TWMS J. App. and Eng. Math. V.15, N.5, 2025, pp. 1164-1175

THE SUBORDINATION THEOREM FOR ~v-u-SPIRAL-LIKE
FUNCTIONS OF ORDER A\

S. SALEHIAN! AND A. MOTAMEDNEZHAD?*, §

ABSTRACT. In this paper, we introduce a novel subclass S (A, 1) of normalized analytic
functions in the open unit disk U. First we obtain several sufficient conditions that a
function belongs to the subclass 87 (A, ). Furthermore, we derive the upper bounds
for the initial Taylor-Maclaurin coefficients |az|, |as| and |a4| as well as the Fekete-Szego
type inequalities for functions belong to this subclass. The results presented in this paper
would generalize and improve some recent works of several earlier authors.
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1. INTRODUCTION

Let A be the class of functions of the form
o
f(z) = Z+Zanz”, (1)
n=2

which are analytic in the open unit disk U = {z € C : |2] < 1}. Let & C A consist of
univalent functions in U. (see details [3]).
Since univalent functions are one-to-one, they are invertible and inverse functions need
not be defined on the entire unit disk U. The Koebe one-quarter theorem [3] ensures that
1

the image of U under every univalent function f € S contains a disk of radius 3.

Definition 1.1. [3] For two functions f and g, which are analytic in U, we say that the
function f is subordinate to g in U and write

f(z) <g(z) (2€0),
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if there exists a Schwarz function w which, by definition, is analytic in U with
w(0)=0 and |w(z)]<1 (z€l),
such that
f(z) =g(w(2)).
Remark 1.1. In particular, if the function g is univalent in U, then
f =g+ f(0)=g(0) and f(U)C g(U).

Spacek [13] introduced the concept of spirallikeness which is a natural generalization of
starlikeness. Spirallike functions can be characterized by the following analytic condition.
A function f in A is said to be in the class of ~-spiral-like functions in U, denoted by

S*(v), if
; Zf’(Z)) ™
§R<ew >0, (|7 < =2).
)0 (<)
A function f in A is said to be in the class of 7-spiral-like functions of order A\ in U,
denoted by S*(v; A), if

/
R (e”i{l?) > Acosy, (|v] < g,O <A<,
The class $*(y; A) was studied by Libera [5] and Keogh and Merkes [4].

In this paper, we introduce the following subclass S7(A, ) of analytic and spiral-like
functions. First we obtain several sufficient conditions that a function belongs to the sub-
class S7(\, p). Moreover, for functions of this class, we investigate convolution properties
and also find coefficient estimates of the Taylor-Maclaurin coefficients |as|, |as],|as| and
Fekete-Szego6 inequality.

Definition 1.2. For 0 < pu <1, |y| < 5 and 0 < X < 1, a function f € A given by (1)
is said to be in the class SY(\, pu) of y-u-spiral-like functions of order X, if the following
condition is satisfied:

o 2P ) )
" <‘”<1 e +u2f’(Z)> > Aeosy, @

where z € U.

Remark 1.2. There are many options of the parameters A, i and ~v which would
provide interesting subclasses of analytic functions. For example:
(A) By putting p = 0, we obtain the class ST(A,0) = §*(v; \) of functions f € A which
are satisfying the following condition
: Zf’(Z))
R|eT—] > Acosn.
< f(z)
Indeed, the class S*(y; \) introduced and studied by Libera [5] and Keogh and
Merkes [4].
(B) By putting p = XA = 0, we obtain the class §7(0,0) = S*(v) of functions f € A
which are satisfying the following condition
; zf’(Z))
R (ew >0,
f(z)
Indeed, the class S*(y) introduced and studied by Spacek [13].
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(C) By putting p =y = 0, we obtain the class S°(\,0) = S5 of functions f € A which
are satisfying the following condition

zﬂ@»

A ( > A
f(z)

Indeed, the class Sy introduced by Robertson [10].

(D) By putting u = 1, we obtain the class S7(\,1) = K(, \) of functions f € A which
are satisfying the following condition

8 (o [0+ 2E) 2 rwn

Indeed, the class KC(7y, A) introduced by Murugusundaramoorthy [8].
(E) By putting 4 = 1 and v = 0, we obtain the class S°(\,1) = K()\) of functions

f € A which are satisfying the following condition

Zf”(Z)>

R (1 + > A\

f'(2)
Indeed, the class K(\) introduced by Robertson [10]. In special case, K(0) = K, is
the well-known standard class of convex functions.

2. MEMBERSHIP CHARACTERIZATIONS

In this section, we obtain several sufficient conditions for a function f € A to be in the
class S7T(\, p).

Theorem 2.1. Let f € A given by (1) and let o be a real number with 0 < A <o < 1. If
2f'(2) + p2 " (2)
(1= p)f(z) + pzf'(

then f € SY(\, u) provided that

1-0
< cos™! :
|7 < cos (1_)\>

Proof. In view of (3), it follows that

Dt
T Wi +ufi L= L) )

where w(z) is a Schwarz function and |w(z)| < 1, for z € U. Therefore

o A EEE) N g ol
§R<€7(1M)f(2)+uzf’(z)> = R+ (1= o)w(=)])

Z)—1'<1—a, (3)

cosy+ (1 —o)R (e”w(z))

> cosy— (1 o) e ()
> cosy—(1—o0)
> Acos7,
for |y| < cos™! (t—‘;), which completes the proof. O

By setting 0 =1 — (1 — A\) cosy in Theorem 2.1, we get the following result.
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Corollary 2.1. Let f € A. If
2f'(2) + 2 f(2)
(1= u)f(2) + pzf'(2)

-1l < (1 —AX)cosny,

then f € ST(\, u).

Now we obtain the another sufficient condition in the next theorem, for a function f € A
to be in the class S7(A, 1) in terms of coefficients inequality.

Theorem 2.2. Let f € A given by (1), if

e}

> (un—1)+1)[(n—1)secy+1—Nan| <1-2A, (5)

n=2

then f € SY(\, w).

2f(2)+p22 ! (2) —1| < (1_)\) Cos 7. For

Proof. By Corollary 2.1, it suffices to show that =) F12F ()

|z| < 1, we have

> n — n— anz™ !
2f'(2) -|-,LLZ2f”(Z) - 1‘ _ }::2( 1) (u( 1)+1)ay
(1= p)f(2) + paf'(2) 1+ f (u(n —1) 4+ 1) apzn—1
n=2
> (0= 1) (u(n — 1) +1) fay|
< n=2 —
1= 3 (un =1+ 1) e

Thus last expression is bounded above by (1 — \) cos~, if

Y (n=1) (u(n = 1) + 1) fan| < (1= A) cosy (1 =Y (pn—=1)+1) Ianl) ,

n=2 n=2

which is equivalent to

o

> (un—1)+1)[(n—1)secy+1—Aan| <1- A

n=2

0

By putting ¢ = 0 in Theorem 2.2, we obtain the following result which proved by
Murugusundaramoorthy [8, Lemma 1.3].

Corollary 2.2. Let f € A given by (1), if

o0

n — 1) sec
n=2

then f € S*(y; \).
By putting ¢ = A = 0 in Theorem 2.2, we obtain the following result.
Corollary 2.3. Let f € A given by (1), if

o0

Z [14 (n—1)secy]|an| <1,

n=2

then f € S*(7).
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By putting g = 1 in Theorem 2.2, we obtain the following result which proved by
Murugusundaramoorthy [8, Lemma 1.4].

Corollary 2.4. Let f € A given by (1), if

o0

Zn[(n—l)sec*y+1—)\]|an\ <1-=\

n=2

then f € K(v,\).

3. SUBORDINATION RESULT

In this section, we obtain subordination results for the class S7(A, ). To prove our
results we need the following definition and lemma.

Definition 3.1 ([16]). A sequence {c,}2° of complex numbers is said to be a subordinat-

ing factor sequence if, whenever h(z) = z + Z bn 2™ is regular, univalent and convex in
n=2
U, we have

Z enbpz" < h(z) (z € U). (6)
n=1

Lemma 3.1 ([16]). The sequence {cp}22 is a subordinating factor sequence if and only

if,
(14—22% ”) (z € U).
Theorem 3.1. Let f € S7(\, ) satisfy the coefficient inequality (5). Then

(p+1)secy+ (1 =A)(n+1)
2[(p+1)secy + (1 = A)(u +2)] (F h)(z) < h(2), (7)
for every function h € K. In particular

_(u—i—l)secv—k(l —N(p+2)
Rf(z) > (p+1)secy+ (1 =N (p+1)

The constant 2[((’; —:11);:;7,;((11 A}\))((’L 4__‘_12))] cannot be replaced by any larger one.

o0
Proof. Let f(z) = z+ ) anz™ € SV(A, ) satisfy the coefficient inequality (5) and suppose
n=2

that h(z) = z+ > b,2" be any function in K. Then
n=2

(p+1)secy + (1 — M) (u+1) e
2[(i+ Dsecry + 1 =Ntz MG

(p+1)secy + (1= A)(u+1)
2[(M+1)SGC’7—|—(1—/\)M+2 < +Zann2). (9

~—

Thus, by Definition 3.1, the subordination result holds true if

(w+1)secy+ (1 —=N)(u+1) S
{2[(M+1)Secv+(1—)\)(ﬂ+2)]a"} (10)

n=1
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is a subordinating factor sequence, with a; = 1. In view of Lemma 3.1, this is equivalent
to the following inequality

u+1 secy+ (I—=AN)(p+1)
<1+Z Deoey TN (e F 3™ ) >0 (zel). (11)

Which implies from following inequalities

Z(p+1)secy+(1=N)(p+1)
§R<1+n§:1(M+1)SGC’Y+<1_/\)(M+2)anZ )

—wl1+ (u+1)secy+ (1 =N (n+1) Z:: {(M+1)se0fy+(1—/\)(u+1)}a .
(p+1)secy+ (1= A)(n+2) (u+1)secy + (1 —N)(u+2) n

> [1_ (u+1)secy+ (1 —N)(u+1 T;Q{(M+1)sec7+(1_)\)(u+1)}

). n
(u+1)secy+ (1 — )(u+2) (p+1)secy+ (1= A)(n+2) [anlr ]’
(because (+ 1)secy+ (1 —=AN)(p+1) < (u(n—1)+1)[(n —1)secy+1— )] for n > 2

< 3)
Ly Dseer 0=y ST UED T T
- (p+1)secy+ (1= A)(pn+2) (p+1)secy+ (1= A)(pn+2) "
>1_(,u-l-l)secv—k(l—)\)(u—kl)r_ 1—A .
(u+Dsecy+(1=N(p+2) (p+1)secy+ (1 —X)(u+2)

=1—-7r>0, (]z|=r<1).

Thus (11) holds true in U. It means by using Definition 3.1 and Lemma 3.1 the subordi-
nition (7) is obtained.
The inequality (8) follows from (7) by taking

z =~
h(z) = T —z+7;22 e K.
(p+1) secy+(1=A) (u+1)
2[(pt+1) secy+(1-N) (u+2)]°
— 1-A 52
(4 1)[secy+1— ]
Clearly fo € SY(A, 1) because it satisfies in (5). Using (7), we get
(p+1)secy+ (1 =N (n+1) z
< .
(T Dseor + A= N2 o® <13
It is easily verified that

(p+1)secy+ (1 —=AN)(p+1) -1
%{ww Iysecy (1= A><u+2>1f°(z)} -

we consider the function

To prove the sharpness of the constant

fo(z) =

min .
|z|<r 2

. (n41) secy+(1=A) (u+1)
This shows that the constant 2[&“)8:;7,%(1_/\)&%)]

one. O

cannot be replaced by any larger
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4. THE FEKETE-SZEGO PROBLEM

In this part, we find the coefficient bounds for the Taylor-Maclaurin coefficients |as|, |as|
and |a4|. In the following, we derive the upper bounds for the Fekete-Szego type inequali-
ties for functions belonging to the function class S7(\, ). In recent years, this problem has
been investigated by many researchers including [1, 2, 6, 7, 12, 14, 15]. In order to obtain
sharp upper-bounds for the Fekete-Szego functional for the class SY(\, ) the following
lemma is required.

Lemma 4.1. [9] Let the function w(z) is analytic in the unit disk U with w(0) = 0,
lw(z)| < 1, and suppose that
oo
w(z) = Z wpz".
n=1

Then
lwn| <1, |wp| <1 —|wi|™ foralln=1,2,3,---

Remark 4.1. [11] Let X and v be real numbers with 0 < X\ < 1 and |y| < 5. Then the
function Py, defined by

14 e ™ (e*” — 2\ cos 'y) z
1-=2

77,\,7(,2) =

is analytic and univalent in U with Py ,(0) = 1. In addition, the function Py (z) maps U
onto the half-plane Hy , = {w € C: R{e"w} > Acosv}.
On the other hand

(€U

14+e ™ (e*i'y — 2\ cos fy) z > n
Pr~y(2) = T = 1+n§1pnz
where ‘
pn =2 "7(1—=X)cosy (n=1,2,3,---). (12)
Theorem 4.1. Let f € A given by (1) be in the class SY(\, ). Then
2(1 — X)cos
las| < (1)7,
+p
2(1 = A)[1+2(1 — X)cosy]cosy
las| < 1
+2u
and

2(1 — X)cosy [2(1 — A)%cos®y + 3(1 — \) cosy + 3]
3(1 + 3p)

Proof. Let f € S7(\, u). By taking F(z) = (lzfllf)z}é’)‘jié}(,?)z), we get F(z) is analytic in U,

F(0) =1 and R{e"”"F(2)} > Acos~y. Then by using Remark 1.1 and Remark 4.1, we have

F(z) < Px~(2), that means

lag| <

2f'(2) + 2 f(2)
(1= n)f(2) +pzf'(2)

o0
Hence, there exist a function w(z) = > wy2" analytic in U with w(0) = 0, |w(z)| < 1,
n=1

< ’P)\;y(z).

z € U, such that
2f'(2) + p2 ' (2)
(L= ) f(z) + pzf'(2)

= Pry(w(2)). (13)
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Then
2f'(2) + p2? " (2)
(1= p)f(2) +pzf'(2)
+ ((1+ p)*a3 — 3(1+ p) (1 + 2p)agaz + 3(1 + 3p)ag) 2° + - - .
By comparing the corresponding coefficients of (13) and (14), we get

=1+ (1+ pagz + (2(1 + 2p)az — (1 + p)%a3) 2°

(1+ p)ag = prws,
2(1 4 2p)ag — (14 p)?a3 = prws + paw?

and

(14 p)’as = 3(1 + p)(1 + 2u)azaz + 3(1 4 3p)as = prws + 2pawiws + paws-

From (15), we get
G — p1wi
2T 1+

By using Lemma 4.1, we have
lpi| _ 2(1 = A)cosy

as| < =
a2 1+pu 1+p

From (16) and (18), we get
2(1 + 2u)as = piwi + prws + powi.
By using Lemma 4.1 and (20), we have

21+ 2u)as| < |paf*fwil® + [p1llws| + [p2lw: |

< prPlwr? + Ipa|(1 = [wi?) + p2llw|* (p1 = p2)
< |plPwil® + [pa

< Ipal(Ipa] + 1)

2(1 = A) (1 +2(1 — ) cos~y) cosn.

Now, we obtain the upper bound of |a4], from (17), (18) and (20), we have

1 3 3
3(1+3u)ay = <2p5{’ + §p1p2 +p3> wi’ + <2p% + 2p2> wiws + prws.

By applying Lemma 4.1 again, we have

1171

(21)

1 3 3
sl < (Gl + Slonld+ bl ) bl + (Sl + 20pal) el - for

Hpa| (1 = |wr]?).
Since |p1| = |p2| = |p3| and |w(z)| < 1, we have

1 3 3
s+ 3l < ol (Gl + 3+ 1) kP (Gl + 2) a1 = eal?)

+1-— |w1|3}

1 3
< il (P = 2) bl + (Glmnl +2) bl 1]

1 3
< |Ipl [2’p1|2 + 5\]91’ +3]

= 2(1—A)cosv [2(1 — A)%cos®y + 3(1 — A) cosy + 3] .

A
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By putting ¢ = 0 in Theorem 4.1, we have the following corollary.
Corollary 4.1. Let f € A given by (1) be in the class S*(v; A). Then
lag] < 2(1 — \) cos~,
laz| < 2(1 —A)[142(1 — X)cos~y]cosy

and

2(1 = ) cosy [2(1 — X)2cos®y + 3(1 — A) cos 7y + 3]
3 .

By putting = A = 0 in Theorem 4.1, we have the following corollary.

las| <

Corollary 4.2. Let f € A given by (1) be in the class S*(v). Then

’CLQ‘ SQCOS'%
a3| < 2|1+ 2cosvy|cos
8 Y

and
2 cos 7y [2(:0S27 + 3cosy + 3]

< .
lag| < 3

By putting 4 = 1 in Theorem 4.1, we have the following corollary.

Corollary 4.3. Let f € A given by (1) be in the class K(,X). Then
lag < (1= A)cos,
las| < ;(1 —A)[142(1 — X)cosv]cosy
and
lag| < é(l — A) cosy [2(1 — )\)ZCOSQ’y +3(1— A)cosy + 3] )

Finally in the following theorem we obtain bound for the Fekete-Szego functional for
the class ST(\, u) .

Theorem 4.2. Let f € A given by (1) be in the class S7(\, p) and let n be a real number.

Then
1+2(1-2) [1—27783‘)‘3] ; n <6
|a3na§|§m 1 O1 <1 <O,
. (1 F2(1-)) [1 - 277813;3}) . >0,
where )
and
0, — 1+ p)*2-N)

2T+ 2m)(I—N)’
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Proof. From (18) and (20), we get

2 2
piwy

2
ag —na;, = ———— |P1wW] +P1w2 + pawi| —
3 — 105 20120 [piw? + prws + pow?) n(1+u2
_ P 2 2 (1+2p)w
= i) [pwl—l—wz—i-wl 1+M2 =Dp)
D 1+2u) ]
= — + 2p w
2(1 + 2p) [ ( I EME
It follows that
9, _ (1= X)cosvy [ (14 2p) ]
az —nay| < —— ||lwa| + |1 +p — 2pn—"- .
By applying Lemma 4.1, we get
(1—X)cosy [ (1+2p)

1+p—2pn

(i + 20) (| 1]

4
(1 —A)cosy :14_{ 1—|—p<1—277(1+2'u)>‘_1}‘w1‘2]
{

lag —na3| <

(1+ 2p) (1+p)7
W 1 1+2e‘”(1—/\)0087<1—277m>‘ _1}|w1|2]
(20 [ {1+ e cosn] = 1)kl
(1(I+2COSV [ {\/1+M(M+2)cos2v—1}lw1\2],

where

M =2(1— ) (1 - 2nm> | (22)

Now, let x = cosy € [0,1] and y = |w1]| € [0, 1], then we get

(1-— )\)cos'yH( ),

2
az —nas| <

where

H(z,y) =1+ [V1+ MM +2)2 - 1] 2.

Now, we need to maximize H(z,y) in the closed square S = [0, 1] x [0,1]. The function
H(x,y) does not have a local maximum at any intrior point of the open rectangle (0,1) x
(0,1). Thus, we investigate the maximum of H on the boundary of the square S.

For z =0 and 0 <y <1 (similarly y = 0 and 0 < < 1), we obtain

H(O,y) =1. (24)
For x =1 and 0 <y <1 (similarly y =1 and 0 < z < 1), we obtain
H(l,y) =1+ (|1 + M| —1)3°. (25)

Hence
1; 1+M| <1
max H(1,y) =
114+ M| |1+ M| > 1.

From (24) and (25), we have
max {H(z,y) : (z,y) € [0,1] x [0,1]} = max {1, |1 + M]|}. (26)
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Therefore, from (23) and (26) we obtain

1—MX)cos
\ag — na%\ S Wmax{l, |1 + M|} .
Hence
1+ M, M=>0
(1 —X)cosvy
lag — na3| < ——1 1; —2<M<O0
(1+2p)
—(1+M); M<-2
This completes the proof. ]

5. CONCLUSIONS

In this investigation, we defined new subclass of analytic functions SY(A, ). For this
subclass we investigated some useful results such as sufficient conditions that a function
belongs to the subclass SY(\, i), coefficient estimates and Fekete-Szegé problem. There
are some problems open for researchers such as distortion theorems, closure theorems,
convolution properties and radii problems. Moreover, these results can be extended to
multivalent functions and meromorphic functions.

Acknowledgement. The authors would like to extend their gratitude to the referees for
their valuable suggestions to transcribe the paper in present form.
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