minimum
weight of an BHF of G , and we say that a function f = (Vo, V1, V2) is a hp- function if it
is an BHF and f(V) = hp(G).

Proposition 2.1. For any graph G, hi(G) < hp(G) < 2h(G).

Proof. Let f = (Vo,V1,V2) be a hp- function, and let S be a total hub set of G with
minimum cardinality. Then, V; U V5 is a total hub set of G and (0,0, S) is a Bharath
hub function. Hence, hi(G) = |S| < [Vi1 U V| = V1| + |Va| < |VA] + 2|V2| = hp(G). But
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hs(G) < 2I8| = 2h(G).

Proposition 2.2. Let f = (Vp, V1, V2) be any hp- function. Then
(a) G[V1], the subgraph induced by Vi has maximum degree 1.

(b) No edge of G joins Vi and Vs.

(¢) Each vertex of Vy is adjacent to atmost two vertices of V1.

(d) Va is a total hub set of G[Vo U Vo], which is the subgraph induced by Vo U Va.

Proposition 2.3. Let G be a graph. For any hp(G)- function, f = (Vo, Vi, Va),
(a) [Va| < hp(G) — h(G).
(0) Vil > 2h(G) — hp(G).

Proof. Since V; U V4 is a total hub set of G and V4 NVa = 0, we have hy(G) < |Va| + |V4].
So, (a) is declared as hi(G) < 2|Va| + |Vi| — [Va] = hp(G) — |V2| and (b) is obtained as
2hi(G) < 2|Va| +2|V1| = 2|Va| + V1| + [Vi] = hp(G) + [VA]. .

Remark 2.1. Let f = (Vp, V1, Va) be a hp- function of an isolate-free graph G, such that
ny 48 minimum. Then

(a) Vo UVy is a vertex cover.
(b) ‘/[) = V.
(¢) Each vertex of Vj is adjacent to atmost one vertex of Vi i.e Vi is a 2-packing.

Definition 2.1. [1] A Roman dominating function (RDF) on G = (V, E) is a function
f:V —{0,1,2} satisfying the condition that every vertex u for which f(u) = 0 is adjacent
to at least one vertex v for which f(v) = 2. The weight of a Roman dominating function
is the value f(V) = 3 ey f(u). The minimum weight of a Roman dominating function
on G s called the Roman domination number of G.

Proposition 2.4. For any graph G, yr(G) < hp(G).

Proof. Consider the Bharath hub function f : V(G) — {0,1,2} so that f(V) =", oy f(u)
is minimum. Then for every u,v € V(G) with f(u) = 0 = f(v) there exists at least one
path u,v1,vg, ..., v, v such that f(v1) =2 = f(vg) and 0 < f(v;) < 2,2 <i < k—1.1If
f(vi) =0, for some 4, then there exists w € N(v;) such that f(w) = 2. This implies that,
for every w € V(G) with f(u) = 0, there exists v € V(G) such that u is adjacent to v and
f(v) = 2. Therefore, f is a Roman dominating function. O

Proposition 2.5. [1] For any graph G of order n and mazximum degree A,

2n
< )
A+1_7MG)

Corollary 2.1. For any graph G of order n and mazimum degree A,

2n
<
A+1~—

Now, we illustrate the Bharath hub number by presenting the value of hp(G) for several
classes of graphs.

hs(G).

Proposition 2.6. (a) hp(P,) =p—1, p> 3.
(b) hp(Cp) =p—1, p>3.

(C) hB(Km,n) = 4, m > n.

(d) hp(Kp) =2, p>2.
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(e) hB(Kmlym%m,mn) =4, n>3.
(f) hg(Wy) =2, n > 4.
(9) h(Snm) =4, for each n,m > 2.

Proposition 2.7. Let G be a connected graph of order n > 2. Then the following are
equivalent.

(1) me(G) =1,

(i) hp(G) =2,

(1i1) G contains a universal vertex.

Proposition 2.8. If G is an n-vertex graph, then hp(G) < n — A(G) + 1.

Proof. If v is a vertex of maximum degree, then BHF (N(v), V(G) — Nv]), {v}) has
weight n — A(G) + 1. O

Proposition 2.9. Let G be a connected graph of order n > 2. Then hp(G) = 3 if and
only if A(G) =n — 2.

Proof. Consider a connected graph G of order n > 2 with hp(G) = 3. Let f = (Vy, V1, V2)
be a hp- function of G. If Vo = (), then |V;| = 3 and thus, n=3. Since G is connected, G is
isomorphic to K3 or Ps, but hp(K3) = hg(Ps) = 2, a contradiction. Thus |Vi| = [Va] = 1.
Let u and v be vertices with f(v) = 2 and f(u) = 1. By Proposition 2.2(b), uv ¢ E(G),
then all vertices from V(G) \ {u,v} are adjacent to v, implying A(G) = n — 2. Now if
A(G) = n — 2, from Proposition 2.8 , we have hg(G) < n — (n—2)+ 1= 3. On the other
hand, Proposition 2.7 implies that hg(G) > 3. Therefore hp(G) = 3. O

Proposition 2.10. Let G be any isolate-free graph of even order n. Then hp(G) = n if
and only if G=5K>.

Proof. If G = § K3, then each edge contributes at least two to hg(G), and hence hp(G) =
n. Now suppose that hp(G) = n. If G has two adjacent edges uv and vw, then f =
(Vo, V1, Vo) where Vy = {u,w}, Vi =V — {u,v,w} and Vo = {v} defines a Bharath hub
function. Hence, hp(G) < |Vi| 4+ 2|Va| = n — 1, which is a contradiction. Thus, no two
edges of G are adjacent. As G is isolate-free, each component of G is Ks. Also since
hp(G) = n it implies that G=5 K. O

3. BHARATH HUB NUMBER OF SOME GRAPH OPERATIONS
Theorem 3.1. For any connected graphs G and H,

2, if G and H are complete or
hp(G+H) = if G is complete and H is non-complete;
min{hp(G),hp(H)}, if G and H both are non-complete.

Proof. Suppose G and H are complete graphs. Then G + H is also complete. By Propo-
sition 2.6(d), hp(G + H) = 2.

Suppose G is complete and H is non-complete. In the join of G and H there exists an
edge from each vertex of the complete graph to every other vertex of the non-complete
graph. So, by assigning 2 as the weight to one of the fixed vertex of the complete graph
and 0 to the rest of the vertices of G + H, there exists a path between any two zero
weighted vertices of G+ H through a vertex weighted 2 on the complete graph. Therefore,
hp(G+ H) = 2.

Suppose G and H both are non-complete. We initially calculate hp(G) and hp(H) sep-
arately. As join of G and H forces adjacency between every pair of vertices of G and H the



V. MATHAD, ANAND, PUNEETH S.: BHARATH HUB NUMBER OF GRAPHS 665

weightage of one of these graphs alone is sufficient to consider for the Bharath hub function.
Hence by the definition of Bharath hub number, hg(G + H) = min{hp(G),hp(H)}. O

Theorem 3.2. For any connected graphs G and H, hg(G o H) < 2|V (G)| with equality if
and only if G = Ky or H # K.

Proof. Let G and H be connected graphs. We consider the following cases.

Case 1. When |V(G)| =1, G o H is simply G + H. By Theorem 3.1,

hp(Go H) =2 =2|V(G)|.

Case 2. Suppose |V (G)| > 2. We have the following subcases.

Subcase 2.1. Let G = K, and H = K;. Assigning one of the fixed vertex of K,
say, v € V(K,) the weight as 2, we find v adjacent to n number of vertices in G o H.
So by giving weight as zero to those n vertices and 1 to all remaining (n — 1) pendant
vertices, our BHF is achieved. Suppose if we make the weight of any of the pendant
vertices as zero then that vertex will not be adjacent to any vertex weighted 2. Hence,
hg(GoH)=2+(n—1)-1=24+n—-1=n+1. Thus, hg(Go H) < 2|V (G)].

Subcase 2.2. Let G be any graph and H # K. In Go H, every i*" vertex of G is adjacent
to every vertex in the i*" copy of H. By assigning 2 as the weight to each vertex of G and
0 as the weight to the vertices in each copy of H, for any two vertices u,v with f(u) =0
and f(v) = 0 there is a uv-path in G o H such that the vertex succeeding u and the vertex
preceding v have weight 2. This is an BHF, as on changing the weight of i*" vertex of G
to 1, we would not be able to find a vertex of weight 2 which is adjacent to the vertices of
it" copy of H which are weighted 0. Thus hp(G o H) = 2|V (G)|. O

Theorem 3.3. Let 3 <m <n, m,n € Z, then hg(K,,0K,) = 2m.

Proof. Consider the vertex set of K,,0K,, V(K,O0K,) = {v;;| 1 <i<m,1 <j <n}
and assign weights to the vertices of K,,0K,, as given below:

2, i=j;

Flosg) = { 0, i)
From this we are able to make all 0 weighted vertices adjacent to at least one vertex with
weight 2. Thus, for any two vertices u,v with f(u) = 0 and f(v) = 0 there is a uv-path
in K,,0K,, such that the vertex succeeding v and the vertex preceding v have weight
2. Therefore, hp(K,,0K,) < 2m. This is minimum because, if 0 < f(v;) < 1 for some
i, then no vertex of weight 2 would be adjacent to v,,;, which is weighted 0. Therefore,

hp(K,OK,) = 2m.

O

Theorem 3.4. Let G be a non-complete connected graph of order l > 3. Then
2p, if A(G)=1-1,1>p;

2p+m — 1, if G =Kpnn, m<nandp=1;
hB(GDKp):
2(p+m—1), fG=Kpnn, 2<m<nandp>2;1>p;

L 21, [ <p.

Proof. Let G and K, be vertex disjoint graphs with V(G) = {1,2,3,...,{} and V(K),) =
{1,2,3,...,p}. We represent the vertex set of GOK as {a;; | 1 <i <[,1 < j < p}. Consider
the following cases.

Case 1. Let I > p, A(G) = [ —1 and degree of i'" vertex in G be [ —1 for some i, 1 < i <.
Then for fixed i in GOK,, we assign weight 2 to a;;'s, 1 < j < p and 0 as weight to the
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rest of the vertices, so that every 0 weighted vertex is adjacent to at least one vertex of
weight 2. This forms an BHF, since for any two vertices u,v with f(u) =0 and f(v) =0
there is a wv-path in GOK), such that the vertex succeeding u and the vertex preceding
v have weight 2. This is minimum because, [ > p and if any of the 2 weighted vertex is
weighted as 1, then the corresponding a;;'s which are weighted 0 would not be adjacent
to any of the 2 weighted vertices.

Case 2. Let [ > p, and G = K, . Consider the partition of V(G) = Vi U V5 where
Vi = {v,v2,...,uom}, Vo = {u1,ug,...,un} and V(K,) = {1,2,...,p}. Now, V(GOK,) =
{vir, 1 <i<m, 1 <k <p} U {uj, 1 <j<n, 1<E<ph We have the following
subcases.

Subcase 2.1. Forp =1, m <n. Asl > pandm < n,if f(v;;) = 2 for some v;,, 1 <i<m
and f(vyg) =1, for every r # 4,1 < r < m, then v, is adjacent to uj, for all j, 1 < j <mn.
Thus uj, = 0, for all j. Here, for any two vertices u,v with f(u) = 0 and f(v) = 0 there
is a wv-path in GOK, such that the vertex succeeding u and the vertex preceding v have
weight 2. Hence, hp(GOK)) < 2p+ (m —1) -1 = 2p + m — 1. This is minimum because
if f(vge) = 0 for some vy, k # i then there does not exist v, adjacent to vy, such that
f(viz) = 2. Therefore, hg(GOK,) =2p +m — 1.

Subcase 2.2. Forp >2, 2<m <n,l>p. Asm <n,if f(vy) =2 for some i,1 <i<m
and for all £, 1 < k < p. Since vy, is adjacent to wj, for all j, 1 < j < n, we have
f(ujr) =0, forall j,1 <j <n, 1<k <p Now, fixing one k, 1 < k < p, we assign
weight 2 to the remaining (m — 1) vertices vk, r # i. Also, for any two vertices u, v with
f(u) =0 and f(v) = 0 there is a uv-path in GOK), such that the vertex succeeding u and
the vertex preceding v have weight 2. Hence, hg(GOK,) < 2p+(m—1)-2 =2(p+m—1).
This is minimum because if f(vg,) = 0 for some vg,, k # i then there does not exist vy
adjacent to vy, such that f(vi;) = 2. Therefore, hg(GOK),) = 2(p+m — 1).

Case 3. For [ < p, let V(G) = {1,2,...,1} and V(K,) = {1,2,...,p}. Now, V(GOK,) =
{aij, 1 <i <1, 1 <j < p}, We assign weights as follows. f(a;;) =2,1 <4 <[ and
flaij) = 0,7 # 14,1 < i <[ By this, for any two vertices u,v with f(u) =0 and f(v) =0
there is a uv-path in GOK, such that the vertex succeeding u and the vertex preceding v
have weight 2. Hence, hp(GOK)) < 2[. This is minimum because if f(vg,) = 0 for some

Vkz, k 7 4 then there does not exist vy, adjacent to vy, such that f(v;;) = 2. Therefore,
hp(GOK,) = 2l. O

Theorem 3.5. Let m < n, m,n € Z, then hp(K,,[K,]) = 2.

Proof. The Lexicographic product of two complete graphs is again a complete graph.
Therefore by Proposition 2.6(d), hp(Kn,[Ky]) = 2. O

Theorem 3.6. Let 3 < m <n, m,n € Z, then

m, if m =0 (mod 4);
hp(PnlPy]) =< m+1, ifm=1,3 (mod 4);
m+2, ifm=2 (mod 4).

Proof. Let {a;;, 1 <i <m,1 < j < n}, denote the vertices of Pp,[P,]. We consider the
following cases. Here, in Fig. 4.1 to 4.4, the assignment of weights to V(Py,[FP,]) has
been demonstrated in a matrix form for the corresponding cases.
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a1y ai12 e A1(n—1) G1n 0 0 0 0
a1 a2 e G2(n—1) a2n 2 0 0 0
asy aso s ag(n_l) as3n 2 0 0 0
a4 agg - Ay(n—1) a4n 00 00
= : :

Am-3)1 Am-3)2 *°° O(m—3)(n-1) G(m—3)n 0 0 00
Um-2)1 Am-2)2 " Qm—-2)(n-1) %(m—-2)n 20 00
Am-1)1 Am=1)2 """ Om=1)(n—1) Um—1)n 20 00
am1 am2 T Am(n—1) Amn, 0 0 00

Case 1. m =0 (mod 4). For i = 0,1 (mod 4), we assign f(a;;) = 0 and for i = 2,3 (mod 4),
we assign f(a;;) = 2 for one fixed j and f(ai;) = 0 for the remaining j's. Then, we get
% number of 2 weighted vertices. This forms the Bharath hub function, since for any two
vertices u, v with f(u) = 0 and f(v) = 0 there is a uv-path in P,,[P,] such that the vertex
succeeding u and the vertex preceding v have weight 2. Therefore, hp(P,[P,]) < m.
Case 2. We consider the following subcases.

a1 a12 e a1(n—1) a1n 0 0 00
az a2 e a2(n—1) azn 2 0 00
asi as32 e a3(n—1) a3n 2 0 00
aq1 R T ) An 0 0 00
= .
Um-2)1 Um-2)2 " Am-2)(n—1) C(m—2)n 0 0 00
Am-1)1 Am—-1)2 " Qam=1)(n—=1) %m—1)n 20 00
am1 am2 T Am(n—1) Amn 20 - 00
Fig. 4.2

Subcase 2.1. m = 3 (mod 4). Now on assigning weights as in Case 1, we get [ | number
of 2 weighted vertices. This forms the Bharath hub function, since for any two vertices u, v
with f(u) = 0 and f(v) = 0 there is a uv-path in P,,[P,] such that the vertex succeeding u

and the vertex preceding v have weight 2. Therefore hp(Pp[P,]) < 2[5 ] = w =m+1.

a1l a12 T 1(n-1) Qin 0 0 00
a1 a2 e a2(n—1) G2n 2 0 0 0
asy asz e a3(n—1) a3n 2 0 0 0
aq1 a42 e Ayg(n—1) Q4n, 0 0 0 0

: . — . .

A(m—4)1  A(m—4)2 A(m—4)(n—1) Q(m—a)n 00 00
Am—3)1 O(m—3)2 Am—3)(n—1) G(m—3)n 2 0 00
Am—-2)1 A(m—2)2 A(m—2)(n—1) Q(m—2)n 20 0 0
Am-1)1  C(m—1)2 Am=1)(n—=1) Um-1)n 20 00
am1 am?2 Am(n—1) Amn 0 0 00

Fig. 4.3

Subcase 2.2. m =1 (mod 4). This implies, m — 2 = 3 (mod 4). Now, assign weights
for first m — 2 rows as in Subcase 2.1. Fix j in the next row and assign 2 to a(,;,_1); and
0 to the remaining entries in that row. Finally, assign 0 to all the entries in last row.
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Thus Bharath hub function is achieved, since for any two vertices u,v with f(u) = 0 and
f(v) = 0 there is a uv-path in P,,[P,] such that the vertex succeeding u and the vertex
preceding v have weight 2. Therefore, hp(Pp[Py]) < (m—2)+1+2=m+ 1.

a1y ai2 e Q1(n—1) a1n 0 0 00
ag1 a2 e a2(n—1) a2n 2 0 00
asi as2 e a3(n—1) a3n 20 00
a41 a42 s a4(n_1) QA4n 0 0 0 0
Um—5)1  O(m—>5)2 Um—-5)(n—1) Gm-5m | 7 |0 0 00
Am-4)1  O(m—4)2 A(m—4)(n—-1) O(m—4)n 20 00
A(m=3)1 4(m-3)2 A(m—-3)(n—1) A(m—3)n 20 00
Am-2)1  C(m—2)2 Am=2)(n—1) U(m-2)n 0 0 00
Um—1)1  O(m—1)2 Um—1)(n—1) C(m—1)n 20 00
am1 am2 Am(n—1) Amn 20 00
Fig. 4.4

Case 3. m = 2 (mod 4). This implies, m—2 = 0 (mod 4). Now, assign weights for first m—2
rows as in Case 1. Further by assigning 2 as the weight for a fixed j and 0 for the remaining
j's in the last two rows, Bharath hub function is attained. Since for any two vertices u, v
with f(u) =0 and f(v) = 0 there is a wv-path in P,,[P,] such that the vertex succeeding
u and the vertex preceding v have weight 2. Thus, hg(P,[P,]) <m —2+4=m + 2.

In all the above cases, the corresponding allotment of weights forms the hp-function,
since on changing the weight of any 2 weighted vertex, say a;; to 1, there will be no more
required path between a(;_1); and a(;1);. Hence the result. ]

4. CONCLUSION

In this paper, we have introduced the concept of Bharath hub number of graphs and
have initiated the study of corresponding parameters. Further, the scope can be extended
to the field of Operation research that deals with the application of advanced analytical
methods to help make better decisions. And the resource allocation problem seeks to find
an optimal allocation of a fixed amount of resources to activities so as to minimize the
cost incurred by the allocation.
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