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SOME FIXED POINT THEOREMS IN DISLOCATED QUASI
EXTENDED B-METRIC SPACE

N. MITTAL!, Z. K. ANSARI?, A. VYAS®", §

ABSTRACT. In 2017, Kamran et al. [14] introduced the notion of extended b-metric
space as a generalization of b-metric space. The concept of dislocated quasi extended
b-metric space was presented by Nurwahyu [15]. In this paper, Banach’s contraction
principle and fixed point results for other different contraction type mapping given by
Bianchini [5] and Agrawal et al. [3] are established in this space. The established results
broaden and generalize a number of fixed point results in the literature. Also provided
are appropriate examples of the established results.

Keywords: Fixed Point, Contraction Map, b-Metric, Dislocated Quasi b-Metric Space,
Cauchy Sequence.
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1. INTRODUCTION

The theory of fixed points is one of the most well-known and progressive field of research
in nonlinear functional analysis. It is quite useful to study the existence and uniqueness
of fixed point(S(u) = w). In this field, one of the most discussed result was given by S.
Banach in 1922 [4] for a contraction mapping in a complete metric space, well known as
Banach contraction principle.“Let S be a map from a complete metric space (K, ¢) into
itself satisfying: £(Su,Sv) < al(u,v) for a € [0,1); then S has a unique fixed point in
KC.” Since then many authors have extended this result in different metric spaces such as
dislocated metric space, dislocated quasi metric space, partial metric space, cone metric
space, G-metric space, b-metric space and so forth, by utilising various contractions and
mappings.

Bakhtin [7] and Bourbaki [6] introduced the concept of b-metric space as a generalization
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of metric space. Later Czerwik [8] extended the results in b-metric space. Following Czer-
wik, numerous studies that included fixed point results in b-metric space were established.
Rahman and Sarwar [16] in 2016 defined dislocated quasi b-metric space and well known
fixed point results were established in this space. Recently, Kamran et al. [14] introduced
the concept of extended b-metric space as a generalization of b-metric space.

Motivated by the idea of extended b-metric space, Nurwahyu [15] introduced dislocated
quasi extended b-metric space as its generalization. Here, we have established the Banach
contraction principle and other well known fixed point results by utilizing contraction
condition given by Bianchini [5] and Agrawal et.al [3] in dislocated quasi extended b-
metric space.

2. PRELIMINARIES

The purpose of this section is to acquaint with the basic concepts and definitions used
throughout this research paper which will further assist to understand next section.

Definition 2.1. (Bakhtin [7], Czrerwik [8]) Given that s > 1 is a real number and K is a
nonempty set, the mapping £ : K x K — [0, 00) is called b-metric if satisfies the following
conditions for all u,v,w € K :

(01) £Ls(u, )—0
(b2) ls(u,v) = ls(v,u) = 0 implies that u = v;
(b3) £s(u,v) = €s(v,u);
(b4) £s(u,v) < s[ls(u, w) + £s(w, v)].

(K,

The pair ls) is called a b-metric space.

Remark 2.1. (1) The definition of b-metric space coincides with the definition of
usual metric space if s = 1. Thus, every metric space is b-metric space, but the
converse is not true [13].

(2) A b-metric ¢, is not continuous [19], however a metric ¢ is known to be continuous.
(3) If 45 satisfies the conditions (b2) and (b4) only then it is called dislocated quasi
b-metric ({45 b-metric), introduced by Rahman and Sarwar [16].

Recently Kamran et al. [14] introduced the notion of extended b-metric space as a
generalization of b-metric space.

Definition 2.2. ([14]) Given that K is a non empty set and 6 : £ x K — [1,00), the
mapping g : K x K — [0,00) is called extended b-metric if it satisfies the following
properties for all u,v,w € K:

(o) Lo(u,u) = 0;

(£92) Lg(u,v) = Ly(v,u) = 0 implies that u = v;
(£93) Lo(u,v) = Lo(v,u);
(Lo4) Lo(u,v) < 0(u,v)[ly(u, w) + lo(w,v)].

(

The pair (K, {y) is called an extended b-metric space.

Remark 2.2. (1) The definition of extended b-metric space coincides with the defi-
nition of b-metric for O(u,v) = s > 1, for all u,v € K and it reduces to be usual
metric if s = 1.
(2) If ¢y satisfies the conditions (¢p2) and (¢p4) only then it is called dislocated quasi
extended b-metric ({49 b-metric), introduced by Nurwahyu [15].
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(3) Every dislocated quasi b-metric space is dislocated quasi extended b-metric space
and every extended b-metric space is dislocated quasi extended b-metric space
with the same 6 : I x IC — [1,00) and zero self distance. However the converse is
not true.

Example 2.1. Assuming that IC = [0,00), define £y : K x K — [0,00) as

lop(u,v) =| u | +(u—v)?for allu,v € K. Define  : K x K — [1,00) as 0(u,v) =
u+v+2for allu,v € K. Then (KC,44) is dislocated quasi extended b-metric space. Since
leg(1,1) = 1 # 0, L49(1,2) # £4(2,1) and K is infinite, hence it is neither extended

b-metric space nor dislocated quasi b-metric space.

Now, we define convergent sequence, Cauchy sequence and completeness in the context
of dislocated quasi extended b-metric space.

Definition 2.3. Let (K, £4) be a dislocated quasi extended b-metric space.
(i) A sequence {u,} in K converges to n € K if
limn—moqu(un; 77) =0= limn—>oo€q0(77a un)-

In this situation, 7 is referred to as £ limit of {u, } and written as u,, = n(n — 00).
(ii) A sequence {u,} in K is called a Cauchy sequence if for given any ¢ > 0,3ng € N
such that

Lo (U, upn) < €01 Lgg(Un, um) < €, for all m,n > no,
that is

limm,n—)ooeqe(umy un) =0= limm,n%ooqu(uny um)

(ili) (KC,44p) is called complete if every Cauchy sequence in K converges to a point of

K.
Note that a dislocated quasi extended b-metric need not be continuous.

Example 2.2. Let K =NU {oo} and define £ : L x K — R as

.

1 if’l’Ll = N2
1 1 : _
| s | if n1, ng are even orning = oo
log(ni,m2) =45 ifn1,no are odd andnq < no
7 if n1,no are odd andnqy > ng
2 otherwise

\

If O(u,v) = 3for all u,v € K, then (IC,£4) is a dislocated quasi extended b-metric space,
but it is not continuous.

For each n € N, set u,, = 2n. Then {(2n, c0) = ﬁ — 0 as n — oo,

that is, u, — oo but lgg(uy, 1) =2 » £4(00,1) as n — oo.

The Following Lemma as given in Kamran et al. [14] can be carried over directly from
extended b-metric space to the dislocated quasi extended b-metric space.

Lemma 2.1. ([14]) Let (K, ¢4) be a dislocated quasi extended b-metric space such that
{49 is continuous, then each convergent sequence has a unique limit in (K).

Let us recollect the main result of Bianchini [5], Kannan [12] and Agrawal et al. [3]
addressing the presence and uniqueness of fixed point in complete metric space.
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Theorem 2.1. ([5]) Let (K, ¢) be a complete metric space and let S : K — K be a self
mapping satisfying the following condition:

0(Su, Sv) < hmax{l(u, Su), (v, Sv)}for all u,v € K,
where h € [0,1). Then S has a unique fixed point K.

Theorem 2.2. ([12]) Let (K, ¢) be a complete metric space and let S : K — K be a self
mapping satisfying the following condition:

0(Su, Sv) < all(u, Su) + (v, Sv)] for all u,v € K,
where a € |0, %) Then S has a unique fixed point K.

Theorem 2.3. ([3]) Let (K,¢) be a complete metric space and let S : K — K be a self
mapping satisfying the following condition:

0(Su, Sv) < amax{l(u, Su), (v, Sv),l(u,v)} + b{l(u, Sv) + {(v, Su)} for all u,v € IC,
where a,b > 0 such that a + 2b < 1. Then S has a unique fixed point K.

3. MAIN RESULTS

In this section, we establish Banach’s contraction principle and fixed point results for
other different contraction type mapping given by Bianchini [5] and Agrawal et al. [3] in
the context of dislocated quasi extended b-metric space.

Lemma 3.1. Consider a dislocated quasi extended b-metric space (IC,£49) such that £
is continuous. Let {u,} be a sequence in K satisfying

0 < Lgo(tn, unt1) < algg(tn_1,un). (1)

for n = 1,2,3,.... and a € [0,1) is a real number such that limy pm—scof(Un, um) < é,

where 0 : I x K — [1,00) is defined in £y b-metric space. Then, in K, {u,} is a Cauchy
sequence.

Proof. Assume m > n > 1, applying triangular inequality ({44) and (1), we get
Lao(Uns Um) < O(Un, Um) [Lgo (Un, Unt1) + Lo (Unt1, Um)]
< O(un, um )" lgg (1o, 1) + O0(tn, U )0 (Unt1, Um)
[£q9 (U1, Unt2) + o (Unt2, um)]
< O(un, um ) lgg (1o, 1) + O0(tn, Um)0(tnt1, 1Lm)oz”’+1€qg(U()7 up)
Foeeenn 0, 1m0 (tns 1, U )0 (U2, ) -
e O (Um—2, U ) O (U1, U ) ™ Mg (w0, w1 )

< Lgo(uo, u1)[0(w1, wm)0(u2, Um) - - - O(Un—1, Um ) (Un, Um )
an—i—l

n

+ 0(“17 um)a(u% Um) T e(una um)e(unJrla um)
+ 4+ 9(’LL1, um)e(UQa um) T a(unv um)e(unJrl» um) T
m—l] ..................... (%)

As, limp, m—o000(Unt1, Um) < é, therefore the series Y o2 o™ [ 0(u;, uy,) converges
by ratio test for each m € N.
Let S=> 2, o™ [ 0(u;, um), with the partial sum

S, = Z; ol H1 0(ui, t,) (2)

PN 9(“771727 um)g(umfly Um)a
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using (2) in (*), it follows that
éqe(una um) < €q9(u0> ul)[Smfl - SnflL form >mn (3)

Letting n — oo in (3), we get that lim,, n—oolqo (Un, um) = 0 i.e., the constructed sequence
{un} is a Cauchy sequence in (K, £49). O

Next theorem resembles Banach contraction principle in the setting of dislocated quasi
extended b-metric space.

Theorem 3.1. Given that £, is continuous, let (K, £,9) be a complete dislocated quasi
extended b-metric space. Let S : K — K be a self mapping that satisfies the following
condition:

Lyo(Su, Sv) < Mgp(u,v) for allu,v € K 4)

where A € [0,1) is such that for each ug € K, limy m—sool(tn, um) < %, where u,, =
S™ug,n = 1,2,....Then S has a unique fixed point 7. Additionally for each v € K,
S"u — n.

Proof. Let up € K be arbitrary, let us define a sequence {u,} in K as follows:

Up, U1 = SUQ,UQ = Sul, ..... , Un+4+1 = Sun,

If upy1 = uy for any n, then u, is a fixed point and further investigation is not necessary.
Therefore, assume that w,+1 # u, for any n.

We have

éq@(unaun+1) = gqe(sunflasun)
< Aeq@(un—lyun)

Similarly £g(un—1, un) < Xgg(tun—2, Un—1)
Proceeding like this, we get

a0 (Un, Unt1) < AN'gp(uo, u)

Using Lemma 3.1, in complete {9 b-metric space K, {u,} is a Cauchy sequence. As a
result, there is a point 1 € KC such that lim,_.ou, = 1. Consider

Loo(Snsm) < 0(Sn,m)[leo (S, un) + Lgo(tun, )]
< Q(Snvn)[)‘gtﬁ(naun—l)+€q9(un77))]

leo(Sn,m) < 0asn — oo

lyp(Sm,m) = 0

Similarly £49(n, Sn) = 0. So by (£491) we have Sy =1n. Thus 7 is a fixed point of S.

Uniqueness: Assume 7, to be two distinct fixed points of S in K, we have

€q9(777 g) = eq@(snv SC) < A€q9(777 C)

The aforementioned inequality is feasible if £49(n, () = 0 since 0 < A < 1. Similar to this,
we demonstrate that £g9(n,() = 0. By (£42) we get n = (. Thus S has a unique fixed
point in K. 0

Corollary 3.1. Let (K, ¢4s) be a complete dislocated quasi b-metric space where s > 1
is a constant such that ¢4, is continuous and S : K — K be a self map satisfying the
condition:

lys(Su, Sv) < AMygs(u,v), for allu,v € K
where 0 < X\ < 1 satisfies 0 < As < 1, with s > 1. Then S has a unique fixed point in .
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Proof. Let O(u,v) = s > 1, for all u,v € K in Theorem 3.1, we see that

llmn,m—)oog(unyum) <=

A
= (0 < As < 1. Hence the corollary. O

Remark 3.1. Corollary 3.1 is the main result of Rahman and Sarwar [16].

Following theorems prove the existence and uniqueness of fixed point for contraction
type mapping given by Bianchini [5] and Agrawal et al. [3] in the setting of dislocated
quasi extended b-metric space.

Theorem 3.2. Let (K, /4) be a complete dislocated quasi extended b-metric space such
that £49 is continuous. Let S : K — K be a continuous self mapping that satisfies the
following condition:

Lyo(Su, Sv) < hmax{lyo(u, Su), Lep(v, Sv)}for allu,v € K (5)

where h € [0,1) is such that for each ug € K, limy m—sool(tn, Um) < %, where u,, =
S™ug,n =1,2,.... Then S has a unique fixed point.

Proof. Let ug € K be arbitrary, let us define a sequence {u,} in K as follows:

U, U1 = Sug, Uz = SUL, ceveey Upp1 = SUp, ...

If up+1 = uy for any n, then u, is a fixed point and further investigation is not necessary.
Therefore, assume that w,41 # u, for any n.

From (5), we have

eqe(um Un+1) = gqe(sunfla Sun)
< hmax{gqe(un—lvSun—l)veqe(unasun)}
< hmaz{lop(tn—1,tn), g (tny Ung1)} o veomermmenenens (%)

For refining the inequality above, consider the following cases:

Case(i). If maz{lyo(un—1,un), lgo(Un, Unt1)} = Lgo(Un, Unt1)
then £yg(un, unt1) < hlgg(tn, uns1), which is a contradiction.

Case(ii). If max{lyo(un—1,un), Leo(Un, Unt+1)} = Lgo(Un—1, un)
then the inequality (**) turns into the inequality below:

Lo (Un, uns1) < hlgg(tun—1,ur), which holds.

Similarly, £go(tun—1,un) < hlgo(tn—2,Un—1).

Applying it recursively, we get

0< qu(un,unH) < h"ﬁqg(uo,ul) forn=1,2,3,...

Since 0 < h < 1, so by Lemma 3.1, {u,} is a Cauchy sequence in complete /4y b-metric
space K. Thus there is a point n € K such that lim,_cotn = 1.

As S is continuous, we have lim, oo Sty = SN = lim,_ootni1 = SN

Hence, Sn =7 and 5 is a fixed point of S.

Uniqueness:Let 7, { to be two distinct fixed points of S in K, we have
lao(n,m) = Lgp(Sn, Sn)

< h max{fqe(na Sn), €q9(777 Sn)}
= hmax{lyp(n,n),Lee(n,n)}
Log(n,m) < hilg(n,m)
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Since 0 < h < 1 and £4(n,n) > 0, so the above inequality is possible if £49(n,n) =0
Thus, £49(n,n) = 0, if n is any fixed point of S.
Now consider

éq@ (777 C) = gq@(sna SC)
< hmaw{&]@(nv Sn)7£q9(<—7 SC)}
We get £49(n, () = 0.

Similarly, we can show that £4(¢,n) = 0. So by (£442), we have n = (.
Thus, S has a unique fixed point in K. g

Corollary 3.2. Let (K, {49) be a complete dislocated quasi extended b-metric space such
that f49 is continuous. Let S : K — K be a continuous self mapping satisfying the
condition:

Lyo(Su, Sv) < arlyp(u, Su) + aglyp(v, Sv), for allu,v € K

where a; € [0,1),7 = 1,2 with 0 < a; + a2 < 1 and for each ug € K, limp o008 (tn, um) <
, where u,, = S™ug,n =1,2,3,... Then S has a unique fixed point in .

ai+taz

Proof. The proof follows from Theorem 3.2 by taking h = a; + as. Indeed we have
Leo(Su, Sv) < arly(u, Su) + axlyg(v, Sv)

< (a1 + az2) max{lyo(u, Su), £y(v, Sv)}

0

Corollary 3.3. Let (K, ¢4) be a complete dislocated quasi b-metric space with constant
s > 1 such that /4 is continuous. Let S : K — K be a continuous self mapping satisfying
the condition:

lys(Su, Sv) < hmax{lys(u, Su), lys(v, Sv)}for allu,v € K
where h € [0,1) is such that 0 < sh < 1. Then S has a unique fixed point in K.

Proof. Let O(u,v) = s > 1, for allu,v € K in Theorem 3.2, we see that lim,, o 0(tp, Un,) <
F=>0<sh<l

Hence the corollary. O

Theorem 3.3. Let (K, /4) be a complete dislocated quasi extended b-metric space such
that £49 is continuous. Let S : K — K be a continuous self mapping that satisfies the
following condition:

g0 (S, Sv) < amaz{£go(u, Su), o (v, Sv), Caat,0)} + b {Lga (11, Sv) + (v, Sw)}  (6)
for all u,v € K, where a,b > 0 with a + 2b < 1 and for each ug € K,

{(k—(1—a)) +b[0(un, uny2) + O(uni1, Uni1)]}0(Ung1, um)
k —b[0(un, uny2) + O(unt1, Uni1)]

<1

llmn,m%oo

for k =1,1 — a where u, = S"ug,n = 1,2, .... Then S has a unique fixed point in K.

Proof. Let ug € K be arbitrary, let us define a sequence {u,} in K as follows:
U, U1 = Sug, Uz = SUL, evvey Upp1 = SUp, ...
If up41 = uy for any n, then u, is a fixed point and further investigation is not necessary.
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Therefore, assume that w,+1 # u, for any n.
From (6), we have

Log(Un,unt1) = Log(Sun—1, Sun)

< amax{leo(Un—1, Stun—1),Lgo(Un, Stn), lgo(Un—1,un)}

+ b{qu(un_l,Sun) +€qg(un,Sun_1)}

= amax{loo(un—1,un), lgo(tn, unt1)} + b{lgo(Un—1, unt1) + Loo(un, un)}
Lyo(Un, unt1) < aM + b{lyp(un—1, unt1) + Lo (tn, un)}

where M = max{lgo(tn—1,Un), €go(Un, Unt1}
For refining the inequality above, consider the following cases:
Case(i). If M = Lyg(un, uns1) then we have

alyg(Un, Unt1) + b{Llgo(tun—1,Unt1) + Lo (Un, un)}

alay(Un, Un41) + 00(Un—1, Unt1)[lgo(Un—1, Un) + Lgo(Un, Unt1)]
b0 (un, un)[qu(um Upy1) + gqe(“n—h Up)]

[a+b(0(un—1,un+1) + O(un, Un))]qu(una Upt1)
b[O(un—1,uns1) + 0(n, un)]leo(Un—1,un)

Zq@ (un7 un—l—l)

+ IN A

+

We get,

b[@(un_l, un+1) + e(u'ru Un)]
1-— [CL + b(e(un—la Un—l—l) + H(U’m un))]

gq@(uny un—i—l) < éqe(un—l, un)

By Induction, it follows that

Lao(Un, Uns1) < 0y Lgp(ug, ur) forn =1,2,3.... (7)

_ b0 1511 +00u )]
where 0n = [Tj (= (ars@0, 1ty 210+ 60007}

Case(ii). If M = £g9(un—1,un) then we have

alyg(Un—1,un) + b{lyg(Un—1,Unt1) + Loo(tn, un)}

aEqG(“nfl, Up) + 00(un—1, un+1)[€q9(un71, Up) + qu(Una Uny1)]
b0 (un, un)[gq(?(um Upy1) + gtﬁ(un—h Up)]

= b[0(un—1,unt1) + 0(uy, “n)]éqe(una Upt1)

[a + b[0(un—1,uns1) + 0(Un, un)]leo(Un—1,un)

qu (un7 un—l—l)

+ IN A

+

We get,

[@ 4 b(0(un—1,Un+1) + O(Un,un))]
Z n—1, %n

1= 0[0(un—1, Unt1) + 0(tn, up)] g0 (Un—1, Un)

qu(urw Un—i—l) <
By Induction, it follows that

Lo (Un, uns1) < 0p Lgo(ug, ur) forn =1,2,3.... (8)

Cprn fab0(ss ) +0(us,u,)]
where 6, = [ A 500, -1y 4 ) 700, 1)

Now for both the cases we show that {u,} is a Cauchy sequence in K. Let m >n > 1,
applying triangular inequality (£44) and using (7)/(8), we get
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(Un, Um)[ q9(umun+l) + £q9(un+1a Um)]

(Un, Um)[(S qu(uoﬂﬁl) + qu(umrl, Um)]

0 (w0, u1)[0(u1, um )0 (U, um) - - O(Un—1, Um )8 (Un, Um)dn
(w1, Um)O(u2, Up) -+ O(Un, U ) O (Unt1, Um ) Ont1

o O(ur, U ) O (U2, ) < O (U U )0 (U1, U - -

O (Unm—2, i )0 (U1, U ) Fq] -+ o e e (% % )

€q9 (um um)

> D

+ + IAIA A
'%N

{(k=(1=a))+b[0(un,tn+2)+0(Unt1,Un+1)]}0(Unt1,Um)
kE—b[0(un,unt2)+0(Unt1,Unt1]

Since 1My, m—oo <1,

(note k =1 — a for case(i) and k =1 for case(ii)) therefore, the series
Yo 00 T 0(ui, upm) converges by ratio test for each m € N.

Let S =>>° 0, [ 0(us, up,) with the partial sum

n J
Sy = Z J; He(ui,um) for eachm € N. 9)

j=1 =1
Using (9) in (***), it follows that
Lo (Un, ) < Lyg(uo, u1)[Sm—1 — Sp—1]form > n. (10)

Letting n — oo in (10), we get that £g9(un, un) = 0 that is, the sequence {u,} is Cauchy
in the complete dislocated quasi extended b-metric space (K, £g).

So there is a point n € K such that lim,_cou, = 1.

Since S is continuous, 80 i1y —00SUn, = SN = liMp—0otnt1 = SN

Thus, Sn =n and 7 is a fixed point of S.

Uniqueness:Let 7, { to be two distinct fixed points of S in K, we have

Loo(n,m) = Lgo(Sn, Sn)
amaz{ly(n, Sn), Leo(n, Sn), Leo(n,m)}
b{Lgo(n, Sn) + Leo(n, Sn)}
= algo(n,m) + 2bnge (1, 1)
lao(n,n) < (a+2b)lga(n,n)
Since a 4+ 2b < 1 and £49(n,n) > 0, so the above inequality is possible if £g9(n,n) = 0

Thus, £49(n,n) = 0, if n is any fixed point of S.
Now consider

+ IN

gq@(n’ C) EqB(STL SC)
a maw{fqe (777 577)7 gq@(g SC), qu (777 C)}
b{eqﬁ (777 SC) + gq@(C7 ST])}

alqo(n, Q) + {lyo(n, C) + £40(¢,m) }

+ IA

We get,

Eq@(nvg) < EQG(Cvn) (11)

b
(1—(a+0))
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Similarly, we can show that

lgo(¢m) <

Subtracting (11) and (12), we get

b
méqe(m <) (12)

a0 (0:0) = taoCo) | =gy | €)= ()|

Since a + 2b < 1, so the above inequality is possible if | £g9(n,() — £40(¢,m) |= 0 =

Eq@(Th C) = Eq@(C7 77)
Using above in (11) and (12), we get £49(n, () = £40((,n) =0=n=(
Therefore, fixed point of S in K is unique. O

Corollary 3.4. Let (K, ¢49) be a complete dislocated quasi extended b-metric space such
that £49 is continuous. Let § : K — K be a continuous self mapping that satisfies the
following condition:

Lyg(Su, Sv) < a{lyg(u, Su) + Lep(v, Sv)} + b{leo(u, Sv) + Ly (v, Su)}
for all u,v € K, where a,b > 0 with 2a 4+ 2b < 1 and for each ug € IC,
{a + b[e(una un+2) + 9(“%-‘,—17 un—l—l)]}e(un—i-l, um)

lim <1
mTeo 1—a-— b[e(unv un+2) + H(Un+17 un+1)]
where u,, = S™ug,n =1,2,.... Then S has a unique fixed point in K.
Proof. Proof is based on similar steps as in Theorem 3.3. g

Corollary 3.5. Let (K, {4s) be a complete dislocated quasi b-metric space with constant
s > 1 such that /4 is continuous. Let S : K — K be a continuous self mapping that
satisfies the following condition:

lys(Su, Sv) < amax{lys(u, Su), lys(v, Sv), Lys(u, v)} + b {lgs(u, Sv) + Lgs(v, Su)}
for all u,v € K, where a,b > 0 with a + 4bs < 1. Then S has a unique fixed point in K.

Proof. Let 6(u,v) = s > 1, for allu,v € K in Theorem 3.3. Consider the following two
cases:

Case(i): For k = 1, limy, oo (A0 Wnttnt2) 100t tn s JNOuns 1 um)

1*b[9(un 7Un+2)+9(un+l sUn+1 )}

1-2bs
(a+2bs)s

= >1

= 1—2bs > (a+ 2bs)s > a+ 2bs = a + 4bs < 1.

{bl0(un unt2)+0(Unt1,unt1)]}0(Unt1,um) - ¢
1—a—=b[0(un,un+2)+0(Unt1,Unt1)]

Case(ii): For k =1 — a,limy, m—o00

1&;)281)3 > 1= a+4bs < 1. O

=

Example 3.1. Consider a complete dislocated quasi extended b-metric space (IC,44),
where IC = [0,00) and £y : K x IC = [0,00) and 0 : K x IC — [1,00) defined as:

loo(u,v) =] u | +(u —v)%,0(u,v) =u+v+1

Define S : K — K by Su= 3, for allu € K.
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We observe that

u v
ﬁqg(Su, S’U) = gqg(g, g)

CJul | (u—v)?
3 + 9

1
< Sl +Hu—v)
= Mgo(u,v), for all u,v € K.

Note that for each u € I, S"u = 2%.

3n
Hence,
limap, m—o08(Un, Um) = Limy, m—000(S"u, S™u)
. U U
As, all requirements of Theorem 1 are satisfied, therefore S has a unique fixed point u = 0

m IC.

4. CONCLUSIONS

We can show that the analogous findings in the setting of dislocated quasi b-metric
space and dislocated quasi usual metric space may be inferred from our results by assuming
O(u,v) = s > 1 and O(u,v) = 1, respectively. Any interested researcher can conduct their
thesis work on this subject by looking for the presence and uniqueness of fixed points for
maps meeting various contraction conditions in dislocated quasi extended b-metric space
or any other generalisation of metric space.
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