
TWMS J. App. and Eng. Math. V.13, N.3, 2023, pp. 1222-1238

EXTINCTION OF CHOLERA USING DETERMINISTIC AND

STOCHASTIC MODELS INCORPORATING VIGILANT HUMAN

COMPARTMENT

M. O. ADEWOLE1∗, A. I. M. ISMAIL2, F. A. ABDULLAH2, T. S. FANIRAN3, §

Abstract. We study the effect of vaccination, sanitation and public health sensitization as
prevention and control measures of cholera in deterministic and stochastic frameworks. To
achieve this, a deterministic mathematical model incorporating the class of vigilant individuals
is proposed and analyzed. The results from the stability analysis show that the disease-free
equilibrium solution is globally asymptotically stable if R0 < 1. The model is then extended to
incorporate random effect using the method of transition probabilities. Numerically, we approx-
imate the expected extinction time of the disease if certain conditions are satisfied. As Vibrio
cholerae multiplies at a fast rate in the environment, it is recommended that regular disinfection
of the affected areas as well as public health sensitization be done.
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1. Introduction

Cholera, caused by the bacterium Vibrio cholerae, is a severe intestinal infectious disease that
has remained a serious public health threat in developing countries [1, 2]. It often results in
acute diarrhea, vomiting, dehydration and even death (if untreated) [1, 2]. The transmission of
cholera involves both direct (i.e., human-to-human) and indirect (i.e., environment-to-human)
routes [3]. It mainly spreads by water and food contaminated with human faeces which contain
the bacteria [1], contaminated fish and shellfish, or leftover cooked grains that have not been
properly reheated [4].

Limitations in monitoring and concerns about the adverse impact on trade and tourism make
it difficult to know the exact figure of the incidence of cholera [5]. However, there has been an
increasing number of cholera outbreaks worldwide including the large cholera epidemics in Haiti
from 2010-2012 with more than 530,000 reported cases and 7000 deaths [6]. Current estimates
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by World Health Organization show 3− 5 million cholera cases every year in the world [6, 1]. In
2016, 132,121 cases were reported to WHO from 38 countries. The cases include 2,420 deaths
[7]. Although it was classified as a pandemic as of 2010, it is rare in the developed world [1, 4, 5].

Confirmatory test for cholera is by isolating V. cholerae from faecal samples and a positive
culture test from several patients is required for confirmation of cholera outbreak [1]. Improved
sanitation, access to clean water and non-contaminated foods are various ways of preventing
cholera [1, 4]. Nelson et al [5] reported that the use of vaccine is not 100% effective. Cholera
vaccines are 85% effective for the first six months after vaccination and 50% − 62% during
the first year[1, 8, 9]. After two years the level of protection decreases to less than 50% [1].
The primary treatment is rehydration (oral or intravenous) therapy and if the case is severe,
antibiotics are included. Zinc supplementation is useful in children [1]. A successfully treated
patient is immuned to the disease for a period of time. The mechanism behind this temporary
immunity is not known [5].

To understand the mechanisms of the spread of cholera and determination of effective control
strategies, several authors have developed mathematical models for the transmission dynam-
ics of the disease. However, cholera models can be deterministic, in which the output of the
model is fully determined by the parametric and initial values, or stochastic, where the model
possesses some inherent randomness. Deterministic cholera models have been studied by sev-
eral authors. In [10] the authors introduced a new class of vaccinated people to the model in
[11] and incorporated control measures (vaccination, treatment and water sanitation) into the
resulting model. The authors then investigated, theoretically, the effect of various intervention
approaches on cholera outbreaks and explore optimal strategies for disease control. The results
in [10] suggested that different controls interact. Furthermore the costs of controls directly af-
fect the duration and strength of each control in an optimal strategy framework. It was also
concluded that better results could be achieved with multiple intervention methods due to the
multiple transmission modes of cholera. Beryl et al [12] extended the model proposed by [11]
to include the effects of media coverage as intervention strategy. The authors did not consider
time-dependent controls in their analysis.

In [13], environment-to-human interaction was only considered whereas in the present study,
both environment-to-human and human-to-human interaction are taken into account. Further,
in [13] ,there was no inclusion of a class of vigilant human compartment but this is considered
in the present work. In [14], quarantine strategy was considered as an effective treatment to
combat cholera but the present study considers two effective preventive classes, namely; vacci-
nated and vigilant human compartments which are much more effective than quarantine. In [15],
the authors formulated an age-structured cholera model with multiple transmissions, saturation
incidence and imperfect vaccine but they did not take into account a class of vigilant human
compartment, which is considered in the present work. For other works on deterministic cholera
model, see [16, 17, 18, 19, 2, 20, 21, 22, 23]. Recently, the effect of non-drug compliance by
infected individuals was investigated in [24]. It was reported that while noncompliance to treat-
ment instructions worsens the situation, complying to treatment instructions does not eradicate
cholera from a population. Influence of human-to-human transmission route and random effects
were not considered in this work.

While deterministic models have been greatly used to further understand the dynamics of
the disease, they do not incorporate the effect of environmental fluctuations. In reality, the
disease dynamics is exposed to influences that are not completely understood which makes the
spread of the disease inherently random. We therefore incorporate stochastic influences into our
model. There are several ways to include these fluctuations in the deterministic model. For
example, Wang & Wang [25] proposed a deterministic model of two types of vibrios and viruses
and further extended the model to include the random effects. Their stochastic model is a
system of Markov jump processes that is derived from the dynamics of the deterministic model.
They derived a closed-form expression for the disease extinction probability and also validated
the analytic estimates with numerical simulations. Their results indicate that there is a sharp
threshold which is characterized by the basic reproduction number, R0. However, they did not
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consider the effect of vaccinated and vigilant human compartments on transmission dynamics
of cholera.

Marwa et al [26] developed a stochastic dynamics of cholera epidemic model from determin-
istic model using two approaches - parameter perturbation method (which involves changing a
parameter of interest from the deterministic model to a random variable [27]) and the use transi-
tion probabilities. Using a suitable Lyapunov function, stability analysis was carried out for the
model obtained by stochastic perturbation method. They gave conditions for global existence,
uniqueness of positive solutions, stochastic boundedness, global stability in probability, moment
exponential stability and almost sure convergence. They further simulated the sample paths of
the stochastic differential equations using the Euler-Maruyama Scheme. [28] investigated the
dynamics of cholera using a system of stochastic differential equations. It was assumed that
the environmental noise is proportional to the variables (which leads to the introduction of new
parameters whose values were assumed) and established sufficient conditions for extinction of
the disease. By constructing a suitable stochastic Lyapunov function, sufficient criteria that
guarantee the existence of a unique ergodic stationary distribution of the positive solutions to
the model was given.

In this work, our focus is to study the effect of vaccination, sanitation and public health sensiti-
zation as prevention and control measures of cholera in deterministic and stochastic frameworks.
Can these control measures lead to the extinction of cholera in the presence of uncertainties? To
answer this question and to give more insight into the dynamics of cholera, a stochastic model
for cholera transmission which incorporates the two most effective preventive classes-the vacci-
nated (those who are immunized against cholera) and vigilant (those who adhere to the cholera
control measures of the World Health Organization) compartments into human population is
presented. First, a deterministic mathematical model is formulated and extended (using the
approach in [29, Section 5.6]) to include stochastic influences. The advantage of the modeling
procedure used for our stochastic model is that the diffusion coefficients depend on the param-
eters derived from the basic assumptions of the model. This gives a better understanding of
the how the parameters influence the stochastic nature of the system. The models are shown
to have a unique solution and sufficient conditions that guarantee the extinction of the disease
in an endemic setting are given. Numerically, we approximate the expected extinction time of
the disease if certain conditions are satisfied. As Vibrio cholerae multiplies at a fast rate in the
environment, it is recommended that regular disinfection of the affected areas as well as public
health sensitization be done.

The remaining parts of this paper are organized as follows: In Section 2, a deterministic
model is formulated and its stationary solutions are analyzed. In Section 3, we incorporate
random effect into the deterministic model and establish global existence as well as uniqueness
of positive solutions of the new model. Section 4 presents a detailed discussion of results and
Section 5 presents the conclusion.

2. Model Development

2.1. Deterministic Model. We propose a deterministic model where the human population
is divided into four compartments: susceptible human S, infected human I, vaccinated human
Va and vigilante human Vi. We denote by B, the concentration of vibrios in the environment.
As in [30], it is assumed that bacteria enter the aquatic reservoir of V. cholerae at a logistic

per-biomass rate ρ
(

1− B(t)
KB

)
proportional to bacteria density and leaves at a rate (τ + σ)B.

Here ρ >0 is the per capita growth rate for V. cholerae, KB > 0 is the environmental carrying
capacity for V. cholerae per ml in the water supply. σ is the decay rate of vibrios while τ
represent the disinfection rate. We further assumed that a single use of disinfectant can be
effective for a period of $. The human recruitment rate is assumed constant (Λ) and that the
newly recruited individuals are without cholera.

Susceptible individuals could contract vibrio cholera through interaction with infected indi-
viduals at a rate αh(1−δ)I and also contact it from the environment with incidence term αe

B
K+B .

Parameter αh is susceptible-infected individual interaction rate while αe is the interaction rate
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Figure 1. Cholera transmission diagram.

between susceptible individuals and vibrio cholerae bacteria in the environment. K is the half
saturation concentration of environmental vibrios and δ is the efficacy of public health sensiti-
zation. Susceptible individuals are vaccinated at a constant rate β and as there is no permanent
immunity against cholera [1, 8, 5, 9], vaccinated individual lose immunity and become suscep-
tible at the rate ω. It is assumed that the vaccine may fail with failure rate (1 − η), where η
represents vaccine efficacy. The infected population diminishes through natural death rate µ
and recovery (due to treatment) rate γκ. It is assumed that a successfully treated individual
is vaccinated. The susceptible individuals are educated and become vigilant at the rate ψ, but
vigilant individuals may become careless in following the precautions at the rate ξ. It is assumed
that vigilant individuals don’t contract the disease unless they become susceptible.

Based on the aforementioned dynamics, the flowchart schema showing the transmission pro-
cess of cholera is shown in Fig. 1. The meanings of the parameters are given in Table 1.
Cholera-induced mortality is neglected because fatality rates for cholera are very low in general
(1,304 deaths out of 172,454 cases in 2015 [1]). The dynamics of the transmission can therefore
be described by the following system of ordinary differential equations:

dS

dt
= Λ−

(
αh(1− δ)I + αe

B

K +B

)
S − (µ+ β + δψ)S + ωVa + ξVi, (1)

dI

dt
=

(
αh(1− δ)I + αe

B

K +B

)
((1− η)Va + S)− (µ+ γκ)I, (2)

dVa
dt

= βS + γκI − (ω + µ)Va − (1− η)

(
αh(1− δ)I + αe

B

K +B

)
Va, (3)

dVi
dt

= ψδS − (ξ + µ)Vi, (4)

dB

dt
= ρ

(
1− B

KB

)
B + ζI − σB − τ$B. (5)

The total human population N(t) = S(t) + I(t) + Va(t) + Vi(t). If N(0) = N0, then from
(1)–(4), we have

N(t) =
Λ

µ
+

(
N0 −

Λ

µ

)
exp(−µt). (6)

The following obvious result gives the feasible region of equations (1)−(5):

Theorem 2.1. Let the initial data for the cholera model (1)−(5) be S(0) > 0, I(0) ≥ 0,
Va(0) ≥ 0, Vi ≥ 0 and B(0) > 0. Then the solutions (S(t), I(t), Va(t), Vi(t), B(t)) of the model
will remain non-negative for all time t > 0. Furthermore if S(0) + I(0) +Va(0) +Vi(0) ≤ Λ

µ and

B(0) ≤ KB, then the feasible region of solution is defined by

Γ =

{
(S(t), I(t), Va(t), Vi(t), B(t)) ∈ R4

+ × R+ : S(t) + I(t) + Va(t) + Vi(t) ≤
Λ

µ
,B(t) ≤M

}
,
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Table 1. Summary of the parameters

Parameter Meaning Value Reference

µ Natural human death rate (43.5 year)−1 [31]

αh Human-to-human transmission rate 0.00011 day−1 [11]

αe Environment-to-human transmission rate 0.075 day−1 [11]
τ Disinfection rate 4 year−1 [2]

$ Duration of effectiveness of disinfection 14 days Assumed

KB Environmental carrying capacity
for V. cholerae 109/ml [32]

ρ per capita growth rate for V. cholerae 0.73 day−1 [33]
σ Decay rate of vibrios 30−1day−1 [34]

ω Loss of immunity rate 0.03417 day−1 Calculated

ζ Rate of human contribution to vibrios 10 cells/ml-day [34]
γ Recovery rate 0.2 day−1 [34]

Λ Human recruitment rate 30 people per year Assumed

β Vaccination rate 4 year−1 Assumed
η Vaccine efficacy 0.8 Assumed

δ Efficacy of public health sensitization 0 < δ < 1

K half saturation concentration of
environmental vibrios 106 cells/ml [33]

ξ Loss of vigilance rate 0.2 day−1 Assumed
ψ Vigilance rate 0.6 day−1 Assumed

κ Drug/treatment efficacy 0 < κ < 1

where

M =
1

2ρ

(
KB(ρ− σ − τ$) +

√
K2
B(ρ− σ − τ)2 + 4ρζKB

Λ

µ

)
.

System (1)−(5) has a disease-free equilibrium (DFE) given by

ε0 = (S?, I?, V ?
a , V

?
i , B

?) =

(
Λ(ξ + µ)(ω + µ)

µχ
, 0,

Λβ(ξ + µ)

µχ
,

Λψδ(ω + µ)

µχ
, 0

)
, (7)

where χ = β(ξ+µ) + (ω+µ)(µ+ ξ+ψδ). Using the next generation operator approach of [35],
the basic reproduction number, associated with DFE ε0 and denoted by R0 is obtained as

R0 =
1

2
U +

1

2

√
U2 − 4αh(1− δ)ρ(S? + (1− η)V ?

a )

(γκ+ µ)(σ + τ$)
, (8)

where

U =
ρ

σ + τ$
+

(S? + (1− η)V ?
a )αh(1− δ)

γκ+ µ
+

(S? + (1− η)V ?
a )αeζ

K(γκ+ µ)(σ + τ$)
.

The basic reproduction number R0 is a measure of the average number of new infections gen-
erated by a single infected person during the person’s infectious period in a population that is
fully susceptible [35]. For simplicity, we define

R1 =
ρ

σ + τ$
+

(S? + (1− η)V ?
a )αh(1− δ)

γκ+ µ
+

(S? + (1− η)V ?
a )αeζ

K(γκ+ µ)(σ + τ$)
−(S? + (1− η)V ?

a )ραh(1− δ)
(γκ+ µ)(σ + τ$)

.

It is easy to see that

R0 < 1 ⇔ R1 < 1, R0 = 1 ⇔ R1 = 1, R0 > 1 ⇔ R1 > 1, . (9)

2.2. Stability Analysis. Nonlinear models such as (1)−(5) exhibit complex population dy-
namics and possess delicate exchange of stability properties. As basic reproduction number R0

needs fall below unity to eliminate a disease, it becomes important to investigate the stability
of equilibrium solutions when R0 < 1.
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Figure 2. Diagram showing that the number of equilibrium points changes with
changes in (ρ−σ− τ$). The parameter values in Table 1 are used with τ chosen
such that each condition is met.

Let ε1 = (S∗, I∗, V ∗a , V
∗
i , B

∗) be an arbitrary equilibrium of (1)−(5). We set the right side of
(1)−(5) to zero and solve the resulting equations to obtain

B∗ =
KB(ρ− τ$ − σ) +

√
K2
B(ρ− τ$ − σ)2 + 4ρKBζI∗

2ρ

S∗ =
Λc3

[(
αh(1− δ)I∗ + αeB

∗

K+B∗

)
+ µ+ ω

]
+ κγωI∗[

(1− η)
(
αh(1− δ)I∗ + αeB∗

K+B∗

)
+ µ+ ω

] [((
αh(1− δ)I∗ + αeB∗

K+B∗

)
+ c2

)
c3 − ψξ

]
− ωβc3

V ∗a =
κγξI∗ − κγc3I∗

[(
αh(1− δ)I∗ + αeB

∗

K+B∗

)
+ c2

]
+ Λβc3[

(1− η)
(
αh(1− δ)I∗ + αeB∗

K+B∗

)
+ µ+ ω

] [((
αh(1− δ)I∗ + αeB∗

K+B∗

)
+ c2

)
c3 − ψξ

]
− ωβc3

V ∗i =
ψ
[
(1− δ)

(
αh(1− δ)I∗ + αeB

∗

K+B∗

)
+ Λ(µ+ ω)− κγωI∗

]
[
(1− η)

(
αh(1− δ)I∗ + αeB∗

K+B∗

)
+ µ+ ω

] [((
αh(1− δ)I∗ + αeB∗

K+B∗

)
+ c2

)
c3 − ψξ

]
− ωβc3

,

and I∗ can be obtained by solving

f(I∗) =

(
αh(1− δ)I∗ + αe

B∗

K +B∗

)
((1− η)V ∗a + S∗)− (µ+ γκ)I∗ = 0, (10)

where

c2 = µ+ β + ψ, c3 = ξ + µ.

Finding exact solution to (10) is somewhat difficult, we therefore employ numerical means. The
nature of (ρ−σ−τ$) has great influence on the number of equilibrium points and their stability.
This is shown in Figure 2.

It is clear from (8) that ρ
τ$+σ < 1 for R0 to be less than unity. It therefore implies that

disinfection of the water body and other cholera affected areas is necessary for cholera eradication
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Figure 3. Diagram showing the influence of κ and β on the number of equilib-
rium when ρ− σ − τ$ < 0. The parameter values in Table 1 are used.

and control. Figure 3 shows that treatment efficacy κ and public health sensitization β do not
affect the number of stationary points when ρ− σ − τ$ < 0.

It has been seen in Figure 2 that two equilibrium points are obtainable when R0 < 1. Next
we justify that the disease-free equilibrium is the stable equilibrium when R0 < 1.

Following the local stability result of [36], we have

Theorem 2.2. The disease-free equilibrium ε0 of (1)−(5) is locally asymptotically stable in Γ
if R0 < 1.

For the global asymptotic stability of the disease free equilibrium, we need the following result
introduced by Castillo-Chavez et al [37] and has been used in [38].

Lemma 2.1. Consider a model system written in the form

dX

dt
= F (X,Y ),

dY

dt
= G(X,Y ), G(X, 0) = 0,

where X ∈ Rm denotes (its components) the number of uninfected individuals and Y ∈ Rn
denotes (its components) the number of infected individuals. (X?, 0) denotes the disease-free
equilibrium of the system.

Also assume the conditions (C1) and (C2) below:

C1: For dX
dt = F (X, 0), X? is globally asymptotically stable;

C2: G(X,Y ) = AY − G̃(X,Y ), G̃(X,Y ) ≥ 0 for (X,Y ) ∈ Γ, where the Jacobian A =
∂G
∂Y (X?, 0) is an M -matrix (whose off-diagonal elements are non-negative) and Γ is the
region where the model makes biological sense.

Then the DFE (X?, 0) is globally asymptotically stable provided that R0 < 1.

Theorem 2.3. The disease-free equilibrium ε0 of (1)−(5) is globally asymptotically stable in Γ
if R0 < 1 and unstable if R0 > 1.

Proof. From (1)−(5),

F (X,Y ) =


Λ−

(
αh(1− δ)I + αe

B
K+B

)
S − (µ+ β + δψ)S + ωVa + ξVi

βS + γκI − (ω + µ)Va − (1− η)
(
αh(1− δ)I + αe

B
K+B

)
Va

ψδS − (ξ + µ)Vi

 ,

G(X,Y ) =

 (αh(1− δ)I + αe
B
K+B

)
((1− η)Va + S)− (µ+ γκ)I

ρ
(

1− B
KB

)
B + ζI − σB − τ$B

 .
Condition (C1) is satisfied. To see this, observe that

dX

dt
=

 Λ− (µ+ β + δψ)S + ωVa + ξVi
βS − (ω + µ)Va
ψδS − (ξ + µ)Vi

 . (11)



M.O. ADEWOLE ET AL: EXTINCTION OF CHOLERA ... 1229

The Jacobian matrix of (11) is

JX =

 −(µ+ β + δψ) ω ξ
β −(ω + µ) 0
ψδ 0 −(ξ + µ)

 ,
and the eigenvalues are

∆ =

 −µ
−1

2(δψ + β + µ+ ω + ξ)− 1
2

√
Π1

−1
2(δψ + β + µ+ ω + ξ) + 1

2

√
Π1

 ,
which all have negative real parts. Where

Π1 = δ2ψ2 + 2βδψ − 2δψω + 2δψξ + β2 + 2βω − 2βξ + ω2 − 2ωξ + ξ2

and

Π2 = (γκ+ µ+ ρ− σ − τ$)2 + ((1− η)V ?
a + S?)2α2

h(1− δ)2

−2((1− η)V ?
a + S?)αh(1− δ)(γκ+ µ+ ρ− σ − τ$) +

1

K
((1− η)V ?

a + S?)ζαe.

To verify condition (C2), we obtain

A =

[
αh(1− δ)(S? + (1− η)V ?

a )− (µ+ γκ)
αe
K

(S? + (1− η)V ?
a )

ζ ρ− σ − τ$

]
.

Then

G̃(X,Y ) =

 [S? + (1− η)V ?a − (S + (1− η)Va)]αh(1− δ)I + αeB
[
S? + (1− η)V ?a −

S+(1−η)Va

B+K

]
ρB2

KB

 .
It is not difficult to see from (7) and Theorem 2.1 that G̃(X,Y ) ≥ 0 for (X,Y ) ∈ Γ. Therefore

based on Lemma 2.1, the DFE ε0 is globally asymptotically stable when R0 < 1. �

The epidemiological implication of Theorems 2.2 and 2.3 is that there is no possibility of
backward bifurcation. Therefore, the requirement of the reproduction number to be less than
one is a sufficient condition for cholera control and elimination.

3. Stochastic Model

In this section we formulate a system of stochastic differential equations (SDEs) from the
deterministic model (1)−(5) using the method of transition probabilities [29, 39]. This method
produces Itô stochastic differential equation model. Let X(t) be a d-dimensional column vector
and Wt be an m-dimensional column vector of independent Wiener processes. The SDE takes
the form

dX(t) = f(X, t) dt+G(X, t) dWt for t ≥ t0, (12)

with initial value X(0) = X0 ∈ Rd where f(X, t) is a d-dimensional column vector and G(X, t)
is d×m matrix.

After considering the transition probabilities, we obtain (see Appendix A for details)
dS

dI

dVa

dV1

dB

 =


Λ−Θ1S − (µ+ β + ψ)S + ωVa + ξVi

Θ1((1− η)Va + S)− (µ+ γκ)I
βS + γκI − (ω + µ)Va − (1− η)Θ1Va

ψS − (ξ + µ)Vi

ρ

(
1− B

KB

)
B + ζI − σB − τ$B

 dt
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+



√
Λ 0 0 0 0

−
√

Θ1S
√

Θ1S 0 0 0
−
√
µS −

√
µI −

√
µVa −

√
µVi 0

−
√
βS 0

√
βS 0 0

−
√
ψδS 0 0

√
ψδS 0√

ωVa 0 −
√
ωVa 0 0√

ξVi 0 0 −
√
ξVi 0

0
√

Θ1(1− η)Va −
√

Θ1(1− η)Va 0 0
0 −

√
γκI

√
γκI 0 0



T 

dW 1
t

dW 2
t

dW 3
t

dW 4
t

dW 5
t

dW 6
t

dW 7
t

dW 8
t

dW 9
t


(13)

where

Θ1 =

(
αh(1− δ)I + αe

B

K +B

)
.

We do not consider B(t) in the formulation of transitions because there is no transition from
human population to Vibrios and vice versa.

To provide the appropriate framework, we give some notations and results on Itô SDEs con-
tained in [40]. (Ω,F , {Ft}t≥0,P) denotes a complete probability space. {Ft}t≥0 is an increasing
and right continuous filtration while {F0} contains all P−null sets. The following spaces will be
needed

Rd+ = {x = (x1, x2, . . . , xd) ∈ Rd : xi > 0, i = 1, 2, . . . , d}
R̄d+ = {x = (x1, x2, . . . , xd) ∈ Rd : xi ≥ 0, i = 1, 2, . . . , d}.

Wt denotes an m-dimensional Wiener process defined the complete probability space
(Ω,F , {Ft}t≥0,P).

3.1. Existence and Uniqueness of Positive Solution. In the study of the dynamics of
an epidemic model and to investigate the long-term behaviour the model, justification of the
existence of a unique global positive solution is important. We therefore have the following:

Theorem 3.1. Given an initial value X0 = (S0, I0, Va0, Vi0, B0) ∈ R5
+, there exists a unique

positive solution X(t) = (S(t), I(t), Va(t), Vi(t), B(t)) of system (13) on t ≥ 0 and the solution
will remain in R5

+ with probability one.

Proof.

f(S1, I, Va, Vi, B)− f(S2, I, Va, Vi, B) =


−Θ2(S1 − S2)
Θ1(S1 − S2)
β(S1 − S2)
ψ(S1 − S2)

0


where Θ2 = Θ1 + µ+ β + ψ.

|f(S1, I, Va, Vi, B)− f(S2, I, Va, Vi, B)| =
√

Θ2
1 + Θ2

2 + β2 + ψ2 |S1 − S2|

≤ K1
local|S1 − S2|.

This shows that f is locally Lipschitz continuous with respect to S. By a similar calculation,
one can see that f is locally Lipschitz continuous with respect to I, Va, Vi and B.
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Let Π = G(S1, I, Va, Vi, B)−G(S2, I, Va, Vi, B), then

|Π| =
√

ΠTΠ

=

(
2
(√

Θ1S1 −
√

Θ1S2

)2
+ 2

(√
βS1 −

√
βS2

)2

+2
(√

ψS1 −
√
ψS2

)2
+
(√

µS1 −
√
µS2

)2
)1/2

≤
√

2 (Θ1 + β + ψ + µ)1/2 (
√
S1 −

√
S2) =

√
2 (Θ1 + β + ψ + µ)1/2

(
√
S1 +

√
S2)

|S1 − S2|

≤ K2
local|S1 − S2|

This shows that G is locally Lipschitz continuous with respect to S. By a similar calculation,
one can see that G is locally Lipschitz continuous with respect to I, Va, Vi and B.

Now

XT f(X, t) +
1

2
|G(X, t)|2

= S

(
Λ−

(
αhI + αe

B

K +B

)
S − (µ+ β + ψ)S + ωVa + ξVi

)
+I

((
αhI + αe

B

K +B

)
((1− η)Va + S)− (µ+ γκ)I

)
+Va

(
βS + γκI − (ω + µ)Va − (1− η)

(
αhI + αe

B

K +B

)
Va

)
+Vi (ψS − (ξ + µ)Vi) +B

(
ρ

(
1− B

KB

)
B + ζI − σB − τ$B

)
+

1

2
Λ +

(
αhI + αe

B

K +B

)
((1− η)Va + S) + (β + ψ)S + ωVa

+ξVi + γκI +
1

2
µ(S + I + Va + Vi).

Using Young’s inequality together with the fact that B
K+B < 1 and

(
1− B

KB

)
< 1, we obtain

XT f(X, t) +
1

2
|G(X, t)|2 ≤ c1 + c2S

2 + c3I
2 + c4V

2
a + c5V

2
i + c6B

2,

where

c1 =
1

2

(
2Λ + αe(2− η) + β + 2γκ+ ω + ξ +

1

4
µ

)
,

c2 =
1

4
(2Λ + 8Θ1 + ω + ξ − 2µ+ 2αe + 2αh + 2β + 2γκ) ,

c3 =
1

2
((αh + Θ1)(2− η) + γκ+ ζ − µ) ,

c4 =
1

4
(2(αh + αe + 3Θ1)(2− η) + 2ω − 2µ+ β + γκ) ,

c5 =
1

4
(ψ − 2µ+ 2ξ) , c6 = ρ+

ζ

2
− σ − τ$.

For every T > 0, there exists KT = max{c1, c2, c3, c4, c5, c6} such that

XT f(X, t) +
1

2
|G(X, t)|2 ≤ KT (1 + S2 + I2 + V 2

a + V 2
i +B2).
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Figure 4. Simulation of model (1)−(5) using the parameter values in Table 1

 

 

 

 

 

 

 

 

Figure 5. Simulation of model (1)−(5) taking τ = 18.3, δ = 0.9 and αe = 0.025
such that R0 = 0.9935. Other parameter values are as contained in Table 1.

s = S(t)
N(t) , i = I(t)

N(t) , va = Va(t)
N(t) , vi = Vi(t)

N(t) ,

It follows from [40, Theorem 3.6, page 58] that (13) has a unique global solution. The non-
negativity of the solution is similar to Khan et al. [41, Theorem 4.2] and therefore omitted here.
This completes the proof. �

4. Discussion of Results

4.1. Deterministic Model. System (1)−(5) is solved on MATLAB platform using fourth order
Runge-Kutta scheme for system of ordinary differential equations. Parameter values in Table 1
with initial values Sh(0) = 0.45N0, ih(0) = 0.3N0, Va(0) = 0.2N0, Vi(0) = 0.05N0, B(0) = 6×107

are used for the simulation. Figure 4 shows the disease is endemic if R0 > 1.
The DFE is globally asymptotically stable therefore the possibility of backward bifurcation

in the dynamics of the disease is ruled out. Thus, the condition R0 < 1 is sufficient for cholera
eradication. It is obvious that a change in vaccination rate does not result to a change in the
value of R0. Therefore vaccination of susceptible individuals can not lead to the eradication
of cholera. As strategies of intervention, we consider (i) increase in disinfection rate (τ), (ii)
improvement in public health education (δ) and (iii) provision of safe drinking water to reduce
environment-to-human transmission rate (αe). Figure 5 shows that with appropriate choices of
τ , δ and αe such that R0 < 1, the disease can be eradicated. This is because the condition
R0 < 1 is sufficient for the disease eradication (see Theorem 2.3). Also at the initial stage in
Figure 5, the number of vaccinated individuals increases but later decreases. This suggests that
the cost or burden of vaccination will reduce with time if public health sensitization is effective,
regular disinfection of contaminated areas is done and human contribution to V. choleae in the
environment is greatly reduced by having a safe place for defecation.

We choose τ, δ, αe such that R0 < 1 in Figure 6. The graphs confirm Theorem 2.3 as it can
be seen that (I,B) → (0, 0). It is also seen that convergence to zero of the disease classes is
fastest with the combination of the three interventions.

Hartley et al. [42] reported that the interactions between the host, V. cholerae and environ-
ment are associated with the seasonal epidemics of cholera seen in endemic regions. Next, we
investigate, numerically, the effects of seasonal variation on the disease dynamics. Seasonality
in the transmission rate is added to the model (1)−(5) via a sine function with a period of 365
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Figure 6. Confirmation of asymptotic stability of the disease-free equilibrium
point of (1)−(5) when R0 < 1

(a)            (b) 

 

 

 

 

 

 

 

 

Figure 7. Solution of model (1)−(5) with seasonal variation in environment-to-
human transmission rate.

 

Figure 8. Simulation of model (13) using the parameter values in Table 1

days, ie

αe(t) = αe

(
1 + α0 sin

(
2πt

365

))
,

where 0 ≤ α0 ≤ 1 accounts for the seasonal variation. For our computation, we choose α0 =
0.7 and other parameters as contained in Table 1. Figure 10(a) shows that the oscillation in
the environment-to-human transmission rate causes oscillation in the dynamics of the disease.
However if we choose τ = 18.3, δ = 0.9 and αe = 0.025 such that R0 = 0.9935, the oscillation
dies out and the disease vanishes (see Figure 10(b)).

4.2. Stochastic Model. In this section, numerical solution of the model (13) is done using
Euler-Maruyama scheme. Since this scheme is of low convergence rate, we pick ∆t = 1

2000 . The
parameter values in Table 1 are used for our computation.

It is obvious in Figure 8 that cholera is endemic in the population. Although the population
of vaccinated and vigilant individuals is high, yet the disease remains in the system. It can also
be seen that the effect of randomness on the human population does not affect the density of
Vibrio cholerae.

Next, we consider (i) increase in disinfection rate (τ), (ii) improvement in public health educa-
tion (δ) and (iii) provision of safe drinking water to reduce environment-to-human transmission
rate (αe) as intervention in stochastic setting. The parameter values τ = 18.3, δ = 0.9 and
αe = 0.025 which are used to obtain Figure 5 are used to simulate (13). In Figure 9, the popu-
lation of infected people first increases before decreasing due to the high density of V. cholerae
in the environment. Vibrios density is seen to decrease while more people become vigilant and
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Figure 9. Simulation of model (13) taking τ = 18.3, δ = 0.9 and αe = 0.025
such that R0 = 0.9935. Other parameter values are used as contained in Table 1

 

Figure 10. Simulation of model (1)−(5) taking τ = 18.3, δ = 0.9 and αe = 0.025
such that R0 = 0.9935. Other parameter values are as contained in Table 1
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(b)         (c) 

 

 

 

 

Figure 11. (a) Extinction of cholera with random effect (b) Extinction of
cholera without random effect (c) Eradication of Vibrio cholerae in the envi-
ronment

thereby reducing the efforts expended on vaccination. Thus, being vigilant could be of great
impact in controlling the spread of cholera.

4.3. Extinction. The main objective in epidemiology is concerned with the regulation of the
disease dynamics so that the disease will be eradicated from the population in the long term.
Due to the types of entries in the diffusion matrix of (13) and considering the number of Wiener
processes in relation to the number of equations, constructing a stochastic Lyapunov function is
some what difficult and the method used in the previous articles [43, 44, 28] are not applicable.
We therefore employ numerical means.

With the initiation of the intervention measures (such that R0 < 1), it still takes an upward of
2500 days to eradicate the disease. To have a rapid decay in the disease classes, certain measures
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must be implemented. Let B0 be the amount of the Vibrio cholerae per ml before the initiation
of the control measures, the disease will be eradicated by the end of t0 days if

R0 < 1, ζ = 0, and τ ≥ 1

$

[
ρ− σ +

1

t0
(5 + lnB0)

]
. (14)

Next we choose t0 = 300 and τ , δ such that (14) is satisfied while other parameter values
remain as contained in Table 1. To estimate the extinction time when there is random effect,
we obtain many different sample paths for model (13). Figure 11 shows that all the solution
paths of infected human class, I(t), and V. cholerae, B(t), decrease and become approximately
zero before the 300 days.

5. Conclusion

We have considered a deterministic cholera model incorporating vigilant human class. The
model was later extended to incorporate randomness following the approach presented in [29,
Section 5.6]. With this approach, the diffusion coefficients depend on the parameters derived
from the basic assumptions of the model and a better understanding of the influence of the
parameters in the model is achieved. Condition that establish the global stability of the disease-
free equilibrium point of the determinist model was given. With this condition, we simulate the
stochastic model to understand the influence of randomness on the dynamics of the disease. The
stochastic version of the deterministic cholera model is more realistic for cholera dynamics as it
is widely open to some uncertain effects on the disease dynamics.

The focus of epidemiological study is to investigate and implement control and prevention
measures. The use of cholera vaccines has been recognized as an effective control measure in
cholera endemic countries [45] however, it was discovered that vaccination only is not sufficient
for the eradication of cholera in an endemic setting. Improvement on public health education
and provision of safe drinking water to reduce environment-to-human transmission rate are
prerequisites for cholera control and eradication. Because Vibrio cholerae multiplies at a fast rate
in the environment and based on (14), it is strongly recommended that environmental sanitation
and regular disinfection of the affected area (i.e. sewage areas) be maintained. However, [46]
reported that the use of disinfectant should be medically and scientifically monitored as increased
risk of bladder cancer appeared to be associated with the consumption of chlorinated water.
Numerical experiment is done to estimate the expected extinction time of the disease when
certain conditions are met.
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Appendix A. Construction of the stochastic model (13)
For a small time step ∆t, let the probabilities of the changes within the states be pj(t,X(t))∆t for j = 1, 2, . . . , n. Here the

jth change modifies the ith state by an amount λji for i = 1, 2, . . . , d. A standard deterministic model is given in form of

system of ODEs as
dX = f(t,X(t)) dt.

The ith element of the vector f is

fi(t,X(t)) =

n∑
j=1

pj(t,X(t))λji, i = 1, 2, . . . , d.

Following [29, Section 5.6], randomness is incorporated using

Xr+1
i −Xr

i =

n∑
j=1

pj(t,Xr(t))λji∆t+

n∑
j=1

λji[pj(t,Xr(t))]1/2(∆t)1/2σj , i = 1, . . . , d, r = 1, 2, . . . , (15)

where σj ∼ N(0, 1). We therefore obtain the following discrete model

Sr+1 − Sr =

[
Λ−

(
αhI

r + αe
Br

K+Br

)
Sr − (µ+ β + ψ)Sr + ωV r

a + ξV r
i

]
∆t+

[√
Λσ1

−

√(
αhIr + αe

Br

K+Br

)
Srσ2 −

√
µSrσ3 −

√
βSrσ4 −

√
ψSrσ5 +

√
ωV r

a σ6 +
√
ξV r

i σ7

]
√

∆t (16)

Ir+1 − Ir =

[(
αhI

r + αe
Br

K+Br

)
((1− η)V r

a + Sr)− (µ+ γκ)Ir
]

∆t

+

[√(
αhIr + αe

Br

K+Br

)
Srσ2 −

√
µIrσ10 +

√(
αhIr + αe

Br

K+Br

)
(1− η)V r

a σ8 −
√
γκIrσ9

]
√

∆t

V r+1
a − V r

a =

[
βSr + γκIr − (ω + µ)V r

a − (1− η)

(
αhI

r + αe
Br

K+Br

)
V r
a

]
∆t

+

[
−
√
µV r

a σ11 +
√
βSrσ4 −

√(
αhIr + αe

Br

K+Br

)
(1− η)V r

a σ8 +
√
γκIrσ9

]
√

∆t

V r+1
i − V r

i = [ψSr − (ξ + µ)V r
i ] ∆t+

[
−
√
µV r

i σ12 +
√
ψSrσ5 −

√
ξV r

i σ7
]√

∆t. (17)

As ∆t→ 0, the discrete model (16)−(17) becomes

dS =

[
Λ−

(
αhI + αe

B

K+B

)
S − (µ+ β + ψ)S + ωVa + ξVi

]
dt+

√
Λ dW 1

t −

√(
αhI + αe

B

K+B

)
S dW 2

t

−
√
µS dW 3

t −
√
βS dW 4

t −
√
ψS dW 5

t +
√
ωVa dW

6
t +

√
ξVi dW

7
t (18)

dI =

[(
αhI + αe

B

K+B

)
((1− η)Va + S)− (µ+ γκ)I

]
dt+

√(
αhI + αe

B

K+B

)
S dW 2

t −
√
µI dW 10

t

+

√(
αhI + αe

B

K+B

)
(1− η)Va dW

8
t −

√
γκI dW 9

t

dVa =

[
βS + γκI − (ω + µ)Va − (1− η)

(
αhI + αe

B

K+B

)
Va

]
dt−

√
µVa dW

11
t +

√
βSr dW 4

t

−

√(
αhI + αe

Br

K+B

)
(1− η)Va dW

8
t +

√
γκI dW 9

t

dVi = [ψS − (ξ + µ)Vi] dt−
√
µVi dW

12
t +

√
ψS dW 5

t −
√
ξVi dW

7
t . (19)

Although this method yields a SDEs which are generally easy to solve, model (16)−(17) loses much of its computational

advantages when the number of Weiner processes is much greater than the number of states. We therefore assume that

the natural death rate of state variables have the same probability distribution ie. σ3 = σ10 = σ11 = σ12. This leads to (13).


