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m-ETERNAL TOTAL BONDAGE NUMBER IN CIRCULANT GRAPHS

P. ROUSHINI LEELY PUSHPAM!, PA. SHANTHI 2*, §

ABSTRACT. An Eternal dominating set of a graph is defined as a set of guards located at
vertices, required to protect the vertices of the graph against infinitely long sequences of
attacks, such that the configuration of guards induces a dominating set at all times. The
eternal m-security number is defined as the minimum number of guards to handle an
arbitrary sequence of single attacks using multiple-guard shifts. Klostermeyer and Myn-
hardt defined the m-eternal total domination number of a graph G denoted by v (G) as
the minimum number of guards to handle an arbitrary sequence of single attacks using
multiple guard shifts and the configuration of guards always induces a total dominating
set. We define the m-Eternal Total bondage number of a graph G denoted by bm:(G)
as the minimum cardinality of set of edges E' C E(G) for which 7% (G — E') > v2%(G)
and G — E’ does not contain isolated vertices. In this paper we find the exact values of
bmt(G) for Circulant graphs Cy(1,2) and Cr(1,3).

Keywords: Eternal total domination, total domination, Bondage Number, m- Eternal
total Bondage Number
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1. INTRODUCTION

Let G = (V, E) be a simple and connected graph of order |V| = n. For graph theoretic
terminology we refer to Harary [3]. For any vertex v € V', the open neighbourhood of v is
the set N(v) = {v € V/uv € E} and the closed neighbouhood is the set N[v] = N(v)Uv. A
set S is a dominating set if N[S] = V(G) or equivalently, every vertex in V' — S is adjacent
to at least one vertex in S. The domination number (G) is the minimum cardinality of a
dominating set in G, and a dominating set S of minimum cardinality is called a y-set of
G.

A total dominating set(TDS) of G is a set D C V with the property that for each
u € V, there exists x € D adjacent to u. The minimum cardinality amongst all total
dominating sets is the total domination number 7;(G). A TDS S of minimum cardinality
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is called ~y-set of G. Note that this parameter is only defined for graphs without isolated
vertices.

Klostermeyer et al. [4] defined an eternal dominating set(EDS) of G to be a set D
such that for each sequence of attacks R = ri,7ro,... with r; € V there exists a sequence
D = Dy, D, ... of dominating sets and a sequence of vertices si, s2,... where s; € D; N
Nr;], such that D;y1 = (D; — {s;}) U {r;}. Note that s; = r; is possible. The set D;;; is
the set of locations of guards after the attack at r; is defended. If s; # 7;, we say that the
guard at s; has moved to r;. The minimum cardinality amongst all eternal dominating sets
is the eternal domination number v*°(G).For the m-eternal dominating set problem, each
D;, i > 1, is required to be a dominating set, r; € V' (assuming without loss of generality
ri € D;), and D;y; is obtained from D; by moving the guards to neighbouring vertices.
That is each guard in D; may move to an adjacent vertex, as long as one guard moves to r;.
Thus it is required that r; € D;11. The size of a smallest m-eternal dominating set (defined
similar to an eternal dominating set) of G is the m-eternal domination number 5°(G).
This ”"multiple guards move” version of the problem was introduced by Goddard et al.
[2]. It is also called the "all guards move” model. It is clear that v*°(G) > v (G) > v(G)
for all graphs G. They defined an m-eternal total dominating set (m-ETDS) of G to be
an EDS except that all the sets D; are total dominating sets. The minimum cardinality
amongst all m-ETDSs is the m-eternal total domination numbery;,(G). A m-ETDS of
minimum cardinality is called a v,5;-set of G.

Fink et al.[1] initiated the study of bondage number of a graph G, where the bondage
number b(G) was defined to be cardinality of the smallest number of edges F' C E(G)
such that v(G — F) > v(G) and sharp bounds were obtained for b(G) and exact values
were determined for several classes of graphs.

The super computers are developed rapidly and the growth of faster processors are
in demand. The interconnection network can effieciently hold and connect such massive
system. Usage of circulant graph topology is ideal as it satisfy small network diameter,
large bisection with topological simplicity,symmetry and maximum connectivity. It is also
used for studying the reliability of certain communication networks. The circulant graphs
are decomposed and used for various research.

Applications of circulant graphs are in digital signal processing,Image compression,
Physics/Engineering simulation, number theory and cryptography. They are an important
class of interconnection networks in parallel and distributed computing. The circulant
topologies are used as a promising deadlock-free topology for networks on chip. Deadlock
free routing algorithms are presented for the high level modeling and comparison of the
peak throughout the network in chips. An extensive study on this graph topology is done
in [7] and [5]. Hence the research on m-eternal total bondage number was initiated in [9]
for a graph.

We define m-eternal total bondage number b,,,:(G) to be the minimum cardinality of
set of edges E' C F(G) for which 72%(G — E') > 7%%4(G) and G — E' does not contain
isolated vertices. In this paper, we find the exact values of by,.(G) for circulant graphs
Cr(1,2) and C,(1,3).

2. CIRCULANT GRAPHS

The circulant graph C,(S.) is the graph with the vertex set V(Cy(S,)) = {v; : 0 <
i < n — 1} and the edge set E(Cp(S:)) = {0 < 4,5 < n — 1(mod n) € S,}, S, C
{1,2,3,---,[§]} where subscripts are taken modulo n. In this section we find the value
of vo%, for the circulant graphs C,(1,2) and Cy(1,3).
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Theorem 2.1. [8]For the circulant graph G = Cy(1,2),

2
7na n =0 (modT7)
of

1(G) = W—I—l,nzz’(mod?),i:l’g
on'— i
(n72)+2’nzz(m0d7)722374>576

Theorem 2.2. [8]For the circulant graph G = Cy(1,2), vo5(G) = %(G).

Theorem 2.3. [6] For any integer n > 4,

[41+1,n=2,4(mod 8)
1(Cn(1,3)) =
otherwise.

(71,
Theorem 2.4. [8|For the circulant graph G = C,(1,3), n >4 ,
Tt (G) = 1(G)
Theorem 2.5. For circulant graphs G = Cy(1,2),

1 ,m=0,2 (modT)

1
2 n=1,56 (mod7) (1)

bt (G) = {
Proof. Let V(G) = {v1,v2,...,v,}. When n is even V(G) is partitioned in three cycles
and when n is odd V(@) is partitioned in two cycles. For any ~-set S of G, d(u,v) <5,
for every u,v € S.

Case(i): n = 0(mod 7)

Consider the graph G; = G —e. If e is an edge in the inner cycle, without loss of generality
let e = vqvg. The possible v-sets of G which are also the ~4-sets of G are listed below.
Sl = {1)7]{,6, V7k—4 k= 1, 2, ceey L%J}

SQ = {1)7]{,4, V7k—2 k= 1, 2, ceey L%J}

Sg = {U7k7277)7k k= 1,2,..., L%J}

When the guards are placed in S1, to defend an attack at vy, the guards move one step
along the edges of the outer cycle in the clockwise direction, leaving vg undefended. When
the guards are placed in So, to defend an attack at vy, vs — vy, leaving v; undefended.
When the guards are placed in Ss, to defend an attack at v4, the guards move one step
along the edges of the outer cycle in the clockwise direction and the resulting configuration
of guards is not a TDS.

In all the above cases, we see that 725 (G1) > v(G1) = %(G).
799(G) = 1 (G). Hence 725 (G1) > 7% (G). Therefore by, (G) = 1.

By Theorem 2.2,

Case(ii):n = 1(mod 7)
Consider the graph G; = G — e. If e is an edge in the outer cycle, without loss of gener-
ality let e = viva. Let S = {vrp—¢,v7k—4 : k= 1,2,..., [ 2|} U{va} be a y-set of G1. We
observe that S is also a y-set of G. Now, we place the guards in S. We partition V' \ §
as follows:

A= {U7k_3 k= L2,..., L%J}
B = {U7k_2 k= 1,2,. ,L%J}
C= {U7k_1 k= 1,2,. ,L%J}
D = {vy k=1,2,...,[%2]}
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E:{’U7k_5 k:1’27vl_%J}

To defend an attack at a vertex r € AU B, the guards in S move in the clockwise
direction leaving no vertex undefended. To defend an attack at a vertex r € CUD U E,
the guards in S move in the anticlockwise direction leaving no vertex undefended.

If e is not an edge in the outer cycle without loss of generality e = wvqvs. Let

S = {vi—s,vm—3 : k = 1,2,..., | 2|} U{vn} be a y-set of G1. We observe that S is
also a ~y-set of G. Now, we place the guards in S. We partition V' \ S as follows:
A:{U7k_2 k=1,2,..., nJ}
B:{U7k_1 k?:l,Q,...,
C:{U7k k:1,2,...,
D:{U7k+1 k:1,2,...,L
E:{U7k_4 k:1,2,,L%J}

To defend an attack at a vertex r € AU B, the guards in S move in the clockwise
direction leaving no vertex undefended. To defend an attack at a vertex r € CUD U F,
the guards in S move in the anticlockwise direction leaving no vertex undefended.

In both the above cases, we see that 795 (G1) = %(G1) = 1(G). By Theorem 2.2,
Yoo(G) = 1(G). Hence 7,5 (G1) = 755 (G). Therefore by, (G) > 2.

Now, consider the graph Gy = G — {e1,ea}. If e1, ey are the edges in the inner cycle,
without loss of generality let e; = vsvg and es = vgvr. The possible ~;-sets of G which
are also yi-sets of G are listed below.

S1 = {1)7]{,6,'1)7]6,4 k=1,2,..., L%J} U {Un}

So = {1)7]{,5,7)7]6,3 k=1,2,..., LEJ} U {Un}

S3 = {v7k,1,v7k+1 k=1,2,..., L%J} @] {1}4}

When the guards are placed in Si, to defend an attack at vs, the guards placed in
S1 \ v, moves one step in the clockwise direction along the edges of the inner cycle and
to maintain totality v, — v1 , leaving vg undefended. When the guards are placed in S5,
to defend an attack at vs, the guards move one step in the clockwise direction along the
edges of the outer cycle, leaving vg undefended. When the guards are placed in S3, to
defend an attack at vs, the guard at vy move to vs. Now the resulting configuration of
guards do not form a TDS as vs and vg are isolated.

In all the above cases, we see that oo, (G2) > 7:(G2) = v(G). By Theorem 2.2, v°%,(G) =
v (G). Hence 725 (Ga) > 7o5,(G). Therefore by, (G) = 2.

[
Sz~
I_I_

—

~I3
[

N

Case(iii): n = 2(mod 7)

Consider the graph G; = G—e. If e is an edge in the inner cycle, without loss of generality
let e = vsvy. The possible vy-sets of G which are also ;-sets of G are listed below.

St =A{vk—6,vrp—a + k=1,2,... 7]} U{vp_1}

So ={vm+t,vmees + k=12, 7]} U{vs}

S3 = {v7k+3,v7k+5 D k=1,2,..., L%J}U{’U5}

When the guards are placed in S;, i = 1, 2, 3, to defend an attack at vs, the guards move
one step clockwise direction along the edges of the inner cycle leaving vy undefended. In all
the above cases, we see that v,o,(G1) > 7(G1) = 1(G). By Theorem 2.2, v55,(G) = 1(G).
Hence 755,(G1) > 755,(G). Therefore by, (G) = 1.

Case(iv):n = 5(mod 7)
Consider the graph G; = G —e. If e is an edge in the outer cycle, without loss of generality
let e = vive. Let S = {vrp_6,vrr—a:k=1,2,...,[2]} be a y4-set of G1. We observe that
S is also a y4-set G. Now, we place the guards in S. We partition V' \ S as follows:
A:{’UWQ,Q k:1,2,...,L%J}
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B={vrp—1 k=12,...,[7]}
C:{U'?k’ k=1,2, 1|_%J}
D—{U7k+1 k:1,2,. ,I_%J}
E = {’U7k_4 k‘ = 1 2 [%1}

To defend an attack at a vertex r € AU B, the guards in S move in the clockwise
direction leaving no vertex undefended. To defend an attack at a vertex r € CUD U FE,
the guards in S move in the anticlockwise direction leaving no vertex undefended.

Without Loss of generality consider the graph G; = G — e, where e = vyvs. Let
S = {vrk_s,vrk—3 : k= 1,2,...,[%]} be the y-set of G;. We observe that S is also the
~vi-set of G. Now, we place the guards in S. We partition V' \ S as follows:

A:{UWC—Q k=1,2,... |77-|}
B = {U7k_1 k= 1, 2, . [7]}
C = {vz k=1,2,...,[%2]}
D:{U7k+1 k= 1,2,. ,L%J}
E:{U7k_4 k:1,2,. |7 W}

To defend an attack at a vertex r € AU B, the guards in S move in the clockwise
direction leaving no vertex undefended. To defend an attack at a vertex r € CUDUFE,
the guards in S move in the anticlockwise direction leaving no vertex undefended.

In both the above cases, we see that 195 (G1) = %(G1) = %(G). By Theorem 2.2,
Yo (G) = 1(G). Hence 7o5,(G1) = 725%(G). Therefore by (G) > 2.

Similar argument follows for G — e, where e = {vsv7}. Let S = {vrk_5,076-3 : k =
1,2,...,[%]} . In both the above cases, we see that v (G1) = 1(G1) = 1(G). By
Theorem 2.2, 75°,(G) = 1(G). Hence 755, (G1) = v55,(G). Therefore byt (G) > 2.

Now, consider the graph Go = G — {e1,ea}. If e1,e2 are the edges in the inner cycle,
without loss of generality let e; = vsvg and es = vgvy. The possible ~;-sets of G which
are also a v;-set of G are listed below.

St ={vik—s,vme—3 : k=1,2,...,[%]}
Sy = {vrks2,vepa + K=1,2,...,[2]}
Sz ={vi,vmees 1 k=1,2,...,[%]}

Sy = {vrk43, V745 ¢ k= 172,- 713U {va, v5}

When the guards are placed in Sl, to defend an attack at vs, the guards move one step
in the clockwise direction along the edges of the outer cycle, leaving vg undefended. When
the guards are placed in Sy, to defend an attack at vy, the guards placed in Sy \ {v ve}
moves one step in the clockwise direction along the edges of the outer cycle, leaving vy
undefended. When the guards are placed in Ss, to defend an attack at vg, the guards
move one step in the anti-clockwise direction along the edges of the inner cycle, leaving
no vertex undefended. If there is a subsequent attack at v7, vg — vy, vg — vg leaving no
vertex undefended. If there is a attack at vs, vy — v5 the resulting configuration do not
form a TDS. When the guards are placed in Sy, to defend an attack at vy, the guards
move as follows: vs — vy,u4 — v5, leaving vg undefended.

In both the above cases, we see that 7o (G2) > 1 (G2) = %(G). By Theorem 2.2,
Yoo(G) = 1(G). Hence 7,5, (G2) > 7%, (G). Therefore by, (G) = 2.

Case(v): n = 6(mod 7)
Consider the graph G; = G—e. If e is an edge in the outer cycle, without loss of generality
let e = vive. Let S = {vrgp_3,v7—1:k=1,2,...,[2]} be a y-set of G1. We observe that
S is also a y4-set G. Now, we place the guards in S. We partition V' \ S as follows:
A:{’U7k kZl,Q,...,’—%W}
B:{U7k+1 k‘:1,2,,[%—|}
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To defend an attack at a vertex r € AU E, the guards in S move in the clockwise
direction along the edges of the outer cycle leaving no vertex undefended. To defend an
attack at a vertex r € B, the guards in .S move one step in the clockwise direction along
the edges of the inner cycle leaving no vertex undefended. To defend an attack at a vertex
r € C, the guards in S move one step in the anticlockwise direction along the edges of
the inner cycle leaving no vertex undefended. To defend an attack at a vertex r € D, the
guards in S move one step in the anticlockwise direction along the edges of the outer cycle
leaving no vertex undefended.

If e is not an edge in the outer cycle without loss of generality let e = vsv;. Let
S ={vrk—6,vrk—a: k=1,2,...,[%]} be a y-set of G1. We observe that S is also a v;-set
of G. Now, we place the guards in S. We partition V' \ S as follows:

A:{U7k_3 k:1,2,,(%]}

B={vp_o k=1, ,,[%1}
C={vk—1 k=1,2,...,[2]}
D:{'U'?k kzl, ,,L%J}

E:{’U7k,5 k:1,2,...,f%—‘}

To defend an attack at a vertex r € AU E, the guards in S move in the clockwise
direction along the edge of the outer cycle leaving no vertex undefended. To defend an
attack at a vertex r € B, the guards in S move in the clockwise direction along the edge of
the inner cycle leaving no vertex undefended. To defend an attack at a vertex r € C| the
guards in S move in the anticlockwise direction along the edge of the inner cycle leaving
no vertex undefended. To defend an attack at a vertex r € D, the guards in .S move in the
anticlockwise direction along the edge of the outer cycle leaving no vertex undefended.

In both the above cases, we see that 7o5(G1) = 7(G1) = %(G). By Theorem 2.2,
799(G) = 1 (G). Hence 725, (G1) = v5,(G). Therefore by, (G) > 2.

Now, consider the graph Gy = G — {e1,ea}. If e1,ex are the edges in the inner cycle,
without loss of generality let e; = vsvg and es = vgvy. The possible ~-sets of Go which
are also ~;-sets of G are listed below.

S1={vik—6,v76—a : k=1,2,...,[%]}

So ={vrk—s,vme—3 + k=1,2,...,[7]}U{vn}

Sz ={vm—t,vme1 + k=12, 7]} U{va}

When the guards are placed in Si, to defend an attack at vs, the guards placed in
S1\ v1,v3 moves one step along the edges of the outer cycle in the clockwise direction and
v3 — U5, V1 — v3, leaving vg undefended. When the guards are placed in So, to defend an
attack at vs, the guards move as follows: v4 — v, vo — v3, leaving vg undefended.

In all the above cases, we see that 7o5(G2) > v (G2) = %(G). By Theorem 2.2,
Yoo(G) = 1(G). Hence 7.5, (G2) > 7%, (G). Therefore by, (G) = 2.

O

Theorem 2.6. For circulant graphs G = Cy,(1,2), by (G) < 3,if n=3,4 (mod 7)

Proof. Let V(G) = {v1,v2,...,v,}. The pattern in which the guards are placed is such
that d(u,v) <5, where u,v € V(G).

Case(i): n = 3(mod 7)
Consider the graph G; = G — {ey, e2,e3}, where e; = vqv5, €2 = vsv6, €3 = vgv7. The
possible v-sets of G; which are also a v-set of G are listed below.
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S1=A{vik—6,v7k—a : k=1,2,...,[2]} U{vp1}
So = {Vrkys, Ve 2 k= 172, S 71U {or,vs}
Sz = {7k, V712 k=1,2,...,[%2]} U{vs,v6}
Sy =A{vig,vmey2 0 k=12, 2]} U{v3, 4}

When the guards are placed in S1, to defend an attack at vy, the guards move as fol-
lows: v3 — w4, v1 — V2, Vg — V7, V19 — Vg, V15 — V14, V17 — Vi leaving vg undefended.
When the guards are placed in So, to defend a 1%¢ attack at vs, the guards move as fol-
lows: vy — w5, vg — v7, leaving no vertex undefended. To defend a ond attack at Vg,
then vq4 — vg, vo — v4, leaving v17 and v, undefended. When the guards are placed in
S3, to defend a 1! attack at vs, the guards move as follows. v7 — vs, v4 — v3, Vg — Vs,
v9 — v1g,leaving no vertex undefended. To defend a 2nd attack at vy, then vy — V4,
vy — V3, U§ — VU7, Vg — Vg,leaving no vertex undefended. To defend a 37 attack at
v11, then vg — v11, v7 — w9 leaving vs undefended. When the guards are placed in Sy,
to defend a 1% attack at vs, the guards move as follows: v3 — vs, v4 — V3, Vg — Vs,
v11 — vig,leaving no vertex undefended. To defend a 2nd attack at vg, then vig — vs,
v15 — V13, V17 — v15 leaving no vertex undefended. To defend a 374 attack at vy4, then
vs — vy leaving v; undefended. Hence Sy is not a yoo-set of Gj.

In all the above cases, we see that o5, (G1) > %(G1) = %(G). By Theorem 2.2,
Y9 (G) = 1(G). Hence 7o5,(G1) > 7% (G). Therefore by (G) < 3.

Case(ii): n = 4(mod 7)

Consider the graph G1 = G —{eq, e2, e3}, where e; = vsvg , €2 = vgv7 and e = vyvs. The
possible v-sets of G1 which are also a ~y-sets of GG are listed below.

Sl :{v7k,5,v7k,3 : k—1,2,... —‘}

Sy = {vrkr2, 0744 2 k=12, } U {vs, v6}

S3 = {vrky3, 0745 0 k=1,2,... }U{vg, vs}

Sy = A{viks,vreyr 0 k=12, [ 7]} U{vs,v9}

When the guards are placed in S, to defend an 1% attack at vs, the guards move as
follows. vq4 — vs5, v9 — v4 leaving no vertex undefended. To defend a 2nd attack at v7,
then vs — w7, v4 — wvs leaving vg undefended. When the guards are placed in S, to
defend an 1% attack at vy, the guards move as follows: v9 — v7, vig — Vi, V11 — Vo,
V18 — V16, V2 — V4, Vg — V4 leaving no vertex undefended.

To defend an 2" attack at vs, then vg — vg, V7 — Vg, V4 — Vs , V14 — V15, V4 — Us ,
V9 — V4, V16 — V17 leaving v1o undefended.

When the guards are placed in S3, to defend an attack at vy, then the guards move as
follows: v5 — v7, v4 — Vs, V19 — V9,V12 — V11, V17 — V16, V1 — V1 leaving vg undefended.
When the guards are placed in Sy, to defend an attack at vg, the guards move as follows:
vg — Vg, Vg — vg leaving vy undefended.

In all the above cases, we see that vo5,(G1) > %(G1) = %(G). By Theorem 2.2,
Yo(G) = 1(G). Hence 7,5, (G1) > 705, (G). Therefore by, (G) < 3.

rr—r
~SNISNISNIS

[ T T

O

Theorem 2.7. For circulant graphs G = Cy(1,3),

1 ,n=0,1,6,7 (mod8)

2
2 n=23,4,5 (mod8) @)

bt (G) = {

Proof. Let V(G) = {v1,v2,...,v,}. The pattern in which the guards are placed is such
that d(u,v) <7, where u,v € V(G).
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We claim that b,,:(G) =1 when n=0,1,6,7 (mod 8).

Case(i): n = 0(mod 8)
Without loss of generality consider the graph G; = G — e, where e = vqvg. The possible
~v¢-sets of G1 which are also the - sets of G are listed below.

Sl = {U8k—77v8k’—6 k= 17 27 ) §
Sy = {USk—57v8k—2 k= L2..., %
SS = {USk—vak k= 172a ) %
54 = {U8k7 Usk+1 k= 17 2a ) %
S5 = {vsks1,v8kr2 hk=1,2,...,%

When the guards are placed in Sp, to defend an attack at vg, the guards move as
follows: v1 — vy, V9 — w3, Vg — V12, V19 — V11, leaving vs undefended. When the guards
are placed in So, to defend an attack at vs, the guards move as follows: vg — vs, v3 — V2,
v11 — V10, V14 — V13, leaving vy undefended. When the guards are placed in S3, to defend
an attack at vy, the guards move as follows: vy — vy, v§ — v7, V15 — V12, Vig — V15,
leaving vs undefended. When the guards are placed in Sy, to defend an attack at vs, the
guards move as follows: vg — vs, v9 — Vg, V16 — V13, V1 — V14, leaving v4 undefended.

When the guards are placed in S5, to defend an attack at vy, the guards move as
follows: v1 — w4, v — v3, Vg — V12, V10 — V11, leaving vs undefended.
In all the above cases, we see that v55,(G1) > 7(G1) = 1(G). By Theorem 2.4, 755, (G) =
7(G). Hence ’ymt(Gl) > 4%.(G). Therefore by, (G) = 1.

Case(ii): n = 1(mod 8)
Without loss of generality consider the graph G; = G — e, where e = vsvg. The possible
~v¢-sets of G1 which are also the ~;-sets of GG are listed below.

Sy ={vgg-7,v86—6 : k=1,2,...,[§]U{va-1}
Sy = {U8k76yv8k75 k=1,2,...,[8] U{va1}
S3 = {’ng_4,vgk_1  k=1,2,..., I_%J U {Ul}
Sy = {’ng_l,vgk k=1,2,..., L%J @] {’U4}
S5 = {U8k7U8k’-‘r1 k= 1721 ceey I_%J U {U3}
SG = {U8k+17v8k‘+2 k= 17 27 ey L%J U {U4}
St = {vskr2,v8k43 + k=1,2,..., |5 U{vr}
Sg = {vakt3, vskra © K =1,2,..., 5] U {vs}

When the guards are placed in 51, to defend an attack at vs, the guards move as fol-
lows: vo — v5, v1 — V4, Vg — V12, V19 — V13, leaving vg undefended. When the guards
are placed in So, to defend an attack at vs, the guards move as follows: vy — vs, v3 — V9,
leaving vg undefended. When the guards are placed in S5, to defend an attack at vg, the
guards move as follows: vy — wvg, v4 — v3, V12 — V11, V15 — V14, V1 — Uy, leaving vs
undefended. When the guards are placed in Sy, to defend an attack at vs, the guards
move as follows: v4 — vs, vg§ — v9, V7 — vg, Vg — V17, V15 — V16, leaving vg undefended.
When the guards are placed in S5, to defend an attack at vg, the guards move as follows:
v3 — Vg, leaving vy and vs undefended. When the guards are placed in Sg, to defend an
attack at vs, the guards move as follows: v4 — vs, v1 — V2, v, — V1, V19 — V11, V9 — V10,
leaving vg undefended. When the guards are placed in S7, to defend an attack at vg, the
guards move as follows: v7; — vg, vig — V9, V11 — V10, V1 — Un, V2 —> V1, leaving vs
undefended. When the guards are placed in Sg, to defend an attack at vs, the guards
move as follows: vy — vs, v3 — v4, V11 — V14, V12 — V13, Vg — V11, leaving vg undefended.

In all the above cases, we see that oo, (G1) > %(G1) = %(G). By Theorem 2.4,
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799(G) = 1 (G). Hence 7%, (G1) > 7%(G). Therefore by, (G) = 1.

Case(iii): n = 6(mod 8)
Let S = {vgk—6,v8k—5 : k = 1,2,...,[5]} be a y-set of G. Consider a graph G; = G —e
where e = v1va. Now the y4-set of G is given by S" = {vgr_¢,vsp—5 : k =1,2,...,[g|} U
{vp}. Clearly |S| < |S'|. Therefore v4(G) < v(G1). By Theorem 2.4, v2°.(G) = v(G).
Hence 755, (G1) > 755, (G). Therefore by, (G) = 1.

Case(iv): n = 7(mod 8)
Let S = {vgk—¢,vsk—5: k =1,2,...,[g ]} be a y4-set of G. Consider a graph G = G —e
where e = v1v9. Now the y-set of Gy is given by 8" = {vgg_¢,vsk—5: k =1,2,...,[2]} U
{vn—2}. Clearly |S| < |S’|. Therefore 4(G) < 7:(G1). By Theorem 4.4, v5%,(G) = %(G).
Hence 755,(G1) > 755,(G). Therefore by, (G) = 1.
Now we claim that b,,:(G) = 2, when n = 2,3,4,5 (mod 8).

ool

Case(i): n = 2(mod 8)

Consider the graph G; = G — e, where e = {vjve}. Let S = {vgg_¢,v86—5 : k =
1,2,...,[g]} U{vn,vn1} be the y-sets of G1. We observe that S is also the ~-set
G. Now, we place the guards in S. We partition the vertices v ¢ S as follows:
A:{ng_4 k:1,2,L
B:{ng_g k:1,2,
C:{ng_g k:1,2,
D:{ng_l k:1,2,
E = {uvsy kE=1,2,...|
F:{v8k+1 k:172,L%J}

To defend an attack at a vertex r € A or r € B or r € C, the guards in S move in the

clockwise direction leaving no vertex undefended. To defend an attack at a vertex r € D
orr € F or r € F, the guards in S move in the anticlockwise direction leaving no vertex
undefended.
Without Loss of generality consider the graph G; = G — e, where e = wvivy. Let
S = {vsk—6,vsk—5 : k = 1,2,...,[5]} be the y-sets of G1. We observe that S is also
the vy;-set G. Now, we place the guards in S. We partition the vertices v ¢ S as discussed
above. Similar argument follows as discussed above when there is an attack.

In both the above cases, we see that 7o5(G1) = 7 (G1) = %(G). By Theorem 2.4,
799(G) = 1 (G). Hence 725, (G1) = 75 (G). Therefore by, (G) > 2.

Now, consider the graph G; = G — {e1,e2}, where e; = viv2 and ez = vovy. The possible
~v¢-set of G1 which are also a ~y-set of G are listed below.

S1= {USk—En vgk—4 : k= L2,..., L%J} U {’Unfla ’Uan}

So = {vgk—4,v86—3 : k=1,2,...,[5]}

When the guards are placed in S7, to defend an 1% attack at vo, the guards move as
follows: v,—1 — V2, Un—2 — Up_1. To defend an 2" attack at v;, the guards move as
follows: v4 — v1, V3 — V4, Up—1 — Up_2, V2 — v,_1 leaving vy undefended. When the
guards are placed in So, to defend an 1% attack at vy, the guards move as follows: v4 — vy,
V3 — Up, Uy — U3, Us — V4, V12 — V11, V13 — VU12. To defend an 2"¢ attack at vs, the
guards move as follows: v4 — v5, v3 — V4, V18 — V17, V1 — v1g. Lo defend an 374 attack
at vg, the guards move as follows: vs — vg, v4 — v7. To defend an 4th attack at vi4, the
guards move as follows: vi7 — v14, V18 — V15, U7 — V4, Vs — U5 leaving vs undefended.

In all the above cases, we see that oo, (G1) > %(G1) = %(G). By Theorem 2.4,
Yo (G) = 1(G). Hence 7o5,(G1) > 725%(G). Therefore by (G) = 2.

—
G0l 3 00| 3 00| 30013
[
;V_J\_V_IW_J\W-JW_/

0|3
[
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Case(ii): n = 3(mod 8)

Consider the graph G; = G — e, where e = {vjva}. Let S = {vsx—¢,v86—5 : k =
1,2,...,[§]} be the vy-sets of Gi. We observe that S is also the vy-set G. Now, we
place the guards in S. We partition the vertices v ¢ S as follows:

A:{ng_4 k‘:l,Q,...
B:{ng_g k:1,2,...
C={vgp—o k=12,...
D:{ng_l k:1,2,...
E:{vgk k‘:l,Q,...
F:{USk—i—l k:1,2,... SJ}

To defend an attack at a vertex r € A or r € B or r € C, the guards in S move in the

clockwise direction leaving no vertex undefended. To defend an attack at a vertex r € D
orr € F orr € F, the guards in S move in the anticlockwise direction leaving no vertex
undefended.
Without Loss of generality consider the graph G; = G — e, where e = vyvy. Let
S = {vsk—6,vsk—5 : k = 1,2,...,[5]} be the ys-sets of G1. We observe that S is also
the y4-set G. Now, we place the guards in S. We partition the vertices v ¢ S as discussed
above. Similar argument follows as discussed above when there is an attack.

In both the above cases, we see that 195 (G1) = %(G1) = 1(G). By Theorem 2.4,
Yo (G) = 1(G). Hence 7o5,(G1) = 725%(G). Therefore by (G) > 2.

Now, consider the graph G; = G — {e1,e2}, where e; = vivy and e = vovs. The possible
~v¢-set of (G1 which are also a ~-set of G are listed below.

S1 = {ng,5,7)gk,4 k=1,2,..., L%J} U {Un,’l)n_l}

Sy = {ng,4,vgk,3 k=1,2,..., nJ} @] {vn,vn_l}

S3 = {vgk—3,v8k—2 : k=1,2,...,[5]} U{vn, vn_1}

Sy = {vsk—2,v86-1 : k=1,2,..., 5]} U{vn,vn1}

S5 ={vsk—1,v8c k=12, [5]}U{vn,vn1}

When the guards are placed in Sp, to defend an attack at vs, the guards move as follows:
Up—1 — V2, Up — Unp_1, V12 — V13, V11 — V12, U4 — U5, U3 — vg,leaving v; undefended.
When the guards are placed in So, to defend an attack at v, the guards move as follows:
Up—1 — V2, Up — Un—1 leaving v; undefended. When the guards are placed in S3, to defend
an attack at vo, the guards move as follows: v,_1 — wvg, v, — v,_1 leaving v1 undefended.
When the guards are placed in Sy, to defend an attack at ve, the guards move as follows:
Up_1 — V2, U, — Up_1 leaving vq undefended. When the guards are placed in S5, to
defend an attack at vy, the guards move as follows: v,_1 — v9, v,, = v,_1 leaving v; and
v3 undefended.

In all the above cases, we see that vo5(G1) > % (G1) = %(G). By Theorem 2.4,
Yoo(G) = 1 (G). Hence 75, (G1) > 7%, (G). Therefore by, (G) = 2.

0] S 00| S00| 300l 3

Cer—r—r—
— e
e

|3

,_
3

rr
00| 00|3 00|

,_
0|3

Case(iii): n = 4(mod 8)
Consider the graph G; = G — e, where e = {vjve}. Let S = {vgg_¢,v86—5 : k =
1,2,...,[g ]} be the y-sets of G;. We observe that S is also the vy-set G. Now, we
place the guards in S. We partition the vertices v ¢ S as follows:
A:{ng_4 k:1,2,
B:{ng_g k:1,2,...
C:{ng,Q k:1,2,...

l._l—_|_|
00| 300|S00| 30|13

- —

D = {vgk,1 k= 1,2,.
E = {vgk k=1,2,...%]
F= {vgk+1 k= 1,2, ‘e I_%J
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To defend an attack at a vertex r € A or r € B or r € C, the guards in S move in the

clockwise direction leaving no vertex undefended. To defend an attack at a vertex r € D
orr € F or r € F, the guards in S move in the anticlockwise direction leaving no vertex
undefended.
Without Loss of generality consider the graph Gi; = G — e, where e = vyvy. Let
S = {vsk—6,v8k—5 : kK = 1,2,...,[g]} be the y-sets of Gi. We observe that S is also
the y4-set G. Now, we place the guards in S. We partition the vertices v ¢ S as discussed
above. Similar argument follows as discussed above when there is an attack.

In both the above cases, we see that 705 (G1) = %(G1) = %(G). By Theorem 2.4,
155(G) = 7(G). Hence 135(Gh) = 735(G). Therefore byy(G) > 2.

Now, consider the graph G1 = G — {e1, ea}, where e; = vjvy and eg = vyvs. The possible
~v¢-set of (G1 which are also a ~;-set of G are listed below.

S& ::{ng_4,vgk_3 : kI::l,Q,...,(%W}

So = {vgk—3,v8k—2 : k=1,2,..., (5]} U{vn,vn-1}

S3 = {vgp—2,v8k—1 : k=1,2,..., (5]} U{vn, vn-1}

When the guards are placed in S1, to defend an attack at vy, the guards move as follows:
v — VU2, v4 — vy leaving vy undefended. When the guards are placed in S9, to defend an
15t attack at vo, the guards move as follows: vs — va, Vg — U5, V13 — V12, V14 — v13. To
defend an 2"% attack at vs, the guards move as follows: v, — v3, Vp_1 — Up, leaving vy
and v,_o undefended. When the guards are placed in S3, to defend an attack at vy, the
guards move as follows: v,_1 — v2, v§ — U5, U7 — Vg, V14 —> V13, V15 — V14, Un — Un—1,
leaving v; undefended.

In all the above cases, we see that 755 (G1) > 1 (G1) = %(G). By Theorem 2.4,
Yo (G) = 1(G). Hence 755,(G1) > 7025 (G). Therefore by (G) = 2.

Case(iv): n = 5(mod 8)

Consider the graph G; = G — e, where e = {vjva}. Let S = {uvsg—¢,v86—5 : k =
1,2,...,[g]} be the vy-sets of Gi. We observe that S is also the vy-set G. Now, we
place the guards in S. We partition the vertices v ¢ S as follows:

A:{ng_4 k:1,2,...
B:{ng_g k:1,2,...
C={vgp—o k=12,...
D:{ng_1 k':l,Q,...
E:{’ng k‘:l,Q,...
F:{USk-f—l ]{7:1,2,...L

To defend an attack at a vertex r € A or r € B or r € C, the guards in S move in the

clockwise direction leaving no vertex undefended. To defend an attack at a vertex r € D
orr € F or r € F, the guards in S move in the anticlockwise direction leaving no vertex
undefended.
Without Loss of generality consider the graph G; = G — e, where e = wvjvy . Let
S = {vsk—6,vsk—5 : k = 1,2,...,[g]} be the y-sets of G;. We observe that S is also
the v4-set G. Now, we place the guards in S. We partition the vertices v ¢ S as discussed
above. Similar argument follows as discussed above when there is an attack.

In both the above cases, we see that 755(G1) = %(G1) = 1(G). By Theorem 2.4,
Yoo(G) = 1(G). Hence 75 (G1) = 755 (G). Therefore by, (G) > 2.

Now, consider the graph G; = G — {ej, e2}, where e; = v1vy and e = vovs. The possible
~i-set of (G1 which are also a v;-set of GG are listed below.

5& ::{ng,4,vgk,3 : k?==1, ,...,f%}}

Sé =={ng,3,vgk,2 . k?ztl, ,...,f%}}

Sé ::{ng,5,vgk,4 : kZ::1,2,...,L%J}

’_
0|3
L — 11— 1
00| S ——00| 300|003 0|3
- —
\_V-JH,—/H_JMV—/
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When the guards are placed in S1, to defend an attack at vs, the guards move as follows:
vs — V2, v4 — vs leaving vy undefended. When the guards are placed in Ss, to defend
an attack at vg, the guards move as follows: vs — va, vg — vs, V13 — V12, V14 — V13,
Up — Un_1, V1 — Uy, leaving v7 undefended. When the guards are placed in Ss, to defend
an attack at vo, the guards move as follows: v,_1 — v2, vy_o — v,_1, leaving v1, v1g and
v1g leaving undefended.

In all the above cases, we see that v55(G1) > % (G1) = %(G). By Theorem 2.4,
T (G) = 1 (G). Hence 7,5, (G1) > 5 (G). Therefore by (G) = 2

d

3. CONCLUSION

In conclusion, the study demonstrated the m-eternal total bondage number for Circulant
graphs C,(1,2) and C,(1,3). The future research can be extended to Circulant graphs for
n > 3. One can also find the m eternal total bondage number for other regular graphs.

Acknowledgement. Our sincere thanks to the annoymous reviewers of the paper for
their valuable suggesstions and guidance in improving the standard of the paper.
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