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PAIR MEAN CORDIAL LABELING OF DIAMOND SNAKE GRAPH,
BANANA TREE AND TORTOISE GRAPH

R. PONRAJ'*, S. PRABHU!, §

ABSTRACT. Let a graph G = (V, E) be a (p, q) graph. Define
L is even
P = { pzl p

P5= pisodd,

and M = {£1,42,--- + p} called the set of labels. Consider a mapping A : V. — M by
assigning different labels in M to the different elements of V' when p is even and different
labels in M to p—1 elements of V' and repeating a label for the remaining one vertex when
p is odd. The labeling as defined above is said to be a pair mean cordial labeling if for
each edge uv of G, there exists a labeling M if A(u) 4+ A(v) is even and M
if A(u) + A(v) is odd such that [Sx; —Sxe| < 1 where Sy, and Sxe respectively denote the
number of edges labeled with 1 and the number of edges not labeled with 1. A graph G
with a pair mean cordial labeling is called a pair mean cordial graph. In this paper, we
investigate the pair mean cordial labeling behavior of the diamond snake graph, banana
tree, tortoise graph and generalized web graph without the central vertex.

Keywords: diamond snake graph, banana tree, tortoise graph and generalized web graph
without the central vertex, pair mean cordial labeling.

AMS Subject Classification: 05C78

1. INTRODUCTION

Throughout this paper, a finite, undirected, and simple graph is referred to as graph
G=(V,E) with |V(G)| = p vertices and |E(G)| = ¢q edges. Rosa [21] was the one who
initially initiated the study of graceful labeling techniques. Cahit[1] originally proposed
the idea of cordial labeling, and [4-10,16-20, 22-24] examined cordial related graphs. Many
kinds of graph labeling exist, and a thorough analysis may be found in [2]. We refer to
Harray[3] for various notations and terminology related to graph theory. The notion of pair
mean labeling was initially presented in [11], and corresponding pair mean graphs were
examined in [12-15]. At the present work, we investigate the pair mean cordial labeling
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behavior of diamond snake graph, banana tree, tortoise graph and generalized web graph
without the central vertex.

2. PRELIMINARIES

Definition 2.1. Graph labeling is the assignment of integers to wvertices, edges, or both
under certain conditions.

Definition 2.2. The graph G consists of collection of n cycles Cy, these cycles are con-
nected in such a way that any two disjoint cycles sharing a common vertex, the resulting
graph is called the diamond snake graph and it is denoted by D, . A snake is a Fulerian
path that has no chords.

Definition 2.3. The banana tree By, is a graph obtained by connecting one leaf of each
of m— copies of the star K1, with a single root vertex that is distinct from all the stars.

Definition 2.4. A tortoise graph G(T,), n > 3 is a graph obtained from the path vivy . . . vy,
where n is odd by attaching an edge between v; and v(,_i11y fori=1,2,...,]5].

Definition 2.5. A web graph is a graph obtained by joining the pendent vertices of a
helm graph to form a cycle and then adding a single pendent edge at each vertex of this
outer cycle. In 1996, Yang[24] has extended the notion of a web by iterating the process
of joining the pendant vertices to form a cycle and then adding a pendant edge to the new
cycle. this graph is called as a generalized web graph denoted by W(t, n) with t number
of n cycles. A generalized web graph without a central vertex is a graph obtained from the
generalized web graph by deleting the cental vertex and denoted by Wy(m,n).

3. MAIN THEOREM
Theorem 3.1. The diamond snake graph D,, is pair mean cordial for alln > 2

Proof. The vertex set and edge set of the diamond snake graph D,, respectively are defined
by V(Dy) = {uij,vj,w;\1 <i <n+1, 1 <j <n}and E(Dy) = {wv, uyw;\1 < i <
n}eup{viui+1,viui+1\1 < i < n}. Then the diamond graph has 3n + 1 vertices and 4n
edges. Define A(u;) = —1, A(uz) = =2, A(v1) =2 and A(w;) = 3.

Case (i) : n is odd

We now assign the labels —3,—6, ...,

% to the vertices us, us, . . ., u, respectively and

6,9,..., 3"2_3 respectively to the vertices uq,ug, ..., up—1. Fix the label 1 to the vertex

Up+1. Also assign the labels 4, 7,...,3”2—_1 to the vertices vo,vy,...,v,—1 respectively

and —4,-7,..., % respectively to the vertices vs3,vs,...,v,. Next assign the labels
—3n—1
2

58, ..., 3”2“ to the vertices wg, wy, ..., w,—1 respectively and —5, =8, ...,
tively to the vertices ws, ws, ..., wy,.

Case (ii) : n is even

If n =2, AMuz) =1, AMvz) = 1 and A(wz) = —3. Let n > 4. Then we give the labels

-3,—6,..., %3” to the vertices us, us, . . ., un4+1 respectively and 6,9, .. ., 37” respectively to

the vertices u4, ug, - - . , un,. Thus give the labels 4,7, ..., % to the vertices vg, v4, ..., Un_2

respectively and —4, —7,..., %*4 respectively to the vertices vs3, vs, ..., v,—1. Fix the la-

bel 1 to the vertex v,,. Further we give the labels 5,8, ..., 3”;2 to the vertices wag, wy, ...,

Wy —o respectively and —5, -8, ..., 73’5*2 respectively to the vertices ws, ws, ..., wp—1. Fi-
nally assign the label 1 to the vertex w,. In both cases, the edges uiv1, uiwi, wiug, usvs,
viui+1 and wui1, for 2 <4 <n —1 are labeled with 1 and all other edges are labeled by

the integers other than 1. Hence §>\1 = §)\i = 2n.

respec-

O
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Example 3.1. The pair mean cordial labeling of the diamond snake graph Ds is shown
in Figure 1.

7
-8

Natateey

FiGure 1

Theorem 3.2. The banana tree By, 4 is pair mean cordial for all m > 1

Proof. Define V(B 4) = {u, ui, v, xi, yi\1 < i < m}and E(Bp,4) = {uu;, ujvi, viz;, v;y;\1

< i < m}. Then it has 4m + 1 vertices and 4m edges. Let A(u) = 1.

Case(i) : m is odd

We now assign the labels

tively and 3mT+57 %, ...,2m respectively to the vertices Um+ts,Umis,...,Un_1. Also
2 2

assign the label —2m to the vertex u,,. Then we assign the labels —1, —4, ..., =3m+l

)
to the vertices vy, vs, ..., v, respectively and 4,7,..., 3”12_1 respectively to the vertices

V9, V4, ..., Um—1. Next we assign the labels 2,5,..., 3"12“ to the vertices x1,x3,...,ZTm

respectively and —2, —5,..., 737371 respectively to the vertices xs,z4,...,Zm_1. Assign
the labels 3,6, ..., 3”12—4'3 to the vertices y1,ys, . - ., Ym respectively and —3, -6, ..., %
respectively to the vertices y2,v4, ..., ym—1. If m =1, take \(y;) = 2.

Case(ii) : m is even

In this case, we give the labels #, 73%74, ...,—2m to the vertices ui,uo,... ;Um re-

%, %, ..., —2m to the vertices uy,us, ..., Umt1 respec-
2

spectively an

, , -+, 2m respectively to the vertices um+2, Umtd, .oy U1 Fix

2
the label —2m to the vertex u,,. Then we give the labels —1,—4,..., 73%*4 to the vertices

v1,V3,...,Un_1 respectively and 4,7, ..., 37”;2 respectively to the vertices v, vy, ..., Un.

Now we give the labels 2,5,..., 3"1272 to the vertices x1,x3,...,Tm—1 respectively and
—2,-5,..., % respectively to the vertices xs, x4, ..., T,. Finally we give the labels

3,6,..., 37’” to the vertices y1,¥s, ..., Ym—1 respectively and —3, —6, ..., _?’Tm respectively

to the vertices wyo,¥4,...,Ym. In both cases, the edges v;xz; and v;y;, for 1 < i < m
are labeled with 1 and all other edges are labeled by the integers other than 1. Hence

Sy, = S)\fl: = 2m.

O
Example 3.2. The pair mean cordial labeling of banana tree Bs 4 is shown in Figure 2.
Theorem 3.3. The banana tree By, 5 is pair mean cordial iff m < 6
Proof. Let us now define V(By,5) = {u,u;,vi, w;,x;,y\1 < i < m} and E(By5) =
{uu;, wivg, viw;, vizg, v;y;\1 < i < m}. Thus the banana tree B,, 5 has 5m + 1 vertices and

5m edges.
Case(i): m <6
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FIGURE 2
Define
Av;) = —2i+1 1<i<m & iisodd
Y] 204+1 1<i<mé&iis even
M) = 24 1<i<m & iisodd
W)= 242 1<i<mé&iiseven
Mai) = 21+ 1 1<¢:<m & 7is odd
Yl —2i4+1 1<i<m & 1iseven
Ayi) = 21+ 2 1<i<mé&iisodd
Yi) =1 —om 1<i<m & iiseven

Subcase (i) : m =

Define A(u) = 15 and assign the labels 1, —13, —14, —15, 14, —12 to the vertices uy, u, . .., ug
respectively.

Subcase (ii): m =5

Let A(u) = 13. Then we give the labels 1, —10, —11, —12, —13 to the vertices uy, us, ..., us
respectively.

Subcase (iii) : m =4

Define A\(u) = 10. Next assign the labels 1,—8, -9, —10 to the vertices uj,usg, ..., us re-
spectively.

Subcase (iv): m=3

Let AM(u) = 5. Also give the labels 1,—7, —8 to the vertices uq, ug, us respectively.
Subcase (v): m =2

Let AM(u) = 1. Now we assign the labels 1, —5 to the vertices uj, uy respectively.
Subcase (v): m=1

Let A(u) = 1. Now we assign the labels —3, —2 to the vertices uj,v; respectively. The
given table shows that this vertex labeling A is pair mean cordial labeling of B,, 5 for all
m < 6.

m S A1 S,\§
m is odd | =1 | smil
m is even 57m 577"
Table 1

Case (ii): m > 6
Suppose that B,, 5 is pair mean cordial. Then if the edge uv get the label 1, the possibil-
ities are A(u) + A(v) =1 or A(u) + A(v) = 2.
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Subcase (i) : m is odd

Hence the maximum number of edges label with 1 is 2m + 2. That is Sy, < 2m +2. Then
SA? > q— (2m+2) = 3m — 2. Therefore SA? ~S), >3m—2—-2m+2)=m—4>3>1,
a contradiction.

Subcase (ii) : m is even

Thus the maximum number of edges label with 1 is 2m + 3. That is Sy, < 2m + 3. Then
S)\’i > q— (2m+ 3) = 3m — 3. Therefore SA? ~S), >3m—-3-2m+3)=m—-6>2>1,
a contradiction.

0

Example 3.3. The pair mean cordial labeling of banana tree Bs 5 is shown in Figure 3.

23 4-2-3-46 78 -6-7-8101112

FIGURE 3

Theorem 3.4. The banana tree By, ¢ is pair mean cordial iff m <3

Proof. Let us now define V(B 6) = {u,u;, vi, w;, i, yi, zi\1 < i < m} and E(Bpe) =
{uug, wivg, viw;, vizi, v;y;, v;z;\1 < i < m}. Then the banana tree B,, ¢ has 6m + 1 vertices
and 6m edges.
Case (i): m <3
Subcase (i) : m =3
Let AM(u) = 9. Now assign the labels 1,—1,2,3,4,5 to the vertices uy, v, w;,z1,y1, 21
respectively and —7,6, —2, —3, —4, —5 respectively to the vertices us, va, wa, T3, y2, 22. Fi-
nally assign the labels —8, —6,7,8, —9,7 to the vertices us, vs, w3, x3, ys3, 23 respectively.
Subcase (ii) : m =2
Let A(u) = —3. Then we assign the labels 4, —1, 1, 2, 3, —2 to the vertices u1, v1, w1, £1,y1, 21
respectively and 5,6, —3, —4, —5, —6 respectively to the vertices uo, vo, wa, X2, Y2, 22. Sub-
case (iii): m=1
Let A(u) = 2. Then we assign the labels —1, 3, —2, —3, 1, —3 to the vertices uy, v1, w1, x1, y1,
21 respectively. In all cases, Sy, = S/\i = 3m.
In both cases, S)\l = SAT = 3m.
Case (i) : m >3
Suppose that By, ¢ is pair mean cordial. Now if the edge uv get the label 1, the possibilities
are A(u) + A(v) =1 or AM(u) + A(v) = 2. Hence the maximum number of edges label with
1is 2m + 3. That is Sy, < 2m + 3. Then Sye > ¢ — (2m + 3) = 4m — 3. Therefore
S)\i —Sy, >4m—3—(2m+3) =2m —6 > 2 > 1, a contradiction.

O

Theorem 3.5. The banana tree By, 7 is pair mean cordial ioff m <3

Proof. Now define V(B 7) = {u,u;,vi, wi, xi, v, 2,7\1 < ¢ < m} and E(Bp7) =
{uw;, wivg, viw;, vz, V;Y;, vizi, viri\1 < i < m}. Then the banana tree B,, 7 has Tm + 1
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vertices and 7m edges.

Case (i): m=1

Let A(u) = 2. Assign the labels —1,3, —2, —3,4, —4, 1 to the vertices u1, v1, w1, X1, Y1, 21,71
respectively. Hence S A\ = 3 and S Ao =4

Case (ii): m =2

Let A(u) = —4. Assign the labels 5, —1, —2, —3, 2, 3, 4 to the vertices u, vy, wy, z1,y1, 21,71
respectively and 6,7, —5,—6,—7,1, —5 to the vertices usg, va, wa, T2, Y2, 22, T2 respectively.
Hence SAI = S)\i =17.

Case (iii): m >3

Suppose By, 7 is pair mean cordial. Then if the edge uv get the label 1, the possibilities
are A(u) + A(v) =1 or A(u) + A(v) = 2.

Subcase (i) : m is odd

Hence the maximum number of edges label with 1 is 2m + 2. That is Sy, < 2m +2. Then
Sxe > ¢—(2m+2) = 5m — 2. Therefore Sye =Sy, > 5m —2—(2m+2) =3m—4>5> 1,
a contradiction.

Subcase (ii) : m is even

Thus the maximum number of edges label with 1 is 2m + 3. That is SAl < 2m + 3. Then
SA? > q— (2m+3) = 5m — 3. Therefore SA? ~Sy\, >5m—-3-(2m+3)=3m—6>6>1,
a contradiction.

O
Theorem 3.6. The banana tree By, ,, is not a pair mean cordial for all m > 2 and n > 8.

Proof. The vertex and edge set of the banana tree B,,, are respectively defined by
V(Bmn) = {t, % j\i<i<m and 1<j<n} Clearly the banana tree B, , has mn+1 vertices
and mn edges.
Suppose By, ,, is pair mean cordial. Then if the edge uv get the label 1, the possibilities
are A(u) + A(v) =1 or A(u) + A(v) = 2.
Case (i) : m is odd
Subcase (i) : n is odd
Hence the maximum number of edges label with 1 is 2m + 2. That is Sy, < 2m +2. Then
Sxe > ¢ — (2m +2) = mn — 2m — 2. Therefore Sye — Sy, > mn —2m —2 — (2m +2) =
mn —4m —4=m(n—4) —4 > 5> 1, a contradiction.
Subcase (ii) : n is even
Thus the maximum number of edges label with 1 is 2m + 3. That is Sy, < 2m + 3. Then
Sxe > ¢ — (2m + 3) = mn — 2m — 3. Therefore Sye — Sy, > mn —2m —3 — (2m + 3) =
mn —4m — 6 > 6 > 1, a contradiction.
Case (ii) : m is even
Hence the maximum number of edges label with 1 is 2m + 3. That is Sy, < 2m + 3. Then
Sxe > ¢ — (2m + 3) = mn — 2m — 3. Therefore Sye — Sy, > mn —2m —3 — (2m + 3) =
mn —4m —6 =m(n—4) —6 > 2 > 1, a contradiction.

O

Theorem 3.7. The generalized web graph Wy(m,n) without central vertez is pair mean
cordial for all m,n > 3.

Proof. Let V(Wy(m,n)) = {v;;\1 <i<m+1 and 1< j <n}and E(Wy(m,n)) =
{Ui,jviJrl,j\l <i<m and 1< 35 < n} U {viiji7j+1\2 <i<m+1 and 1 <35 <
n — 1} U {v;pvi1\1 < i < m}. Then the generalized web graph without central vertex
Wo(m,n) has mn + n vertices and 2mn edges.

Case (i) : m is odd
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Define a map A : V. — {£1,£2,...,£(mn +n)} as follows:
Subcase (i) : n is odd

LH*? 1<i<m,1<j<n,iisodd and j is odd

Nus ) = 2.
(vig) { w 1<i<m,1<j<mn,iisodd and j is even,

J=lmti+d 1<i<m,1<j<mn,iiseven and j is odd

Avig) = 4 Lm—i
, (—j+1)m—i—1 1< < 1< i< .. -
5 <i<m,1<j<n,iiseven and j is even,

Avmy1,1) = 2,

—mn—2j+1 < i< n+1
AMUm+14) = (m-1)nt2j42  n ?;_ ]._ 2

2 T2 <js=n-—1
)\(’Um+17n) =1

Subcase (i) : n is even
Assign the labels to the vertices v; ; for 1 <4 <m, 1 < j < n, vy41,1 and V41, as in
Case (i) of Subcase (7). Then

—mn—27+2 2

5 < ngE
AVm+1,5) = (m—1)n+25+2 <n
2 —

<J
md < 1,
Case (ii) : m is even

Subcase (i) : n is odd

Define a map A : V. — {£1,£2,...,£(mn +n — 1)} as follows:

jm—i+5

AMvig) = { k2
2

Ao )_{ (_]H)+H 1<i<m,1<j<n,iiseven and j is odd
2%} (j—1)m-+i+4
2

1<i1<m,1<73<n,iisodd and j5 is odd
1<i<m,1<j<n,iisodd and j is even,

1<i<m,1<j5<n,tiseven and j is even,

2,

—mn—2j+2 . n+1
{ ( 1)2+2'+3 %SJ =
m—1)n+2j n+ .
e 2 <j<n-2,

A(Uerl,l)
)‘(Um-i-l,j) =

)\(fUerl,nfl) = ]-7
)\(Uerl,n) =1.

Subcase (i) : n is even

Define a map A : V. — {£1,£2,..., £(mn +n)} as follows:

Now assign the labels to the vertices v; ; for 1 <i <m, 1 < j < n, vy41,1 and Vpy1, as
in Case (i7) of Subcase (i). Then

—mn—2j+2 9 <j < n+2
—-J = 2

( m—+ J) (m 1)721+2j+4 n—2i-4 S] <n-— 17

In all cases, the edges v; jviy15, 1 <i<m—-1land1<j<n, v v s, 1 <j<n-1
and j is odd and vy, jvm j+1, 1 < <n—1and j is even are labeled with 1 and all other
edges are labeled by the integers other than 1. Thus Sy, = SAc mn. O
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Example 3.4. The pair mean cordial labeling of generalized web graph without central
vertex Wy(4,7) is shown in Figure 4.

FiGURE 4

Theorem 3.8. Tortoise graph G(T,,) is pair mean cordial for all n > 3.

Proof. Let us now define V(G(T},)) = {v; : 1 <i < n} and B(G(Ty)) = {vvig1 : 1 < i <
n— 1} U{vivp—iy1:1=1,2,...,[5]}. Then the tortoise graph G(7},) has n vertices and
3"2;2 edges. Let A\(vp,—1) =1 and A(v,) = 1.

Case (i): n=1 (mod 8)

In this case, we assign the labels 2,3, ..., 3% to the vertices vy, vs, . .., van_1 Tespectivel

) g M M M 8 M M M p y
4

and —1,—2, ..., =323 respectively to the vertices vy, vy, . . ., vsn—s. Then we give the labels

) ) ) 8 p y ) ) ) _—_ g
4
_3g_5, _3%_13, R _"2+1 to the vertices van+1,V3n4s, ..., V-7 respectively and assign the
4 4 8

labels 2=L n=3 30413 poghectively to the vertices v7nii, Vnts, ..., vn—o. Hence the

2 99 ) 8 p Yy mrl, Uintd, )
8 8

edges v;vi41, 1 <1 < % and v,v,_1 are labeled with 1 and all other edges are labeled
by the integers other than 1.
Case (ii) : n =3 (mod )

Furthermore we assign the labels 2,3, ..., 3”%7 to the vertices vy, vs, ..., van—s respectively
4
and —1,—-2,..., # respectively to the vertices vo, vy, ..., van—9. Next we give the labels
4
%, %, ..., %L to the vertices van—1,vsnts,...,vm-21 respectively and assign the
4 4 8
labels _T‘H, %‘F?’, ey % respectively to the vertices vzn—13,V7n-5,...,Uy_o. Thus the
8 8

edges viviy+1, 1 <1 < % and v,v,—1 are labeled with 1 and all other edges are labeled
by the integers other than 1.
Case (ii7) : n =5 (mod 8)

Let us now we assign the labels 2,3, ..., 3"8+9 to the vertices vy, vs, ... ) Usn—3 respectively
and —1,—2,..., # respectively to the vertices vy, vy, . . . ) Usn-1. Also we give the labels
w, 3"325, e "Tfl to the vertices U3nil, Vsnds ., UTno1o respectively and assign the
labels 7"2“, 7”;3, ey 73271 respectively to the vertices U1, UTnes - Up—2. Note

that the edges viviy1, 1 <i < % and v,v,—1 are labeled with 1 and all other edges are
labeled by the integers other than 1.
Case (iv) : n=7 (mod 8)

In this case, assign the labels 2,3,..., % to the vertices vy, vs,...,vsn—5 respectively
4
and —1,-2,..., % respectively to the vertices vo, vy, ..., v3n—9. We also give the labels
4
—3n—3 —3n—11

I T _"Z'H to the vertices U3n-1,V3n+3,. . ., Vn=9 respectively and assign the
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labels 2z1 n=3 % respectively to the vertices vzn—1,v7nt7,...,05_9. Therefore
8 8

2 s 9 )
the edges v;vir1, 1 < ¢ < % and v,v,_1 are labeled with 1 and all other edges are

labeled by the integers other than 1. The given table shows that this vertex labeling A is

pair mean cordial labeling of G(T},) for n > 3. O
n S)\l S)‘f
n=1 (mod 8) | 32 | =3
n =3 (mod 8) | 3=5 | 3n-l
n =5 (mod 8) | 33 | 3n-3
— 3n—=>5 | 3n—1
n =7 (mod 8) | 7

Table 2

Example 3.5. The pair mean cordial labeling of the tortoise G(Ty) is shown in Figure 5.

FIGURE 5

4. CONCLUSION

In this paper, we look into the pair mean cordial labeling behaviour of diamond snake
graph, banana tree, tortoise graph and generalized web graph without the central vertex.
It may be further continued to explore some other graphs.
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