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SOLVABILITY OF A RESONANT FRACTIONAL-ORDER
p-LAPLACIAN BOUNDARY VALUE PROBLEM WITH
TWO-DIMENSIONAL KERNEL

M. AZOUZI', E. ZERAOULIA?*, L. GUEDDA', §

ABSTRACT. The goal of this study is to establish the existence of solutions for a fractional-
order p-Laplacian boundary value problem with a two-dimensional kernel at resonance
case. The non-linearity of this problem forced us to transform it into a semilinear system
to use the so called Mawhin’s coincidence degree theory. In addition, an example is
included to demonstrate the main result.
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1. INTRODUCTION

Most natural phenomena have recently been described by some type of boundary value
problems (BVPs for short) for differential equations. Examples include the study of phys-
ical phenomena, chemistry, engineering, and control of dynamical systems, etc. See ([2],
([10], [15], [19], ([21]). In ([4], [6], [9]), [12]), [16]), [17]), [18]), the authors have inves-
tigated resonant problems with linear differential operators and one-dimensional kernels.
As we can see the situation becomes more problematic when dealing with non-linear two-
dimensional operators like the case of p-Laplace boundary value problems. See ([3], [7], [8],
[13]) for more details. Motivated by the works mentioned above, only a few authors have
looked into this case to get some existence results based on the assumption that certain
algebraic expression is not equal to zero see ([8]). For example, where they assume that
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In this work, we shall study the existence of solutions for a kind of problems which is
driven by the works stated above, in particular ([8]). When suitable growth conditions
are imposed on the nonlinear term, many new difficulties arise, such as the construction
of the projector ), whose formula is quite different from the classical one.

The main work in this paper is concerned with the investigation of the existence of solutions
for the following fractional-order p-Laplacian BVP at resonance with integral boundary
conditions

(¢p(Dfy, u(t))) + g(t )f(t u(t) Dl u(t) =0, te[0,T,0<8<1,
¢p(D0+u ) fo 0+“( ))dt, (1.1)
¢p(D o+“ fo 0+“( ))dt,

where Dg + is the Riemann-Liouville fractional derivative of order 8, g € LY[0,T) with
g(t) > 0 and f : [0,7] x R?> — R is a g-Caratheodory function, that is, (i) for each
(z,y) € R?, the mapping t — f(t,z,y) is Lebesgue measurable, (ii) for a.e. ¢t € [0,7],
the mapping (x,y) — f(t,z,y) is continuous on R? and (iii) for each r > 0, there exists
wy(t) : [0,T] — [0, 4+00) satisfying fo t) |wr(t)] < 400 such that, for a.e. t € [0,T) and
every (z,y) € [—r,r] X [-r, 7], we have

|f(t>$7y)| < wr(t)'

Recall also that ¢, : R — R is an odd continuous, increasing operator and ¢, e

bq (% + % = 1). In ([5]), the authors investigated the following multi-point boundary

value problem for a nonlinear fractional differential equation with a p-Laplacian operator

{( p (DG x(t) = f (t2(t), D a(t)), te[0,1],
(0) = Dy, a(1) = ODgalx() S BDY (),

where ¢,(s) = |s[P~?s is the p-Laplacian (p > 1), D, is the standard Riemann-Liouville
derivative (1 < a < 2), f:[0,1] x R x R — R is a given continuous function, 0 < 7 <
N <...<Nfm-2<l,and §; e Ry, fori=1,2,3,...,m — 2.

The problem (1.1) is said to be at resonance if fo t)dt = 1.

Moreover, because (¢p(DO+u( )))’ is a nonlinear operator, the coincidence degree theory
for linear differential operators with resonant boundary value conditions fails to apply
to it directly. However, rewriting (1.1) as a semilinear system allows us to apply the
continuation theorem to the problem (2.1) and obtain the existence of some solutions.
Our paper consists of four sections. In the first section, we present the general framework
of our study. In the second, we recall most of the preliminary notions. In Section 3,
we present three lemmas to prove the result existence by applying the so call Mawhin
coincidence degree theory and an example is given to support our results in the fourth
section .

2. PRELIMINARIES ABOUT THE COINCIDENCE DEGREE THEORY

We begin this section by recalling some definitions concerned with the fractional calcu-
lus, and abstract results from the coincidence degree theory. For more details we refer to
([10]), [12]. Let X and Y be two Banach spaces.



848 TWMS J. APP. AND ENG. MATH. V.14, N.2, 2024

Definition 2.1. ([11]) The Riemann-Liouville fractional integral of order 8 > 0 of a
function f: (0,400) — R is given by

t
I = /t—sﬁlf
0

where T'(B) represents the gamma function, provided that the right side is pointwisely
defined on (0,400).

Definition 2.2. ([11]) The Riemann-Liouville fractional derivative of order 8 > 0 of a
function f:(0,400) = R is given by

t
3 1 a f(s)
Do 1 (8) = det”/(t_s)ﬂnﬂds’
0

where n = [B] + 1, provided that the right-hand side is defined pointwise on (0,+00). Here
[B] denotes the integer part of the real number (.

Lemma 2.1. ([11]) Let 8 > 0. If we assume u € C(0,1) N L(0,1), then the fractional
differential equation

DP u(t) =0
has u(t) = citP ™ ot 2 4 f e tP " ¢ €R,i = 1,2,...,n as unique solutions, where
n is the smallest integer greater than or equal to 5.

Lemma 2.2. ([11]) Given u € C(0,1) N L(0,1) with a fractional derivative of order [3
> 0. Then

Ig+D§+u(t) =ult)+cart’ P etP 24 et
for some ¢; e R,i=1,2,...,n, where n is the smallest integer greater than or equal to 3.

Definition 2.3. ([14]) Let L : dom L C X — Y be a linear operator. Then one says that
L is a Fredholm operator provided that

(i) ker L is finite dimensional space,

(7i) Im L is closed and has finite codimension.

The index of L is defined by: ind L = dimker L — codim Im L.

It follows from definition (2.3) that if L is a Fredholm operator of index zero, then
there exist two linear continuous projections P : X — X and @ : Y — Y such that
ImP = kerL, kerQ = ImL, X = kerL @ ker P, Y = Im L & Im (. Furthermore, the
restriction of L on dom LNker P, Lp : dom LNker P — Im L, is invertible. We will denote
its inverse by Kp. The generalized inverse of L is denoted by Kpg := Kp(I — Q).

On the other hand, for every isomorphism J : Im @ — ker L, the mapping JQ + Kp :
Y — dom L is an isomorphism. Now let {2 be an open bounded subset of X such that
dom L N # (.

Definition 2.4. ([14]) Let L be a Fredholm operator of index zero. The operator N : X —
Y is said to be L-compact in § if

(i) the map QN : Q — Z is continuous and QN (Q) is bounded in' Y and

(ii) KpgN : Q — X is a compact operator.

Lemma 2.3. ([13]) We will use the following properties of ¢,. For u,v > 0, we have
(i) (Zsp(u + U) < fbp(u) + ¢p(v): if1<p<2,
(i) ¢p(u +v) < 2072 (¢p(u) + Pp(v)), if p > 2.
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Theorem 2.1. ([14]) Let X,Y be two real Banach spaces, L : domL C X — Y be a
Fredholm operator of index zero and N : X — Y be an L-compact mapping on (). Assume
that the following conditions are satisfied:

(1) Lu # pNu for all (u,p) € [dom L \ ker L N 99Q] x (0;1),

(2) QNu # 0 for all u € ker L N 052,

(3) deg(QNjker 1, 2 Nker L,0) # 0.

Then the equation Lu = Nu has at least one solution in dom L N €.

Now, we consider the following system :

Dgyur(t) = g (ua(1)),
uy(t) = —g(t)f (&, ur(t), dqua(t)) (2.1)
up(0) = us(T) = [y g(t)us(t)dt.
Where 0 < 5 < 1 and we introduce the spaces
X1 = CYP[0,T) = {u € C[0,T] | such that t'Pu(t) € C[O,T]} :

with the norm

lellx, = lfuller-r = max ()

i

and
Xo =C[0,T] = {u | u(t) is continuous on the interval [0, T},
equipped by the norm ||lu||x, = max;c 7] [u(t)|- Taking the space
X = {u = (ul,ug)T | up € Cl_ﬁ[O,T],'U,Q € C’[O,T]},
with the norm
[ullx = max {{lurllca-s , [luzllo}
T
and Y1 = C[0,T], Y2 = L'[0,T] where [lylly, = maxiejor)ly(t)], lyly. = [y ly(t)ldt.

Define the space Y as follows:

Y ={y=(nu)" 5 €Cl0.Ty2 € L'[0.7]},
with the norm
Iylly = max oy 192l cepoz

Obviously, (Y,|].||y) is a Banach space and ||.||c1-s is a norme in C1~# because ||u||p1-s =

[lull -
Now, let’s prove that (X, ||.||y) is also a Banach space. Suppose (uy,) is Cauchy sequence

in C'=#, that’s for ever ¢ > 0, there exists ng € N such that, for all m > n > ng, we have
Hum - un”cl—,@ <§g,
which implies that

sup 178 Ju () — un ()| c1s < &,
te[0,7

then,

sup |t P, (1) — 1P, () <,
te[0,7] cl=5

finally, we obtain

[|(um)1-g = (un)1-pllo <,
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which shows that (u,);—g is a Cauchy sequence in C[0,T] (real Banach space), then
(un)1-p, is convergent to a function v € C|0,T]. Therefore, for all € > 0, there exists
ng € N such that, if n > ng, we have

sup} ’tl_ﬁun(t) — u(t)‘ <e,

te[0,T
hence
u(t
sup t177 |up (t) — 1(_23‘ <e,
te[0,7] 13

which means that (u,) converges to the function v € C'~#, defined by v(t) = ﬁ(,tzg ,0 <
t < T, which shows that X is Banach space.

On the other hande X5 = C[0, T with the norm ||u||x, = maxc[o 17 |u(t)| is Banach space,
then X = X x Xy, with the norm |Ju||x = max {||ui1]|s1-s, ||uz|/o}, is Banach space.

It is clear that, (u;(-),us(:))" is a solution of the problem (2.1), if and only if u(-) is a
solution of the problem (1.1). Define the operator L : dom L C X — Y by

u B u
Lu(t) = < Efugigg > _ ( D(;;Q (tl)(t) ) . Vie.T], (2.2)

where
T
dom = {u & X, (D, u1,15) € ¥,ua(0) = wa(T) = [ g(oyuatoyie}.
0

(Lu)1(.) is the first component and (Lu)s(.) is the second. Let the operator N : X — Y
be defined by

(V) ) _ 64 (12(0)
vu) = ( (Nt ) = ( otor ity ) E0TE @9

It is easy to see that problem (2.1) can be converted to the operator equation
Lu= Nu, wu € domlL.

Throughout this paper we will use the following notations: Di,Ds : Yo — Y5 are two
linear operators defined by the following relations

T T ¢
Dyys := / y2(s)ds and Doy := / g(t)/ ya(s)dsdt.
0 0 0
Where Yo = L'[0,T], and for all 3 € [0,1) denote by For all 3 € [0,1) denote by
A = d11022 — 012021,
where
1 [T T8 T
611 =T, 093 = / tPg(t)dt, 615 = — and g = / tg(t)dt,
B Jo B 0
and the operators Ry, Ro : Yo — Y5 as

Riys == % (622D1y2 — 012Days)
(2.4)

Roys i= X (611D2yz — 621 D1y2) -
Proposition 2.1. (Proposition, p-219, [1]) If the continuous function f > 0 in [a,b] then:

b
/ F(@)dz = 0 = ¥z € [0, B]; f(z) = 0.
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Proof. Indeed, if f(xz¢) > 0,z¢ € [a,b], then by continuity, there exist an interval [«, 5] C
[a, b], where f > ! ( 0) , which imply

/a fdmZ/jfdmZW,

a contradiction. OJ

Remark 2.1. In view of the precedent proposition A = 611022 — 12021 # 0.

Indeed, for each 0 < B < 1, the function F defined by F(t) = Tt? — TPt is positive
continuous, so F(t)g(t) >0 (because g(t) >0), and as g (3) F (%) # 0, then the function
Fg is not identically zero in [0,T] which prove that

A_ﬂ/ (t)dt # 0.

3. EXISTENCE RESULT

3.1. Some auxiliary lemmas. In this part, we needed three lemmas to prove the exis-
tence of solutions of our problem by applying Mawhin’s coincidence degree theory.

Lemma 3.1. We have the following results:

Ker L = {cl(tﬁ—l,o)T +2(0,1)T, V€ 0,T], 1,0 € ]R} , (3.1)

ImL = {y = (y1,42) | €Y : Diyo = Doyn = 0} : (32)

Proof. On one hand, for each u = (u1,us)' € ker L, we have Lu (t) = 0 for all t € [0;1],
SO

{ DS ui(t) =0 :>{ uy(t) = e tP=1
UQ(t) = C2

then
Ker [ — {cl(tﬁ—l,o)T Fea(0,1)T, V€ [0,T], 1,00 € R} .

If y = (y1,y2) ' € Im L, then there exists u = (u,us) € dom L such that y = Lu, i.e.,
y1(t) = Dy, ua(t), y2(t) = uh(t), which yields

t
up(t) = +/ y2(s)ds, c2 €R,
0

with consideration of the boundary conditions uy(0) = fo t)dt, we con-

clude that
T T t
Co = Co —i—/ y2(s)ds = co —i—/ g(t)/ ya(s)ds,
0 0 0

ie. . . .
/ Ya(s)ds = / g(t)/ y2(s)ds = 0.
0 0 0
Then,
D1ys = Doys = 0, (3.3)
thus

ImL C {y = (y1,y2)| €Y : Diyo = Doy = 0} . (3.4)
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Now, suppose that y = (yi, yg)T €Y, and satisfies 3.3. Let

{ u(t) = I(?yl(t),
U2(t) = 0+y2(t>'

Since fo t)dt =1, we get

uz(0) = ua(T) = /OTg(t)uQ(t)dt,
then u = (u1,uz)' € domL and Lu = y i.e. y € Im L. Hence,
{y — (y1,2)" €Y : Diys = Doy = 0} cTmlL, (3.5)
From 3.4 and 3.5, we conclude that
Im L = {y = (y1,52)| €Y : Dyyo = Dy = 0} :
The proof is completed. 0

Lemma 3.2. Under the assumption fo t)dt = 1, the following conditions hold:
(i) L:domL C Q — X is a Fredholm opemtor of index zero. Furthermore, the linear
continuous projectors P: X — X and Q : Y — 'Y satisfy

_ (Pu)q(t) T 'Bu (T) th=1
Pu(t) := ( (Pu);(t)> < 17 gl s (s)ds > v e 0. 7];

where the first and the second component of P are independent of each other, and

— ( @Qy)() \ _ 0
Qy(t) == ( (Qy)alt) ) = ( Ryys + Royot—1 ) vt € (0,77,
where Ry, Ry are defined in 2.4.

(ii) The inverse Kp : Im L — dom LN ker P of Lp can be written as
(Kpy)1 ) ( Iy )
Kpy := = 0+ ,
Y ( (KPy)2 Io e

I1KPyllx < Llylly

and satisfy

where L = I'Ila.X{F BT , 1}

2u(t) = pPuy(t) = P £ T
P2u(t) = P(Pu)(t) = P (pu>2<t)> P( ST gs)ua(s)ds )
( T8 (Pu); (T) t5~! > B < 71~ ’B(Tl ﬁul (1) 7% W ' )
T g (Pugalos ) )1y gt}
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because fo t)ydt = 1.
For all y € Y and t €[0,T], we get

1
Ry (Riy2) = N [622D1 (R1y2) — d12D2 (R1yo)]
1
N [022011 — 012021 R1y2
= R1yo,

and similarly we can derive that
Ry <R2y2tﬁfl) =0,
Ry (Ryy2) = 0,

and
Ry <R2y2tﬁ_1) = Roys.

So, for y = (y1, yg)T €Y, it follows from the four relations above that
Q%y2 = Q(Quy2) = Ri[Riy2 + Royat” '] + Ro[Riys + Royot? 1]t
=Ry (Riy2) + 1 (R2y2t5_1) + R (R1y2) + R (R2y2t5_1)
= Riyo + Rayot” ™' = Qup.
Thus, we get
2 (Qy) 0 )
@)= @0 = (G ) = ( g0y ) = WEDT]
We have also

1(Pu)1]| s = max )tl B8y, (T) tﬁ’l’ - \Tlfﬁul (T))

te[0,T)
< 1By (¢ ‘ _ )
_tre%&}T(] ) uy (1) lut]lo1-s
T
P = d
I(Pujellc = max | [ aohua()is

T
< /0 9(5) [ua(s)] ds = [|ual].c »

then

[Pullx max{|[(Pu)1llc1-s , [[(Pu)2l o }
< max{flurfl s, luzllo} = llullx -

and we have also

1@y)1lloe = max [(Qy)1(t)] =0 < fly1llc

t€[0,7)

T
I@lisom = | 1@a(s)ds < Clelysp.

where ' = |511522|+2|5‘12(Tu|+|512521| then

1Qully = max{ (@)1l - (@2l 1oz} < max{llgnllg C llvell o1y} < Cliwlly -
(3.6)

853
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Now we prove that ¥ = ImL & Im@Q, each y = (y1,52) € Y, can be write as y =
(1= Q)y+Qy) = (1, (I - Q)y2 + Qy2)) " where y —Qy € Im L = Ker Q and Qy € Im @,
thus we have Y = Im L+ Im Q. Let y € Im L Im Q so y(t) = (y1,52) ' = (0,a+btP~1)T
where a,b € R, and since y € Im L, then Diys = fOT(a + bsB*I)dS = 0 and Dsys =
fOTg(t) fOT(a + bsP~1)dsdt = 0, we derive a = b = 0, thus ImL(ImQ = {0}, which
implies that Y =Im L ® Im @, and as

dimKer L = dimIm @ = codimIm L = 2.

So L is a Fredholm operator of index zero.

Furthemore, for all u in X, we can write u = (u— Pu)+ Pu and since Im P = Ker L, P?u =
Pu then, X = Ker P+ Ker L. By simple calculation, we can get that Ker PNKer L = {0}
which prove that

X =Ker L & Ker P.
(ii) From the definition of Kp, for y € Im L, we have
B8 1B
LEpy = ( P lotn > =y.
alg+y2
For u € dom L N Ker P, and by using Lemma 2.2 we get

ug + etP1 )

KpLu =
Pt ( U2 + C2

where ¢, co are real constants. Since u € dom L N Ker P, it is easily to show that ¢; =
co = 0. So Kp is the inverse of Lp. We have also

I1KPyllx = {I(KPy)illcr-s, [[(Kpy)allok

= max{ngerl

c1-8" Ié"'yQHoo}

T
< -
< max{ gy Il - Il )

S L HyHY )
T

where L = max{m, 1}, which completes the proof. O

Lemma 3.3. Let Q@ C X be open and bounded subset with dom L N Q£0. If f is
g-Caratheodory, then N is L-compact on €.

Proof. Let Q = B(0,r), then for u € Q,||u|| < r. Since f is a g-Caratheodory function
then, there exists w; : [0, 7] — [0, +00) satisfying fOT g(t) Jwr(t)| < o0,
for a.e t € [0,T7,

‘ f (t, u(t), D€+u(t)> ] < w(t),
then

1@Nully < C|[Nully < Cy,

where C; = C(r71 + ||w,|| ripr)- We will use the following two steps to prove that
Kp(I — Q)N (Q) is compact.
Step 1: Let u € €2, then

I1Kp(I = Q)Nulx < LI(I = Q)Nully < L([Nully + |@Nully) < Cs,
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where Cy = L(C1 + 197" + |lwr| 1 7p) -
Step 2: Let u € Q and t1,ts € [0, 7] with ¢; < t5 then

VAN

<

#577 (K p(1 = QNup(t2) — ¢} (Kp(I = Q)Nu) (1)

téiﬁ ’ - )T - u)1(s)ds
F(ﬂ)/o (b2 — )" (I = Q)Nu)i(s)d
A .
Fl(m/o (1 = 5)" (I = QNu)i(s)ds
=8 rta .
F2(5) /tl (t2 — )" (I = Q)Nu)1(s)ds

g ) T -y

tliﬁ t1 B B
b ) (7 0= ) (- QN
(C+ 1) + wrll o)
LpB+1)

_l’_

|t — ta| [lwr[| 1o,y — O

as t; — to uniformly. Similarly we can derive that

(Kp(I — Q)Nu)2(tz) — (Kp(I — Q)Nu)a(t1)]
/ (T = Q)Nu)a(s)ds — / (1 = Q)Nu)s(s)ds
0 0

/ (T = Q)Nu)a(s)ds + / (T = Q)Nu)a(s)ds
0

t1

— /01((1'—Q)Nu)2(s)ds

(= QNua()is| < (12— ) (1 - @Vu

t1
< (ta—t)(CH+ D) + lwrll10) — 0O

855

as t; — ty uniformly. Thus, Kp(I—Q)Nu(f2) is compact, therefore, the nonlinear operator
N is L -compact on ).

O

3.2. Existence theorem for the fractional-order p-Laplacian boundary value

problem.

Theorem 3.1. Assume the following condition holds.
(Hy) There exist functions ay(t) > 0,a2(t) > 0,a3(t) > 0, in L'[0,T] such that

g I (t,u,0)] < ar(t) + az(OtPulP~ + as() ol

for all (u,v) € R? and t € [0,T], where g(t) € L*[0,T], g(t) > 0.
(H2) There exists a constant A > 0 such that if lu| > A or |v| > A, then either

uD1 (N (u,v)")a + vDa(N(u,v) ")y > 0,

(3.7)
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uD1 (N (u,v)")g + vDy(N(u,v) " )a < 0. (3.8)

Then problem 2.1 has at least one solution, provided that

TP—1 .
WHGQHU[O;T] +llasl o <1, if 1 <p <2, (3.9)
op—27p—1
WHC@HU[OT +llasll o < 1, if p > 2. (3.10)

Proof. Step 1. Consider the set
O ={uedomL\KerL | Lu = pNu,p € (0,1)}.

For u € 1, and p # 0, we get Nu € Im L = Ker (), hence

T T t
‘Ag@f@m®JMW@Dﬁ=l;MﬂAg@ﬁ@wﬂ$¢NM$D%ﬁ=&
From the integral mean value theorem there exist ¢ty € (0,7), such that

[ (to, u1(to), ¢q(ua(to))) = 0,

according to condition (Hs), we get |usg (tg)] < AP~L. Since

ug(t) = ua(to) +/ 1 uf (s) ds.

to
We have
||u2HC’ < Ap_l + HU/QHLl[O,T] , (311)

by Lemma 2.2 we can write, t!Pu; (t) = t1_5I0’8+D€+u1 (t) + c1, then

)tlfﬁul(t)‘ < HD§+U1HC+ lea|, Wt € [0, T,

P(B+1)
which gives

HUIHX1 > W HD0+U1H + e (3.12)

Now, Lu = pNu is equivalent to

{ Dy ua(t) = pdy (u(t))

1) = —pa(0)] (t.us(0). 64 (12(0). (313

1
Using (3.13), we get HD +u1H < J|ual|&™". Substitute this inequality in (3.12) we conclude
that

1

T 1
< —— Pt . 3.14
Jusll, < gy Ieelle” +le (3.14)
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By the second equation of (3.13), and (H7), we get

[4]| 1 go.zg = N9V (8 ua (8), 6 (w2 (D)) 11079
T
N /0 9(s) |f (s,u1(s), ¢q (ua(s)))| ds

T
< / [al(s) + ag(s)|tF PuP~t + a3(3)|v\p*1] ds
0
1-5 |P71 -1
< llatllprpory + lallpomy [#7%w ] + lasllao ) g(uz) 15
~1
= a1l Lo,y + llazllpromllunll,” + llasll Lo luzllc
where the functions a;(t) > 0,az2(t) > 0,as(t) > 0, in L'[0, T).
If 1 < p < 2, then from the above inequalities and Lemma 2.3 we obtain

! Tpil p—1
HU2HL1[O,T} < ||G1HL1[0,T] + Ha2||L1[0,T] W HU2HL1[0,T] + lea]

+ [lasl L1, lluzll¢

_ _ TPt
< lallpro.r) + llazllpipo,r lea|” b oAt = llaallLiom
L(B+1)p

P!

+ llasl i) + <F(ﬁ+1)p_1”a2HL1[O,T] + Ha3||L1[0,T}> [l 1oy

Similarly, if p > 2, then

le2llapory < leallzsoy + 5yt leluom + leal

pe1 2p—2Tp—1
+ A N lazll L1, + llasll 1o,

op=27p-1 ,
+ <F(ﬁ+1)p_1 lazll 1. + ||a3|L1[0,T]> [wa| 10,7

Where A is positive constant, using (3.9) or (3.10), we have

HU/QHLl[O;T} < Ko.

by (3.11), we get
Jug|l o < AP + Ko = K.
and by (3.14)
T B T B
< — p-1 < - Kr' =K.
Juillx, < TG+ D) ualle™ + lea| < fea| + NCES 2
As a consequence, we obtain

lull x = max {{luallx, , [lu2llx, } = max {Ky, Ko} =k

then the set 7 is bounded.
Step 2. Let

Qy={ueKerL|QNu=0}.
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For u € Qo, with u = (u1,u2)’ = (a1t® 1, e2)",¥(c1,c2) € R2. We have Dy (Nu), =
Dy (Nu), = 0, from (H>) there exist t; € [0,T], such that ‘cltﬁfl‘ < A and |ea] < A, then
we get

— 1-p —
Jull = mas {lnllx, »lually,} < max {487, 4} = B

Thus the set €25 is bounded.
Step 3.
Define the isomorphism J : ker L — Im @Q by

Clt’B_l 0
! N - , Vtelo,T
< (&) > < % [52201 — 012¢2 + (81100 — d2101) 48 1} ) [0,T]

for (c1,co) € R2. Let
Q3 ={ucker L,pJu+ (1 —p)QNu =0, for some p € [0,1]}.
By definition, u € Q3 means that u = (u1,u2)" = (11’71, ¢2) " and pJu+(1—p)QNu =0
with a,b € R. If p = 0, then QNu = 0. By Step 2 we get ||ul|y < B. For p = 1, we obtain
Ju(t) = J(c1tP 1, c2) T = (0,0)7, then
d22¢1 — 01262 =0
(51102 — (52101 =0.
Since A # 0, then ¢; = c3 = 0.
If0<p<1, from —pJu= (1— p)QNu, we obtain
_K [52261 — 012¢2 + (1162 — 52101)156_1}
1—
= Tp [522D1(N(01tﬂ_1, c2) )2 — d12Da(N(e1t’ ™, e2) T)o + (11 Do (N (ert’ ™, e2) 7)o
—521D1(N(01756_1,Cz)T)Q)tB_l_ ;
which implies that

—pbasct + pdiaca = (1 — p) |62 D1 (N(cit? 1, e2) "o — 12 Do (N (cit? 71, Cz)T)2}

—pbi1ca + pdarct = (1 — p) |11 D2(N(cit? 1, e2) T)a — 621 D1 (N (e1t? 7, C2)T)2} :

Since the determinant A # 0, then by simple calculations, we obtain

per = —(1 = p)D1(N(ert’™,ca) ),
and

pea = —(1 = p)Da(N(crt’™", e2) 1o
Then

{ pit? ! = —(1 = p)ert? ' Dy(N(ert? !, e2) )2
pc; = —(1 = p)eaDa(N(ert? =", c2) Mo

By hypothesis (Hz) and from (3.6), we get

P (C%tﬁ_l + C%) = 7(1 — p) [Cltﬁ_lDl(N(Cltﬂ_l, CQ)T)Q + CQDQ(N(CltB_l, CQ)T)Q <0

and this is a contradiction. So, the set {23 is bounded.

Finally, if we assume that (3.7) holds, then by the same method, we can prove the bound-
edness of the set {u € ker L : —pJu+(1—p)QNu = 0, for some p € [0.1]}. Next, we prove
that all conditions of Theorem (2.1) are satisfied: Let € to be an open bounded subset of
X such that Ufjﬁi C Q. From Lemma 3.2, we known that L is a Fredholm operator of
index zero. By Lemma 3.3, N is L-compact on Q. Since Q;, (i = 1,2, 3) are bounded sets
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and 2; C ), we have

(1) Lu # pNu for all (u, p) € [(dom L\ Ker(L)) N0 x (0,1),

(2) QNu # 0 for all u € ker L N 0N2.

Finaly we prove that condition (3) of Theorem 2.1 is satisfied. Let

H(u,p) = £pJu+ (1 - p)QNu.

As Q3 C Q, for all u € Ker(L) N9 and p € [0, 1], we obtain that H(u, p) # 0. So, by the
homotopy property of the degree, we conclude that

deg (QNker L, ker LNQ,0) = deg(H(.,0), ker LN ,0)
= deg(H(.,1), ker LN,0)
= deg(+J, ker LN Q,0) #0,

which implies that Lu = Nu has at least a solution in dom LN <. ]

4. A NUMERICAL EXAMPLE

Consider the following fractional differential equation

(¢3(D u(t))) —l—cost( o tsin?u — 5%%1375 3(D§+u(t)) — 2y —0, tel0,Z], (41)

T2m 2
With
1
{ ¢3(D§+u(0 fo cos ts( 0+u( ))dt, (4.2)
¢3(Dg+u(g fo cost¢3(D0+u(t))dt,
where 8= 3,p=3,q=3,T=72,9(t) = cost,ff costdt = 1.
Here f(t,u,v) = %‘gﬁ 81n2u — 5%%57?'5112 — ’;Tt?, then
t|f(t < — |t — .
So we may take
™+ 2 1 b
t) = 1) = — 1) = —
CLl( ) o 7a2( ) 367T7a3( ) 3671"
we have [|a1l|1p0,2) = T27: lazllijo.z) = 73 llaslLio,z) = 7 and A = 11922 — 01612 =
0.81 # 0 and we have also
2P=2TP
WHGQH[}[Q%] +T||a3HL1[O7g] = 013 < 1

Let A= 7, if |v| > A, then we get
uD1 (N (u,v) )2 +vDo(N(u,v) )2

2 2 2 5 2 2 2
:u<sm u  sin u+7r—{— >+U< v+(7r——1)(7r+ _sin u)>

367 72 72T 2167 8 727 367

1 ) 72
—v | — ——1 .
>720<37TU+(8 )>>0
Hence, all conditions of Theorem 3.1 hold, which implies that the problem 4.1 - 4.2 has
at least one solution in X.
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5. CONCLUSIONS

In this study, we have proved the conditions of existence of solutions of a fractional-order
p-Laplacian boundary value problem at resonance case where the differential operator is
nonlinear and has a kernel dimension equal to two, The proof of our result is based on the
so called Mawhin’s coincidence degree theory which can only used after transforming the
nonlinear problem into a semilinear system.
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