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ATOM BOND-CONNECTIVITY ENERGY OF A GRAPH

K. N. PRAKASHA!* P. S. K. REDDY?, I. N. CANGUL?, S. PURUSHOTHAM?*, §

ABSTRACT. The purpose of this paper is to introduce and investigate the atom bond-
connectivity energy ABCE(G) of a graph G. We present some upper and lower bounds
for ABCE(G) and calculate it for several graph classes and also for some graphs with
one edge deleted which enables us to calculate this index for larger graphs by means of
smaller graphs. Also ABCE(G) is calculated for some complements of several graphs..

Keywords: Atom bond-connectivity matrix, atom bond-connectivity energy, atom bond-
connectivity characteristic polynomial, k-complement, k(7)-complement.

AMS Subject Classification: 05C50

1. INTRODUCTION

Let G be a simple graph and let {vq,ve,- - ,v,} be its vertices. Let i =1,2,--- n.
If two vertices v; and v of G are adjacent, then we use the notation v; ~ v;. For v; € V(G),
the degree of the vertex v;, denoted by d;, is the number of the vertices adjacent to v; (the
number of first neighbours).

In the last seven decades, topological graph indices increasingly attracted the researchers
by their countless applications, especially in Chemistry. One of the example is Predic-
tion of Corrosion Inhibition Effectiveness by Molecular Descriptors of Weighted Chemical
Graphs which has been studied by Niko Tratnik et al.,[6]. The graph energy, Estrada
index, resolvent energy, and the Laplacian energy were tested accurately as parameters
by Izudin Redzepovié¢ et al., [5] in the prediction of boiling points, heats of formation,
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and octanol/water partition coefficients of alkanes. Estrada et al., [1], introduced a new
topological index, called atom bond-connectivity (ABC') index which is defined as

ABC(G Z d—l—d —2

Vi~V

The concept of the atom bond-connectivity index suggests that it is purposeful to associate
a symmetric square matrix ABC(G) to the graph G. The atom bond-connectivity matrix
ABC(G) = (Sij)nxn is defined as

di+d;—2 . ) )
Sij = { adi— Atvi~ oy,

otherwise.

Throughout this paper, ABC(G) will denote the atom bond-connectivity matrix of a graph
G and should not be confused with the atom bond-connectivity index.

2. THE ATOM BOND-CONNECTIVITY ENERGY OF A GRAPH

Let G be a simple, finite, undirected graph. The energy E(G) of G is defined as
the sum of the absolute values of the eigenvalues of its adjacency matrix. For more details
on energy of a graph, see [2, 3]. Several authors defined several types of energy by taking
a variety of matrices obtained from the given graph instead of the classical adjacency ma-
trix. In this paper, we particularly study the atom-bond conectivity energy of a graph.

Let ABC(G) be the atom bond-connectivity matrix of the graph G. The characteristic
polynomial of ABC(G) is denoted by ¢ apc(G, A) and defined by

bapc(G,\) = det(\] — ABC(QG)).

Since the atom bond-connectivity matrix is real and symmetric, its eigenvalues are all real
numbers. Let us label them in non-increasing order as A\; > Ay > --- > \,. The atom
bond-connectivity energy is denoted by ABCE(G) and is defined by

ABCE(G) = f: I\ (1)

This paper is organized as follows: In Section 3, we give some basic properties of atom
bond-connectivity energy of a graph. In Section 4, the atom bond-connectivity energy of
some standard graphs are obtained. In Section 5, we calculate the atom bond-connectivity
energy of some specific graphs with one edge deleted. In Section 6, we find the atom bond-
connectivity energy of the complements of some specific graphs.

3. SOME BASIC PROPERTIES OF THE ATOM BOND-CONNECTIVITY ENERGY OF A GRAPH

Let us consider the number

p_ Zd +d; —2'
1<J

Then we have

Proposition 3.1. The first three coefficients of the polynomial ¢ spc(G, \) are given as
follows:

(i) ap =1,
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( ’L’L) ap = 0,
(i) ag = —P.

Proof. (i) From the definition, ® 4pc (G, A) = det[A\] — ABC(G)] and then we get ag = 1
after easy calculations.

(ii) The sum of the determinants of all 1 x 1 principal submatrices of ABC(G) is equal
to the trace of ABC(G). Therefore

a1 = (—1)! - trace of [ABC(G)] = 0.

(iii) Similarly we have

(1P = 3 |

—_|aji ajj
1<i<j<n

= Y auayj - ajiay
1<i<j<n

= D aua— Y aja
1<i<j<n 1<i<j<n

= —P.

0

We now have an interesting and useful result for the sum of the squares of the atom
bond-connectivity eigenvalues:

Proposition 3.2. If A1, \a, ..., A\, are the atom bond-connectivity eigenvalues of ABC(G),
then
n
> A2 =2P.
i=1

Proof. We know that

DA = D0 wa

i=1 i=1 j=1

n
= QZa?jﬂLZai‘
1

i<j i=

_ 2
= 2 g ag;
1<j

= 2P
t

The next result gives an upper bound for the atom bond-connectivity energy of a graph
G in terms of the number of vertices and the number P:

Theorem 3.1. Let G be a graph with n vertices. Then
ABCE(G) < V2nP
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Proof. Let A1, A2, ..., A\, be the eigenvalues of ABC(G). Now by the Cauchy-Schwartz

inequality we have
n 2 n n
(San) = (30) (320).
=1 =1 =1

We let a; =1 and b; = \;. Then
n 2 n n
i=1 i=1 i=1

[ABCE(G)]* < n(2P)

which implies that

and finally
ABCE(G) < V2nP

which is an upper bound. ]

The next result gives a lower bound for the atom bond-connectivity energy of a graph
G in terms of the number of vertices, the number P and the determinant of the atom
bond-connectivity matrix of G:

Theorem 3.2. Let G be a graph with n vertices. If R= det ABC(G), then

ABCE(G) > \/QP +n(n—1)Ra.

Proof. By definition,

n 2
(ABCE(G))* = (Zw)
=1

= ZMHZMJ
i=1 j=1
= (Zm 2>+Z\Airw|.
i=1 i#j

Using arithmetic mean and geometric mean inequality, we have

1
n(n—1)

1
—— >IN > (TN

i#] i#]
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Therefore,
1
n(n—1)
(ABCE(G))? > Zu P 4nn—1) [T 11X
]
1
n(n—1)
> ZM 2 4n(n—1) (HM |2 1)
Z |\ |2 +n(n — 1)R%
i=1
= 2P +n(n— 1)R%.
Thus,

ABCE(G) > \/2P +n(n—1)Ra.

4. ATOM BOND-CONNECTIVITY ENERGY OF SOME STANDARD GRAPHS
Theorem 4.1. The atom bond-connectivity energy of a complete graph K, is
ABCE(K,) = 2v2n — 4.

Proof. Let K, be the complete graph with vertex set V' = {v1, va, ..., v,}. The atom
bond-connectivity matrix is

B 0 V2n—4 2n—4 V2n—4 2n—47
n—1 n—1 T n—1 n—1
2n—4 0 2n—4 V2n—4 2n—4
n—1 n—1 te n—1 n—1
2n—4 2n—4 0 V2n—4 2n—4
ABC(KH): n.l n.l n—1 n—1
2n—4 2n—4 2n—4 0 2n—4
n—1 n—1 n—1 n—1
V2n—4  /2n—4 V2n—4 2n—4 0
L n— n—1 e n— n—1 |

Hence the characteristic equation will be
/72 4 n—1

and therefore the spectrum becomes

2n—4 [
Specapo(Ky) = ( n—1 2711 4 ) .

Therefore,

ABC(K,) = 2v/2n — 4.

Theorem 4.2. The atom bond-connectivity energy of the cycle graph Coy, is

2n—1

ABCE(Can) =V2 [2+ Y |cos%|
m=1m#n
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Proof. The atom bond-connectivity matrix corresponding to the cycle graph Cy, is

1 17
?%?OO...OW
SR SEE

ABC(Cyy) = viooooV2 o
(1)0000 (l)ﬁ
_WOOOO EO_

This is a circullant matrix of order 2n. Its eigenvalues are

V2, form=20
A, = -2, form=n
\/icos%, for0<m<n or n<m<2n—1.
Therefore the atom bond-connectivity energy is
2n—1
SDD(Co) =|- V2 +IV2[+ Y. |\/§cos%

m=1,m#n

and finally we get

2n—1
™m
ABCE(Cy,) =V2 [ 2+ Z |COS7

m=1m#n

Theorem 4.3. The atom bond-connectivity energy of the star graph Ki n—1 s
ABCE(KLnfl) == 2\/7’L — 2.

Proof. Let K1 -1 be the star graph with vertex set V' = {vg, v1...v5—1}. The atom bond-
connectivity matrix is

i n—2 /n—2 /n—2 n—2
0 n—1 n—1 n—1 n—1
VE2 0 0o ... 0 0
VE2 0 0 0 0
ABC(Kip1) = | V"
n—2
VE2 0 0o ... 0 0
VE2 0 0o ... 0 0

Then the characteristic equation would be
A2\ = vVn —2) (A +vVn—2)=0
and therefore the spectrum is
-2 0 —v/n—2
Specanc(Kin) = (V77 0, TR,

Therefore,

ABCE(KLn_l) == 2\/’0 — 2.
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O
Theorem 4.4. The atom bond-connectivity energy of the crown graph SO is
ABCE(S%) = 4v2n — 4
Proof. Let SY be the crown graph of order 2n with vertex set
{u, ua, -+, up, v1, v2, -+, vp}. The atom bond-connectivity matrix is
r V2n—4 2n—4 /2n—41
0 0 0 0 0 ; e nf14 nﬁ14
2n— Von—4  \2n—
0 0 0 0 nf14 0 . = nf14
2n— 2n— Von—
0 0 0 LRI O nﬁl nﬁl 0 nzl
2n—4 /2n—4 2n—4
ABC(SO) — 0 20 n 20 n 20 i nﬁl nﬁl nzl
n — — —
0 P I 0 0 0 0
on—4 2n—4 2n—4
nzl 0 nzl nﬁl 0 0 0 0
n—4 \/2n—4 2n—4
P P 0 L o 0 0 0 0
V2n—4  \/2n—4 \/2n—4 0 0
L™ =1 n—1 n—1_ -
In that case the characteristic equation is
o9 — 4 n—1 o9 — 4 n—1
(A—”1> <A+V”1> A+ v2n—4) (A= V2n—14) =0
n— n—
implying that the spectrum is
o — — v2n—4 /2n—4
1 1 n—1 n-—1
Therefore,
ABCE(S%) = 4v/2n — 4.
O

Theorem 4.5. The atom bond-connectivity energy of the cocktail party graph Kyxo is
ABCE(Kpx2) = 2v4n — 6.
Proof. Let K, x2 be the cocktail party graph of order 2n with vertex set

{u1, ua, -+, up, v1, v2, -+, vp}. The atom bond-connectivity matrix is
0 Vin—6 4n—6 /4n—6 0 V4n—6 4n—6 /4n—6
2n—2 2n—2 2n—2 e 2n—2 2n—2 2n—2
4An—6 0 4An—6 V4n—6 4An—6 0 4An—6 4An—6
2n—2 2n—2 2n—2 e 2n—2 2n—2 2n—2
4An—6 4An—6 0 V4n—6 4An—6 4An—6 0 4An—6
2n—2 2n—2 2n—2 e 2n—2 2n—2 2n—2
Vin—6 4n—6 /4n—6 0 ViAn—6 4n—6 1/4n—6 0
2n—2 2n—2 2n—2 e 2n—2 2n—2 2n—2
ABC(Knx2) == .
0 VAn—6 4n—6 /4n—6 0 ViAn—6 /4n—6 1/4n—6
2n—2 2n—2 2n—2 2n—2 2n—2 2n—2
4An—6 0 4n—6 4n—6 4An—6 0 4An—6 4n—6
2n—2 2n—2 2n—2 2n—2 2n—2 2n—2
4n—6 4n—6 0 4n—6 4An—6 4An—6 0 4An—6
2n—2 2n—2 2n—2 2n—2 2n—2 2n—2
Vin—6 4n—6 /4n—6 0 ViAn—6 4n—6 1/4n—6 0
2n—2 2n—2 2n—2 2n—2 2n—2 2n—2 i
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This implies that the characteristic equation becomes

m>”—1 (e (2n —1)v/An — 6

n—1 n—1

v (3 )=0.

Hence, the spectrum is
_VAn=6 o 1 — 6
Specapc(Knx2) = < 21 Ti :

Therefore,

ABCE(Kpx2) = 2v/4n — 6.
O

Theorem 4.6. The atom bond-connectivity energy of the complete bipartite graph K,
18

ABCE(Kppn) =2vVm+n —2.

Proof. Let K, ,, be the complete bipartite graph of order 2n with vertex set

{u1, ug, *++, Um, v1, V2, ---, vy}. The atom bond-connectivity matrix is
B 0 0 0 vVmin—2 vmin—2 Vm+n—27]
0 0 0 vVmin—2 Vmin—2 Vm+n—2
0 0 0 vVmin—2 Vmin—2 Vm+n—2
ABC(Kpp) = : : : . : : :
vVmin—2 Vm+n—2 /m+n—2 0 0 0
mn mn mn e
vVmin—2 Vm+n—2 /m+n—2 0 0 0
N e RN e R
m+n— m+n— m+n—
- pros proms ... 0 0 (O

So the characteristic equation is
N2 Vm+n —2)( A+ vVm+n—2)=0
and hence, the spectrum will be

vm+n—2 0 —vm+n-—2

Therefore,
ABCE(Kppn) =2vVm+n —2.
O

Definition 4.1. The friendship graph, denoted by F3', is the graph obtained by taking n
copies of the cycle graph Cs with a vertex in common.

It is easy to see that |V(F3)| =2n + 1.

Theorem 4.7. The atom bond-connectivity energy of the friendship graph F3' is

2n—1+\/8n—|—1>
V2

ABCE(F}) = <
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Proof. Let F3' be the friendship graph with 2n + 1 vertices. The atom bond-connectivity
matrix is

Shohshsk =
> o4k o8&
> o obksh

D o o oY
o4k o o
c oo oYk
S o o oYk

_.%‘,d
o

oYl

LV2

o
L

Therefore the characteristic equation will be

(=) ) ()

Hence, the spectrum is

1 1 1+BnFl  1-Batl
Specapc(F3) = 2 \/51 2\1/5 2\1/5 .
n —

Therefore,

ABCE(FI) (2n—1+\/8n+1>.

V2

0

Definition 4.2. The double star graph Sy, ,, is the graph constructed from the star graphs
K1 pn—1 and Ky -1 by joining their centers vg and ug.

It is clear that
V(Snm) =V(Kin-1) U V(K1 m-1)
and
E(Snm) = {voug, vovi,uou; : 1 < i < n—1,1 < i < n—1}

Therefore, the double star graph is a bipartite graph.

Theorem 4.8. The atom bond-connectivity energy of the double star graph S, ., is

I —8n2 +6n—2
ABCE(S, ) = 22 =802 +6n =2
n
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Proof. The atom bond-connectivity matrix is

I —1 2n—2 T
0 1/ «/ a-l v 0 0 ... 0
-1
ol 0 0 0 0 0
=l 9 0o ... 0 0 0 0 0
n—1
=l 0 0o ... 0 0 0 0 ... 0
— n
ABC(Snn) = n—2 0 0 0 0 V=1 n—1 Vn—1
- = e T
0 =l 0 0
0 0 0o ... 0 n=1lg 0 0 ... 0
0 0 0 ... 0 =l 0 ... 0 |

The characteristic equation is

A2n—4 <)\2 L V2n-2y (- 1)2> <)\2 _V2n-2y (- 1)2> —0

n n

and hence, the spectrum becomes

SpeCABC(Sn,n) = < o — 4 1 1 2n ) 2n on .

where K = v/4n3 — 8n2 + 6n — 2. Therefore,

2\/4n3—8n2+6n—2
n

\/27 \/27 —/2n—2 K —V2n—=2 K
0 T +2n T +2n 3 3 +% >

ABCE(Sy) =

O

Definition 4.3. A graph that can be constructed by coalescencing n copies of the cycle
graph Cy of length 4 with a common vertex is called the Dutch windmill graph and it is
denoted by D} .

It is clear that the Dutch windmill graph D} has 3n + 1 vertices and 4n edges.

Theorem 4.9. The atom bond-connectivity energy of the Dutch windmill graph D} is
ABCE(D}) =2n—1++vn+1].

Proof. Let D} be the Dutch windmill graph with 3n + 1 vertices. The atom bond-
connectivity matrix is

fo L 1 1 17
R A B 0 %
L0 L 0 0 0 0
0O 3 0 0 0 0 0
1 1
0 0 0 * 0 0
|2 V3
ABC(DY) =12 o o L 0 0 0
V3 V3
0 0 0 0 0 0 %
= 0 0 0 0 L 0]
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Then the characteristic equation is
(AZ . (n + 1))(A2 . 1)n71)\n+1 —0.

Hence, the spectrum will be

1 ~1 0 Vvn+l —vn+1
SpeCABC(DZ):<n_1 n—1 n+1 1 1 )

Therefore,
ABCE(D}) =2[n—14vn+1].

5. ATOM BOND-CONNECTIVITY ENERGY OF GRAPHS WITH ONE EDGE DELETED

Edge deletion is a method used in Graph Theory very often to calculate a property
of a given graph in terms of the same property of a smaller (edge deleted) graph. Using
this successively, we can obtain the required property in terms of the property of much
smaller graphs with known values. In this section we obtain the atom bond-connectivity
energy for certain graphs with one edge deleted. First we have

Theorem 5.1. Let e be an edge of the complete graph K,. The atom bond-connectivity
energy of K, —e is

(n—3)v2n — 4+ v/2n3 — 14n + 4
n—1 '

ABCE(K, —¢) =

Proof. First

022 5 o (n—
ABC(Kn—e)— X n2—3n+272x(n-2)

- n— V2n—4
Vitsiadm-axe S (I = D2

The characteristic equation is

n—3
Von—1 _ An —1
A(An> <A2” ?\/27174)\7 i 10>=o.
n_

n—1 n —

Hence the spectrum would be

Von—4  (n—3)v2n—4+v2n3—14n+4  (n—3)v/2n—4—+/2n3—14n+4 0
Specapo (K, —e) = n—1 2n—2 2n—2 .

n—3 1 1 1
Therefore,

(n —3)v2n —4++/2n3 — 14n + 4
n—1 '

ABCE(K, —¢) =

O

Theorem 5.2. Let e be an edge of the complete bipartite graph K, . The atom bond-
connectivity energy of Ky, , — e is

2n3 +3n2 —4n — 1
2n(2n — 1)

ABCE(Kp, —€) = 2\/
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Proof. The atom bond-connectivity matrix is

[0 0 0 . 0 VIn_3 - _yan3
\/n(n—l) \/n(n—l)
O O 0 . \/\/ 2n—3 \/2’)’0—2 vV 2n—2
n(n—1) n n
O O 0 vV 2n—3 v 2n—2 vV 2n—2
o \/n(nfl) n n
SC(Knn —e€) = : 2:—3 m | :
’ 0 0 i 0 0 0
\/n(n—l) \/n(n—l)
\V 2n—3 vV 2n—2 O 0 0
\/n(nfl) n
\/2(71,—_31) \/22—2 0 0 0
vV 2n—3 vV 2n—2 2n—2 0 0 0
L\/n(n—1) " " J

Then the characteristic equation is
-1 n—1 n—1 n—1
A2y (B2 A2 — A =0
* vV on 2n —1

and therefore the spectrum becomes

—n+1 + T —n+1 + T n—1 + T n—1 -T 0

Specapc(Knn =€) = | 5 /5, 2v/2v2n 2v/2v2n 2v/2v2n
1 1 1 1 2n—4
where T = %. Therefore,
2n3 +3n2 —4n —1
ABCE(K,, —e) =2
(K =€) \/ (2n — 2)2n
O

6. ATOM BOND-CONNECTIVITY ENERGY OF COMPLEMENTS

Theorem 6.1. The atom bond-connectivity energy of the complement K,, of the complete
graph is

ABCE(K,) = 0.

Proof. Let K,, be the complete graph with vertex set V' = {v1, ve, -+, v,}. The atom
bond-connectivity matrix is
[0 0 0 0 0]
0 0O 00
_ 0 00 0 0
ABC(K,) =
000 ... 00
000 ... 00

Then the characteristic equation is A™ = 0. Therefore,

ABCE(K,,) = 0.
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Theorem 6.2. The atom bond-connectivity energy of the complement K1 ,—1 of the star
graph is

ABCE(Ky 1) = 2v2n — 6.

Proof. Let (Ki,-1) be the complement of star graph with vertex set V' = {vg, v1...v-1}.
The Atom bond-connectivity matrix is

0 0 0o ... 0 0 |
2n—6 2n—6 2n—6
0 0 nﬁQ nEQ nEQ
0 2n—6 0 V2n—6 \/2n§6
ABC(Kip_1) = o e
2n—6 2n—6 2n—6
0 nﬁZ nﬁZ te 0 nﬁQ
0 V2n—6 V2n—6 2n—6 0
B n— n—2 n—2 i

Then the characteristic equation is
/72 —6 n—2
)\1<>\_n/,n/_2> ()\—\/277/—6):

and therefore the spectrum is

SpecapcKin-1 =

( 26 \/2n—6)

Therefore,

ABCE(K1 1) =2V2n — 6.
O

Theorem 6.3. The atom bond-connectivity energy of the complement K, «2 of the cocktail
party graph of order 2n is

ABCE(K,x2) = 0.
Proof. Let K, x2 be the complement of the cocktail party graph with vertex set

{uy, ug, -+, up, v1, v2, -+, vp}. The atom bond-connectivity matrix is
M 0 0 0 0 0 0 0]
00 0 O 0 00O
00 0O 0 0 0O
00 0O 0 00O
ABC(Knx2) = |1+ & Do :
00 0O 0 0 0O
00 0 O 0 0 0O
00 0 O 0 00O
10 0 0 O 0 0 0 0]

Then the characteristic equation becomes A" = 0. Hence, the spectrum is obtained as

0
Specanc(Kn2) = 1 ).

Therefore,

ABCE(K,x3) = 0.
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Theorem 6.4. The atom bond-connectivity energy of the 2(i)-complement of the double
star graph Sy 1s

(2n —4)y/4n —6  /24n2 — 60n + 34 N V1613 — 48n2 + 44n — 14

ABCE((Snn)ai) = 3,3 on—2 on— 2

Proof. The atom bond-connectivity matrix for the 2(i)-complement of the double star
graph is

0 A A A0 0 0 07

A 0 B B 0 B B B

A B 0 B 0 B B B

<~ _ |B B B 0 0 B B B
ABC((Snndai) = 19 o o 00 A A A
0 B B B A0 B B

0 B B B A B B B

0 B B B A B B 0.

V3n—5 and B = V4n—6

i3 5n—3 - Lhen the characteristic equation becomes

where A =

2n—4
- - _ M — 3)v/An = _
<)\ 24n 6> <)\2 24n 6)\ 3n 5> ()\2 (2n — 3)v4n 6)\ 3n 5> 0

n—2 n—2 2n — 2 2n — 2 2n — 2

and hence, the spectrum is

_ VAIn—6 —/In—6+C —In—6-C (2n—3)\An—6+D (2n3)\/4n6+D>
4dn—4

SpecABC((Smn)%)) = ( 271271:?1 h 4n1—4 4n{4 4n{4

where C' = v/24n2 — 60n + 34 and D = /16n3 — 48n2 + 44n — 14. Therefore,

(2n —4)v/4n —6  /24n2 —60n +34 /1613 — 48n2 + 44n — 14
+ + :
2n — 2 2n —2 2n —2

ABCE((Sun)yy) =

O

Theorem 6.5. The atom bond-connectivity energy of the 2-complement of the cocktail
party graph K,xo s

2
ABCE(Knxa)) = — (20— 2)2.

-
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Proof. Consider the 2-complement Knxa (g of the cocktail party graph. The atom bond-
connectivity matrix is

0 D D D D 0 ... 0 0
D 0 D D 0 D ... 0 0

D D 0 D 0 0 D 0

—_ D D 0 0 0 0 D
ABC(Knx2(9) = | 0 ... 0 0 D D D
0O DO ... 0 D 0 D D

0O 0D .. 0 DUD .. 0 D

0 0 0 ... D DD ... D 0]

where D = ¥ 2272. Then the characteristic polynomial would be

= <A+2\/2;T2> (A_(n—2)n2n—2>()\_\/m):0

and the atom bond-connectivity spectrum is

- _2y2n—2 (n—2)y2n—2 —
SpecapcBuxap) = 0 70 o Ve

Finally, the atom bond-connectivity energy will be

ABOE(Kpxa() = %(2?1 —2)s.
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