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STRONG ASYMPTOTIC STABILITY FOR A COUPLED SYSTEM OF
DEGENERATE WAVE EQUATIONS WITH ONLY ONE FRACTIONAL

FEEDBACK

M. KERDACHE!, M. KESRI', A. BENAISSA?*, §

ABSTRACT. We prove the well-posedness and study the strong asymptotic stability of a
coupled system of degenerate wave equations with a fractional feedback acting on one

end only.
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1. INTRODUCTION

In this paper, we consider a system of coupled wave equations in the presence of bound-

ary control of nonlocal type:

ug(x,t) — (:C(Sux)x(

v (x,t) — (a:‘;vx)x(
(L t) =u(0,t) =

(20:)(0,2) — pOf“v

{ ($,0) - UO( )’

[ |v(z,0) = vo(x),

1)+ (U—U)ZO

1) +a (U—U)

v(L,t) =

(O7t):
u(,0) = ui(z),

Ut(l‘,O)—Ul( )

in (0,L) x (0, +00),

in (0,L) x (0, +00),

on (0,400),

on (0, +00), )
on (0,L),

where § € (0,1), « is a strictly positive constants p > 0 and the initial data (ug,u1,vo,v1)
belong to a suitable function space. The notation 9, stands for the generalized Caputo’s
fractional derivative of order 7, 0 < 7 < 1, with respect to the time variable (see [3]). It
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is defined as follows

OTYh(t) = 1 tt_ —7 _—w(t—s) dh d >0
PO = e [ =TI R s w0,
Physically, v and v may represent the displacements of two vibratings objects measured
from their equilibrium positions, the coupling terms +a(u — v) are the distributed springs
linking the two vibrating objects.

The exponential stability of the system (P) has been established by Najafi et al [5] in
the linear and nonlinear boundary feedback.

In [3], Kerdache et al. investigated the decay rate of the energy of the coupled wave
equations with two boundary nonlocal controls, that is,

U (,t) — Ugp(z,t) + a(u —v) =0 in (0,L) x (0, +00),
v (2, t) — vgp(z,t) + (v —u) =0 in (0,L) x (0, +00),
u(0,t) =v(0,t) =0 on (0, +00),
g (Lyt) + 610, “us (L, t) =0 on (0, 400), (PBF)
vz (Lyt) + 620, “ v (L, t) =0 on (0, 400),
u(x,0) = uo(), ut(z,0) = ui(x),
{v<a:,o> = wola) (. 0) =i (@) (O

Using semigroup theory, they prove an optimal polynomial type decay rate.

The question we are interested in this paper is what are the stability properties of our
system (P).

To our best knowledge, this is the first attempt to study the asymptotic stability of
solutions for a coupled system of degenerate wave equations with only one boundary
fractional feedback. we will remark that there is a price paid compared with the hypothesis
assumed by Najafi et al and by Kerdache et al.

The organization of this paper is as follows. In section 2, first we reformulate the
system (P) into classical in-put out-put dynamic systems and we deduce the well-posedness
property of the problem by the semigroup approach. Second, using a criteria of Arendt-
Batty and Lyubich-Vu we show that the augmented model is strongly stable.

2. WELL-POSEDNESS AND STRONG STABILITY

2.1. Well-Posedness. In this subsection, We reformulate system (P) into an augmented
system. Indeed, by using Theorem 2.1 in [3], system (P) becomes

ug(x,t) — (ac‘sum)x(ac,t) +alu—v)=0 in (0,L) x (0,+00),
vtt(:v t) — (20vg)z (2, 1) + (v —u) =0 in (0,L) x (0, +00),
a9, t) + (€2 +w) (& 1) — u(§ve(0,1) =0 i ( 00,00) X (0, 400),

u(0,1) = ( (L t) 0 n (0, +00) |
(%0, (0 / €. de on (0, +00), (7

x,O) = up(x), ut(ac O) 1(x) on (0,L),

v(x,0) = vo(x), vi(z,0) = v1(z) on (0,L),

9(£,0) =0, on (—o0, +00),

where ¢ = p(7) !sin(r7) and p(€) = |§|% For a solution (u,v,¥) of (P’), we define
the energy

1 L o0
E(t) = 2/ (\ut|2+]vt|2+|x5/2ux|2+]az‘s/vaQ—i-oz]u—vQ)d:z—i—g/ W dé. (1)
0 —o0
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The energy of the system is decreasing, in fact for smooth solution, a direct computation
gives

+0o0
(1) =~ / (€ + W)€ D) dE < 0. (2)

We now discuss the well-posedness of (P’). For this purpose, we introduce the following
spaces:

H}(0,L) = {u is locally absolutely continuous in (0, L] : 2%/, € L?(0, L)}

Héyé((), L) = {u is locally absolutely continuous in (0, L] : 292y, € L*(0, L)

H}(0,1) = {u € HE5(0.1)/ u(0) = 0} .

H2(0,L) = {u € L*0, L) /2% ?u, € L*(0,L),x°u, € H'(0,L)}.

We then reformulate (P’) into a semigroup setting. Let @ = u;, 0 = vy, and set
H = Hj(0,L) x L*(0, L) x Hjs(0,L) x L*(0, L) x L*(IR)

equipped with the inner product

L L
(U, Uy)y = / (ﬂﬁl + xauxﬂlx> dx + / (651 + xévx61x> dx
0 0

L 0o (3)
+a/0 (u—v)(ul—vl)dx—i-C/_; 9, d€

for any U = (u,@,v,9,9)" and Uy = (u1, 1y, ,v1,01,91)7. We use |U]| to denote the
corresponding norm.
Let U = (u, @, v,9,9)" and rewrite (P') as
=AU, U(0) = Uy = (uog,u1,v0,v1,0), (4)

where the operator A is defined by

Au, @,v,0,9) = (u (@ug)e — a(u =), 8, (2°03)0 — (v —u), —(* + w)d + u(§)5(0)> :
(5)
The domain of A is
(u,@,v,9,9)" in H:ue H}0,L)NHN0,L),a € HL(0, L),
v e H5(0 L) mH56(0 L) v € Hy 50, 1),

DAY= (@0, g/ £)d¢ =0, - ©

—(&2 +w)? + p(¢ (0) € L2( 00, +00), [ € L?(—00, +00)
Remark 2.1.
e Notice that if u € H2(0,L),6 € [1,2),we have (x°v,)(0) = 0. Indeed, if 20v,(x) — 1
when & — 0, then 2°|v,(x)2 ~ 1/2° and therefore | = 0 otherwise v ¢ HL(0,L). So, one
cannot consider the case 6 > 1.

(o) If we define
1/2

L
‘“|H§75(0,L) = </0 20 |ug (z) 2 dx) Vu € HE(0, L).

Then
Jel22(0,0) < Colully 0z Y € His(0,1). (7)
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Indeed, let u € H&(;((),L). For any x €]0, L] we have that

L L 1/2
/ uz(s)ds| < \u|H&6(07L) {/0 :Béds} .

L ) Llfé )
| P de < Tl 0

(e @ @) Moreover, For every u € H&’a(O, L), u is absolutely continuous in [0, L]. Indeed, as

Ju(e)| =

Therefore

u'(z) = L:r:‘s/2u’(as) vz €]0, L].

= 02
then
- L 1/2
[ Wi < ( | dn) @l o
70582

= L @l 00
u' is summable over (0, L). So u is absolutely continuous in [0, L]. Hence in the definition
of D(A), it makes sense to consider the value of v at 0.

Lemma 2.1 (see [3]). If A € D, =C\| — o0, —w] then

Foo M2(€) _ ™ a—1
/_Oo )\+w—i—§2d£—sinom()\+w) ’

The well-posedness of problem (P’) is ensured by the following theorem.

Theorem 2.1 (Existence and uniqueness). Let Uy € H, then there exists a unique solution
U € C([0,400),H), of problem (4), Moreover if Uy € D(A), then U € C(|0,+00), D(A))N
C([0, +00), H).

Proof of Theorem 2.1. We show that A is a maximal monotone. First, it follows
from (2) that

+o0
R(AU, Uy = —C / (€ + w)I(E) d < 0. (8)

Then A is monotone. For the maximality, let G = (91,92, 93,94,95)" € H and look for
U= (u,,v,9,9,9)T € D(A) satisfying \U — AU = G for A > 0, that is,

Au— U = g1,
A — (20ug)z + a(u —v) = go,
AV — D = g3, 9)

Ao — (2%v;), + a(v — u) = ga,
A 4 (&2 + w)d — u(€)9(0) = gs.

From (9)3 and (9)5, we get
95(8) A(0)u(€) — g3(0)u(E)

- - . 1
E2+w+r E2+w+r E2+w+ (10)
Inserting (9); and (9)3 in (9)2 and (9)4, we get
2, _ (0 _ —
Nu — (2°ug)e + a(u —v) = g2 + Ag1, (11)

Mo — (2%0,)z + a(v —u) = g4 + \ga.
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Multiplying Equations (11); and (11)2 by w € H}(0,L) and x € H&E(O, L) respectively,
integrate over (0, L), then using by parts integration, we get

(AQ /L (vw + vX) dx + /L (méumm + l’&vx%) dx + pA(A + w)T_lv(O)X(O)
0 L 0 L
ta /0 (u—v) (@ — %) do = /0 (g2 + A1) + (g4 + Ags)) de (12)
1 ©)0s(E) o
cx(0) [ O ek o+ g O)00)

where we have used the fact that [T 12(€)/(€2 + )\ + w) d¢ =
quently, problem (12) is equivalent to the problem

a((u,v), (w, x)) = b(w, x), (13)
where the sesquilinear form a : [H}(0, L) x Hol, 5(0,L)]> =@ and the antilinear form
b: H}(0,L) x H&J(O,L) — @ are defined by

(X +w)"" L. Conse-

sin 77

L L
a((u,v), (w, x)) = A2 / (uw + vX) da + / (ewz + 20,7z ) da
0 0
L

A+ @) 1o(0)%(0) + a /0 (1 — ) (@ — ) da

and

L 400
) = [ (a2 20w+ + A0 - cxi0) [ UL g
+p(A +w) ™ g3(0)%(0).

the sesquilinear form af(.,.) is a bounded since for any (u,v), (w,x) € A = H}(0,L) x
H&(;(O,L)

a((u,v), (w, x)) < A(J|lull 2 o0 llwllzz2o,n) + vl 20,0 Ix I 22 0,2)) + |u|Hé’6(O,L)|w’H&6(O,L)

Holm 0,0 Xla 0,0y + PA + @) Ho(0)[[X(0)] + +allu = vl 2o,z @ = Xl 22(0,1)
< Ml w) (0 0)

where we have used the Sobolev Poincaré’s inequality and (eee) in Remark 2.1. Moreover

a(.,.) is coercive because
a((u,v), (u,v)) > || (w, ).
Moreover b is continuous. Therefore, Lax-Milgram says that, 3! (u,v) € H}(0,L) x
H&75(0, L) satistying
a((u 7“)7( 7X>) = b(waX)>v(w7X) SEA

In particular, taking w € D(0, L) and x = 0 in (13), we obtain

N — (27ug)z + a(u —v) = ga + Mgy in D'(0, L). (14)
As g2 + A\g1 € L?(0, L), using (14), we deduce that
My — (2%uy) e + a(u—v) = go + Agy in L2(0,L). (15)

Due to the fact that uw € H}(0,L) and v € H&(;(O, L), we obtain (z7ug), € L*(0, L), then
u € H}(0,L) N H}(0,L). Similarly, taking x € D(0,L) and w = 0 in (13), we obtain

Av — (2%0) + (v — u) = g3 + Mgy in L2(0, L). (16)
Due to the fact that uw € H}(0,L) and v € HO,(;(O, L) we obtain (z7u,), € L*(0,L). So
ve HF(0,L) N Hjs(0,L).
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Multiplying both sides of the conjugate of equalities (15) and (16) by w € H}(0, L) and
X € H&ﬁ((), L), integrating by parts on (0, L), and comparing with (13) we obtain

:n'sz (0)x ( )—I—p)\()\—l—w)T Ly(0)x(0)
+ / P hwia + + +95(8) d€(0) — p(A+ @)™ g3(0)x(0) = 0.

Consequently, defining 4 = Au — g1 and 0 = Av — g3 and 9 by (10), we deduce that

+oo
—(@0,)(0 +</ 9(€) de = 0.

In order to complete the existence of U € D(A), we need to prove ¥ and |£]¢ € L?(—o00,0).
From (10), we get

2 27—1
Joera<s [ @“fffﬂA) -+ 30200 + () [ (gE'M de.

Using Lemma 2.1, it easy to see that

/ S S S S L
R (E24+w+ \)2 sin 7 '

On the other hand, using the fact that g5 € L?(IR), we obtain

lg5(6)[?
/IR (2 +w+N)? de = @+ N2 /]R 195(£)]? d¢ < +o0.

It follows that ¥ € L2(IR). Next, using (10), we get

€195 (I
/1R €0(6)|? de < 3 /IR © ta oy 3NN +1gs(0)) /]R (GCETESYE

Using again Lemma 2.1, it easy to see that

/ B b g =7 A+w)!
R (E2+w+AN)2 " sintr '

Now, using the fact that g5 € L?(IR), we obtain

€1[g5(6) I 1 / ,
d§ < d¢ < .
/]R (2 4+ w+ \)? £ (w+ ) IRL%(&)‘ § < +o0
It follows that |¢]¢ € L2(IR). Finally, since ¥ € L2(IR), we get

—(&€ +w)9 +8(0)u(&) = M(E) — g5(¢) € L*(IR).

Then U € D(A) and Therefore, the operator A\I — A is surjective for any A > 0. At last,
the result of Theorem 2.1 follows from the Hille-Yosida theorem (see [6]).

‘§|2T+1

de.

O

2.2. Strong stability of the system. We use a general criteria of Arendt-Batty [2] and
Lyubich-Vu [4], following which a Cp-semigroup of contractions el in a Banach space is
strongly stable, if A has no pure imaginary eigenvalues and o(.A) N iIR contains only a
countable number of elements. Our main result is the following theorem.
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Theorem 2.2. The Cy-semigroup e is strongly stable in H if and only if the coefficient
« satisfies

2-6\? L9 ‘
«Q 7é < > 2 (Jz%(;,k - ng,m)7 k'vm € lNa (C)

where vs = (1—06)/(2—9) and ju1 < Ju2 < ... < juk < ... denote the sequence of positive
zeros of the Bessel function of first kind and of order v.

For the proof of Theorem 2.2, we need the following two lemmas.
Lemma 2.2. A does not have eigenvalues on ilR.

Proof. We make a distinction between ¢A = 0 and ¢\ # 0.
Step 1. Solving for AU = 0 leads to the following system

i =0,
(x‘;u )o +a(u—v)=0
(mévx)z a(v—u) =0,
(6% + w)d — u(€)v(0) =0
Then, from (8), (17); and (17)3 we have
¥=0, u=0and 0 =0. (18)
Let set ® =u+ v and ¥ = u —v. Then ® and ¥ satisfy
—(29®,), = 0,
{—(x5m$)$ +2a¥ = 0. (19)

Hence (2°®,)(x) = ¢, where c is a constant. Then ®(z) = n 1301_5. Using the fact that

®(L) = 0, we deduce that ¢ = 0 and hence ® = 0. Hence (°¥,)(0) = 0 and ¥(0) = 0.
L L

Multiplying equation (19)y by ¥, we get / 20|, |2 d:1:+2a/ |¥|?dz = 0. Thus ¥ = 0.

Therefore U = 0, thanks to the boundafy conditions in (6)(.) Hence, iA = 0 is not an
eigenvalue of A.

Step 2. We will argue by contradiction. Let us suppose that there A € IR, A # 0 and
U # 0, such that AU = iAU. Then, we get

iu—u =0,
NG — (2%ug)y + au —v) =0,
iXv— =0, (20)

iIAD — (200;)z + av —u) = 0,
i + (€2 4+ w)d — u(€)D(0) = 0.
Then, from (8) we have ¥ = 0. Hence From (20)5, we have 9(0) = 0. Then, from (20)s3
and (6)9 we obtain u(0) = u(L) = v(0) = v(L) = (2°v,)(0) = 0.
Inserting (20)1, (20)3 into (20)2 and (20)4, we get

— N2y — (x Ug)z + a(u —v) =0, (21)
N2 — (2%0)s + a(v —u) = 0.

Then ® = u + v and ¥ = u — v satisfy
N o+ (20a); =0 (22)
(A2 = 22)V + (2°0,), = 0.
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The solution of the equation (22) is given by

{(D(:c) = 1Py (x) + c2P_(2),
U(x) =1Pyy(x) + c2P__(2),

where
O (r) = acl%Jl,(S (%)\x%) , P_(v) = x12;6t]—l/5 (2%5/\332%> )
Byy(z) =27 Jyy (525VA = 20‘3:%) ’ (23)
o (1) = "7 (V202"
where
o0 (_1)m (y>2m+l/ > + Im+
v = — = m V7 24
m=0 m=0
. - (_1)m Y 2m—v . - — 2m—v
J—V(y) _w;)m'F(m—V+1) <2> _mZ:Ocy,my ’ (25)

togheter with the boundary conditions

®(0) = ®(L) = ¥(0) = U(L) =0, (z°v,)(0) = 0.
As ®(0) = W(0) = 0, then ¢y = & — 0. As v(x) — %(@(x) — W(z)), we deduce that

(2°@,)(0) = (2°W,)(0).
Then
(1 —8)&,  =a(l—8)&",
where
+ 4 2 v ++ 4 2 v + 1
Cuso = Cuso (2 — 5)\> +Cuso = Cugg <2 — 5\/ A2 — 2« where Cso = 7I‘(1/5 T )
Moreover ®(L) = V(L) = 0. Then

2 = 2 _
clJl/5 <6>\L226> = 07 61JV5 (HML?> — 07

(1= 0y, , = (1 —8)&,

Vs§,0

If Bessel are zero then

2 — 2 -
27_5)\_[/¥ e jl/(;,k: and f(s )\2 - 20{_[/% e jllg,m

for some integers k and m. Hence, eigenvalues on IR exist iff

2-6\*L" 9 ,
= < 2 ) 2 (c]l%(;,k} _jl%g,m)'

Hence, if condition (C) is satisfied we deduce that ¢; = 0 or ¢, = 0 and consequently
u=uv=0.
Therefore U = 0. Consequently, A does not have purely imaginary eigenvalues. O

Lemma 2.3.
If A # 0, the operator iA] — A is surjective.
If A =0 and w # 0, the operator i\l — A is surjective.
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Proof. Case 1: X\ # 0. Let G = (91,92,93.94,95)7 € H be given, and let U =
(u,,v,9,9)T € D(A) be such that

(A — AU =G. (26)
Equivalently, we have

AU —u = g,

i — (2%Uug) e + a(u —v) = go,

iAv — 0 = g3, (27)
I — (2003) 2 + (v — u) = g4,

X+ (€% +w)d — u(€)5(0) = gs.

Inserting (27)1, (27)3 into (27)2 and (27)4, we get

{—)\2u — (xéux)x +a(u —v) = (g2 +iAg1),

N — (.%'57);3)35 + Oé(’l} - u) = (94 + iAg3). (28)

Solving system (28) is equivalent to finding (u,v) € HZ N H} (0, L) x HZ(0,L) N H&(;(O, L)
such that
L L
/ (N2 — (2°u,) . + a(u — v)T) de = / (92 + iAg1)w d,
oL 2 (29)
/ (=A?0X — (2%00)oX + a(v — u)X) dz = / (g4 + iAgs)X du
0 0

for all (w,x) € H(0,L) x H&75(0,L). By using (27)3 and (27)5 the functions v and v
satisfying the following system

( L L
-2 /94 (vw + vx) dx + /0 (:U‘Suqux + x‘svwﬂ> dz 4+ ipA(iX + w)" L (0)x(0)
vo [Cu—o) @=D)do = [ (g2 + 0T+ (g1 + i ) d (30)
e [T u(€)gs(6) : 1 oy
k o) [ AR i i plan 0 an(0)x0)
We can rewrite (30) as
B((u,v), (w, x)) = L(w, x), Y(w,x) € H5(0,L) N Hy;s(0, L), (31)
where
B((u,v), (w,x)) = Bi((u, v), (w, x)) + B2((u, v), (w, X))
with
L L
By ((u,v), (w, X)) = /0 (s s + 20,3 ) da + a/o (u—v)(@ - X) da
—Eip)\(i)\ + w)f*lLv(o)y(o), (%)
u,v), (w = — 2uw dx — 2ox dz
Bal(w.0). (w3)) = = [ umda — [“¥ova
and

L +00
L0 = [ (2w + (01-+ D) s — ¢x00) | H5(©) e

o AN FE2+w
+p(iX +w)7 " g3(0)x(0).
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Let (H}(0,L) x H&(;(O, L))" be the dual space of H}(0,L) x H&(;(O, L). Let us define the
following operators

B:Hy(0,L) x Hj(0,L) = (Hg(0,L) x Hy 5(0, L))
(u,v) — B(u,v)
Byt HH(0,L) x H} 5(0,L) — (H}(0,L) x H{5(0,L)) i€ {1,2} ()
u — B;(u,v) 7

such that

{(B(u ;) (w, x) = B((u, v)), (w, x)), Y(w, x) € Hj(0,L) x Hy 5(0, L),
(B:(on, ) (w, ) = Bl (. ), (w,X), ¥, x) € HL0, L) x Hig(0, L), € {1,2}.

(s * )
It is easy to see that Bj is sesquilinear, continuous and coercive form on (H}(0,L) x
Hol,é(O,L))Q. Then, from (**) and Lax-Milgram theorem, the operator Bj is an isomor-
phism. Moreover, using the compact embedding from H, é} 5(0, L) to L?(0, L) we deduce that
By is a compact operator. Therefore, from the above steps, we obtain that the operator
B = B + Bs is a Fredholm operator of index zero. Now, following Fredholm alternative,
we still need to prove that the operator B is injective to obtain that the operator B is an
isomorphism. Let (u,v) € ker(B), then

B((u,v)), (w,x) =0 ¥(w,x) € H;(0,L) x Hy 50, L). (32)

In particular for (w, x) = (u,v), it follows that

2 lullago ) + 100720 1 } — ipA(IA + @) Ho(0)7 = |2 Pua 72 o 1)

+Hx6/2vz”L2 0,L) + aflu — UHL2 (0,L)

Hence, we obtain v(0) = 0 and From (32), we have (2°v,)(0) = 0. Then, according to
Lemma 2.2, we deduce that (u,v) = (0,0) and consequently Ker(B) = {0}. Finally, from
Fredholm alternative, we deduce that the operator B is isomorphism. It is easy to see that
the operator £ is a antilinear and continuous form on H}(0, L) x Hé’ 5(0, L). Consequently,
(31) admits a unique solution (u,v) € H}(0,L) x H&’(S(O,L). Hence i\ — A is surjective
for all A € IR".

Case 2: A =0 and w # 0. Using Lax-Milgram Lemma, we obtain the result.

3. CONCLUSIONS

We have studied the boundary stabilization of the coupled system of degenerate wave
equations with only one dissipation law of fractional derivative type acting at a degenerate
point. If « is outside a discrete set of exceptional values, using Arendt-Batty and Lyubich-
Vu criteria, we proved the strong stability of the system. We will be investigated in the
future the non-uniform stability by spectral analysis.
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