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PICTURE FUZZY IDEALS IN NEAR RINGS UNDER GROUP
ACTIONS

ASMA ALI', ARSHAD ZISHAN', §

ABSTRACT. A useful technique for examining the symmetry and automorphism charac-
teristics of near rings is group action. In this paper, we study picture fuzzy (PF) ideals
of near rings, which are extension of both fuzzy and intuitionistic fuzzy ideals, under
group action. Also, we study properties of picture fuzzy ideals under &-homomorphism.
In order to develop an innovative structure for picture fuzzy sets on near rings under
group actions, we concentrate on merging the theories of picture fuzzy sets on near rings.
The purpose of this manuscript is to use picture fuzzy sets to deal with various theo-
ries in near rings. We then provide appropriate definitions for the operations of picture
fuzzy ideals over a near ring, including product, composition and intersection as well as
study properties of images and inverse images of picture fuzzy ideals under group actions.
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1. INTRODUCTION

In order to counteract ambiguity in daily life, Zadeh [1] extended the idea of classical
set theory by introducing the fuzzy set. Many direct and indirect generalizations of the
fuzzy set have been developed and effectively used in the majority of real-world problems.
Pattern recognition, decision-making issues, clustering analysis, and medical diagnostics
are just a few of the real-world applications where the fuzzy set theory has been researched.
Unfortunately, the failure of the fuzzy set theory was caused by inadequate knowledge re-
garding the function’s negative membership degree. In order to solve this issue, Atanassov
[2] gave the concept of intuitionistic fuzzy ( hereinafter referred to as IF) set which included
the negative membership degree of the function in fuzzy set theory in such a way that sum
of the positive membership degree and negative membership degree must not exceed by 1.
Furthermore, in [3, 4], Atanassov defined some new operations on IF set and studied their
properties. There are several issues that cannot be represented by IF set theory in real life.
For instance, in a voting scenario, human opinions may include additional responses of
the following options: yes, no, abstain, and refusal. In order to fill these gaps, Cuong and
Kreinovich [5] added the neutral function to the IFS theory in 2013. In 2014, Cuong [6]
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examined certain picture fuzzy (hereinafter referred to as PF) set features and proposed
PF set distance measurements. In [7], Extension principle for PF set has been defined,
and some of its characteristics have been studied as well as examples have been used to
demonstrate picture fuzzy arithmetic based on the extension principle. Parimal et al. [8]
defined PF ideals on near rings and studied properties of PF ideals with examples. The
intersection, union, algebraic sum, complement, scalar multiplication, algebraic product
and exponentiation operations are some of the algebraic operations which were studied in
[9]. In 2022, Zhang et al. [10] formalised the connection of PF set operations with those
on fuzzy sets and IF sets by extending more fundamental operations from classical sets to
PF sets. They also reexamined the features of PF relations, picture fuzzy rough sets and
PF soft sets and developed new explicit formulations for the Zadeh’s Extension Principle
for PF sets using these new operations. In 2023, Ali et al. [11] introduced and studied the
group action on fuzzy ideals of a near ring .

In this paper we define group action on a PF ideals of near ring 91 and study properties
of intersection, direct product of picture fuzzy ideals under group actions. We also extend
some results of [?] in the setting of picture fuzzy ideals.

2. PRELIMINARIES
Definition 2.1. A picture fuzzy (PF) set 2 on a nonempty set S is defined as
2= {(87 CQK(S)¢ TQ[(S)a XQ[(S))},

where Co, o, xu S — [0,1] are called positive, abstinence and negative membership
functions, respectively. (o, Ty and xg satisfy 0 < (o(x) + Ta(s) + xa(s) < 1. Moreover,
1 — (Cu(z) + mu(s) + xu(s)) is known as degree of refusal.

Definition 2.2. Let & be a group acts on a near ring M. Then action of & on PF set U
s as follows:

A9 = {(s, Cus (5), 7210 (5), x21e(5)) }
where Cya(s) = Cu(s9), Tae (5) = 7u(s9) and xas(s) = xa(s?).
Definition 2.3. [5] Let P and Q be PF sets of M. Then union of P and Q is defined as

P UQ = {(s, {pual(s), rpua(s), xpua(s))},

where
Gpua(s) = Gp(s) Vv ¢als),
Tpua(s) = 7p(s) A Tals),
xpua(s) = xp(s) A xals),
for all s € M.

Intersection of B and Q is defined as

PNA={(s, <q3m3(5)7 T‘BOQ(E)v X‘Bmﬁ(5))}7
where
(pna(s) = (p(s
Tpna(s) = Tp(s ;
xpna(s) = xp(s) V xa(s).
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3. PicTurE Fuzzy IDEALS

Definition 3.1. A PF set J is said to be PF ideal of M if
(1) Co(s1—52) > Ca(52)ACa(52), Ta(51—52) < T3(52)V73(52), X3(52—52) < xa(s1)Vxa(52),

(ii) o5y + 5, —81) > (5(82), T3(81 + 62 — 1) < 75(82), X3(51 + 5, — 61) < x3(52),
(iil) (5(8:8,) > Go(82), T3(8:82) < 73(s2), x3(5:82) < x3(82),
(iv) Ca((51+52)55—5155) > C3(52), T9((52+52)55—5153) < 73(52), X3((51+52)5; —5155) <

X3 (s2),
where §,,5,,5, € M.

Example 3.1. Let Z be a near ring under usual addition and multiplication defined as
mn = n for all m,n € Z. We define a picture fuzzy set A = (Cy, 7, xu) as follows: For all
s €N,

0.8 ifsecdZ 0.1 ifsedZ 0.05 ifsecdZ
Cals) = {0.2 otherwise, ma(s) = {0.35 otherwise, als) = {0.4 otherwise.

It can be easily seen that A is a picture fuzzy ideal of M.

Proposition 3.1. If 2 is a PF ideal of 2N, then A9 is also a PF ideal of N.

Proof. Let 2 = {(s, Cu(s), 7(s), xu(s))} be a PF ideal of M. Then for s,,5,,5; € N,

(2)
Cus (51 — 52) = Culs1 — 52)® = Cu(s:® — 5,°)

> Cau(s1)? A Cu(s2)?
= Cue(51) A Caus (52), (1)

e (51 - 52) = 7'21(51 - 52)9 = 7'21(519 - 529)

< Tau(51)® A Ta(s,)*
= Toe(81) A T (55). (2)
In the similar manner,
Xau (51— 52) < Xaue (51) A xaus (52)- (3)
(12)
Cas (51 + 5, — 51) = Cu(sy + 5, — 61)° = Cau(5,.7 + 5,7 —5,7)
> CQ[(52)9
= Cus (5z)a (4)
T (51 + 5, — 61) = Tu(s1 + 5, — 51)% = 7(5,% + 5, — 5,9)
< 7'9[(52)9
= Tata (52)- (5)
Similarly,
X2t (51 + 52 — 51) < xawa (52)- (6)
(7i7)

CQ[G (5152) = CQI(5152)9 = Cﬂ(5195zg)
> Cﬂ(ﬁz)g

= Caun (82), (7)
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TAs (5152) = 7_91(5152)9 = Tﬂ(51g5zg)
< T(s,)"
= TQo (52).
Likewise equation (8), we have
Xaue (8162) < Xauo(52)-

(iv)

Cus (51 +52)55 — 61535) = Cu((s1 + 62)85 — 5153)"
= Cu((s.? +5zg)53g - 519539)
> Cﬂ(sz)g

oo (51 + 6,)85 — 6,55) = Ty ((81 + 6,)8; — 5,85)°
= mo((5.° +5,%)55° — 5,%5,9)
(

Analogously,

Xao (81 + 5,)85 — 5185) < Xxo(8,).

Equations (1)-(12) imply that ¢ is a PF ideal.

Theorem 3.1. If P and Q are any PF ideals of N, then (PN Q)? is a PF ideal of N.

Proof. Let B and 9 be two PF ideals of 91. Then for s1, 59,53 € N,
(4)
Cepnae (81— 52) = (pna(s: — 62)° = (pnals.® — s.7)
= C‘B(slg - 529) A CD(slg - 529)

> {Cp(s0)? A Gp(s2)} A {Cals1)? A Cals.)?}
= {¢p(51)" A Cals1)?} A {Cp(s2)® A Cals,)?}

= C‘ﬁﬁﬂ@l)g A C&Bﬂﬂ@z)g
= (pna)e (51) A pna)e(s2),

T(RNQ)s (s, —s,) = 7%02(51 —5,)0 = T‘Bﬂﬂ(ﬁlg —5,%)
= 7p(s,.* —5,%) V1a(s,? —s,°)

< {mp(s0)® vV mp(s2)7} V {7a(8)" V ma(s.)°}
= {mp(s2)? V 7a(81)*} V {7p(52)° V 7a(5.)%}

= Tpna(51)? V Tpna(s.)”
= T(qm[z)g(ﬁl) \ T(‘Brm)ﬂ(ﬁz)-
As proof of Tpng)s (51 — 52) < T(pnn)e(51) V Tpna)e (52), we get

X(qmg)s(51 —5,) < X(‘Bmﬂ)ﬂ(ﬁl) v X(qmg)s(ﬁz)-
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(47)
C(‘nﬁﬂ)g (6, +5, —86,) = C&Bﬂﬂ(gl +5,—5,)= C&Bmﬂ(glg +5,% —5,%)
= (p(5.° + 5, —5,.9) A (a(s,? +5,°
—5,9)
> C‘ﬁ(52>g A CD(52>9
= (ipn)s (52), (16)

Tepn)s (51 + 82 — 61) = Tpna (s + 62 — 61)° = Tpna(s,? + 6,7 — 5,9)
= 7p(5.7 +5,% —5,%) A1g(s,% +5,°

—5,9)
< 7p(5,)* A Ta(s,)?
= 7'(‘;30)3)5@2)- (17)
Also, we can easily see that
X(pn)e (81 + 52 — 51) < X(png)e(52), (18)

(i)
Cpna)e (51 + 82)55 — 5183) = Gpna((51 + 52)55 — 5153)°
= (pnal(s:® +5,9)s57 — 5,%37)
= (p((5:7 +5,%)53% — 5:%857) A Ca((:? +5.7)857 — 5,%,7)
> (p(s2)? A Gals2)?
= Cpna)s(52), (19)

Tipna)s (81 + 52)83 — 8155) = Tpna (51 + 5255 — 5.55)°
= Tpna((5:% +5,%)55% — 5,95,9)
= 7p((6:7 +6,%)53% — 5,963%) A 7o ((5.7 + 6,7)53% — 5,%;,7)
< 7p(s2)° A Ta(s,)?

= T(‘J;;ﬂﬂ)g (52). (20)

It is easy to see that
X(mm‘z)ﬂ((ﬁl +8,)8; — 5153) < X(PpnQ)s (52)- (21)
Equations (13)-(21) imply that (P N Q)¢ is a PF ideal. O

Definition 3.2. Let 2 and B be PF subsets of near rings N1 and Na, respectively. Then,
direct product A x B : Ny x Ny — [0, 1] is defined by

A x B = {((a,b), Caxm)(a,b), Taxm) (@, b), Xaxps)(a,b)) :a €A, b € B},
where
Gaxs(a, b) = Cu(a) A ¢ (b),
Toxs (@, 0) = mo((a) V 75 (0),
Xaxs(a, b) = xa(a) V xs(b).
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Definition 3.3. Let 2 and B be PF ideals of near rings M1 and Na, respectively. Then,
A x B is PF ideal if for ai,as € A and by, by € B following conditions hold:

Caxs((a1,a2) — (b1,b2)) > Cuxs (a1, a2) A Cuxn (b1, ba)
Taxs((ar, az) — (b1,b2)) < mxm(ar, a2) V mox (b1, bo)
Xaxs((a1,a2) — (b1, b2)) < xaxs (a1, a2) V xaxs (b1, b2)
Caxm((b1, b2) + (a1, a2) — (b1, b2)) > Alaxs(ar, az)
Taxn((b1, b2) + (a1, a2) — (b1, b2)) < VT (ar, az)
Xaxs((b1, b2) + (a1, a2) — (b, b2)) < Vxaxs(ar, az) (22)
Caxs((ar, az)(by, b2)) > Cuxm (b1, ba)
Toxs (a1, az)(by, b2)) < Ty (b1, ba)
Xaxss (a1, a2) (b1, b2)) < xa X‘B(blv b2)
Caxs{((a1,a2) 4 (c1,¢2))(b1, b2) — (a1, a2) (b1, ba)} > Caxs (1, c2)
Tax{((a1, az) + (c1,¢2)) (b1, ba) — (a, a2) (b1, ba)} < moum(cr,c2)
xaxsi((ar, az) + (c1,¢2)) (b1, ba) — (ar, a2)(b1, ba)} < xaxms(c1, c2).

Theorem 3.2. If B and Q are any PF ideals of My and Ny, respectively, then (P x Q)°
1s a PF ideal of N1 x MNo.

Proof. Let P and Q be PF ideals of M and My respectively and (ay, az), (b1, b2),(c1,¢c2) €
‘ﬁl X mg. Then

(b1,b2)) = (pxa((a] — b}), (a§ — b3))
= (p(af = b]) A la(ag — b))
> {(Gp(af) A Gp(b9)) A (Calad) A Ca(b3))}
= (pxa(a, a3) A Gpxa(bf, b3)
= (px0)s (a1, 02) A Cepx)s (b1, ba),
(b1,b2)) = Tpxa((af — bY), (a§ — b3))
= 7‘13(“1 —bY) V 1q(aj — b3)
< A{(rp(af) vV mp(b9)) V (1a(a)) V ma(b3))}
= Tpxa(af, a3) V mpxa(bi, b))
= T(px)s (a1, 02) V Tpx0)a (b1, b2).

Cepxaye (a1, a2) —

(23)
Tipx)s (a1, a2) —

(24)
Furthermore, we can easily get that

X(pxa)s (a1, a2) — (b1, b2)) < Xpxaye(ar, a2) V X(pxa)s (b1, b2). (25)

Also,

Cepx)e (b1, b2) + (a1, a2) — (b1, b2)) = Cpxa((b] + af — b}), (b5 + af — bY))
= Gp(b] + af — bY) A Ca(b3 + a3 — b5)
> (p(al) A Calas)

= C‘Bxﬂ(agll?ag)

= ((pxa)e (a1, a2), (26)
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Tipx)s (b1, 02) + (a1, a2) — (b1, b2)) = 7pxa((b + af — b]), (b5 + a3 — b3))
= 7p(bf + af — b) V 7q(b3 + af — b3)
< 7p(ai) V Cala3)
= Tpxa(af, af)
= T(px)s (a1, a2). (27)
Similarly as equation (27), we get
X(px0)s (b1, b2) + (a1, a2) — (b1, b2)) < X(pxn)e(a1, az). (28)
Moreover,
Cepxe (a1, a2) (b1, b2)) = Cpxa((afb]), (a3b3))
= (p(afbl) A Ca(agb))
> (Gp(bY) A Ca(b3))
= C&BXQ(E'%? bg)
= ((pxa)s (b1, b2) (29)
Tipx)s (a1, 82) (b1, ba)) = Tpxa((afbf), (a3b3))
= mp(afb]) V Ta(a5b)
< (rp(b}) V 7a(b3))
= Tpxa(b], b))
= T(px0)s (b1, b2). (30)
Also, we can get
X(pxe (a1, a2)(b1, b2)) < X(pxa)s (b, ba). (31)
For (a1, a2), (b1, b2), (c1,¢2) € (M, x N,),
Caxmye {((a1, a2) + (c1,¢2)) (b1, b2) — (a1, a2) (b1, ba2)} = () {(a] + ¢f)b]—
ajbi, (a5 + c3)b3 — afb3}
= Gp{(af + ¢])b] — afbi}A
Caf(a3 + ¢5)b5 — ajb3}
> Gp(ef) A Calcs)
= (pxa)e(c1, €2) (32)
Taxmye L (a1, a2) + (c1, ¢2)) (b1, b2) — (a1, a2)(b1, b2)} = T(aum) {(a] + ¢])b] -
afbf, (a3 + )b — ajb3}
= rp{(a] + )b — afb]}V
Taf{ (a5 + 3)b5 — ajbs}
< 71ip(cf) V T (ch)
= Tpx)s(C1, €2) (33)
and
X(@xm)e{ (a1, a2) + (c1, ¢2)) (b1, b2) — (a1, a2)(b1,b2)} < X(pxa)e(cr, c2). (34)
O
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4. &-HOMOMORPHISM OF PFI

Definition 4.1. Let f : 91, — D1, be a map from a near ring My to a near ring Mo
and P, Q are PF set of My and No. Then, image of P under f, i.e., f(R) is defined as
JFOB) = {n, f(¢p) (), f(7p)(n), f(xep)(n)}, where

otherwise,

I
ﬂ@xm={yﬁﬂm)m€flwﬂ f 1) £ 6

ﬂmx@:{A&Mm)mef‘mﬂ if f7 ) # ¢

0 otherwise,

—1 i _
ﬂxmm>={9{”Mm)““€f (M)} i S () # 6

otherwise,

where f(xp)(n) = (1 — f(1 - xgp))(n).

Definition 4.2. Let B = ((p, 7p, xp) and Q = (Ca, Ta, Xa) be any PF ideals of a near
ring N. Then composition P © Q = (¢p o (q, TpoTa, X ® Xa) is defined as follows:

U Cp(ni) Ada(nz) ifn=mniny
(Gpoda)n) = {Bnmg ¥ N

otherwise,

n=nino

(rp o Ta)(n) =
0 otherwise,

{ U mp(m) Ama(ne) ifn=nmy

N xgp()Vxa(me) ifn=mnmny
(xp @ xa)(n) = {nmnz

0 otherwise.

Definition 4.3. A homomorphism f from a near ring M1 to a near ring N,. i.e., f :
N, — N, is called B-homomorphism, if for all g € &,r € N, f(g-x) = g - f(x), where
group & acts on both the near rings.

Theorem 4.1. If f is a homomorphism from a near ring N, onto a near ring M, and
Ay, o are PF ideals of M1, and B1,Bs are PF ideals of MN,, then the following hold

(i) (f7H(B1) U S1(B2))® = (f71(BLUB))®
(i1) (f(21) O f(A2))® C (f(A1 ©A))®
(iii) If f is B-homomorphism and B1 C B, then (f~1(B1))® C f~1(B2)°.
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Proof. (i) Let n € M,. Then

(U7 Cm) U (Ga)® () = 007 (Gm) U S ()0
= gg@(.fﬁl(c%l) U fﬁl(<%2))(ng)
= 007 @) VT (G (00}
= 0 {Gm (F(0) V G, (F(0%))}
= 0 {Coyum, (f(n))}
gesd

= N {f 1 (¢sum,)(n9)}
ged

= 0 (M (Gwium) (W)
ged®

= (f_l(fﬁlu%z))ﬁ(“)’

(f (e U (7)) O (0) = ggﬁ(ffl(ﬂsl) U f~H(7,))% (n)
= 0 (" re) U FH(7,))(00)
ged
= ot H(r, ) (n8) A f7H(m,)) (n0) }
)

= N {rs, (f(n%) A7, (f(n%))}
ged

= gﬂ {78,0m, (f(n9))}
= N {f " (rm,0m,)(n%)}
= N (f " (7e,0m,))°(n)

ge@

= (f7 (rm,0,))® (n),

(T O) U )’ () = 0 (F 7 0cmy) U ()0 (n)

ged

= 0 (7 0o U (xme)) (n9)

geS

:ggﬁ{( Fxs) (08 A f 7 (x,)) (n9)}
Zggﬁ{X&( (%)) A xm, (f(n9))}

=0 | Dxs o, (f ()}

= 0 {f " (osyum,) (n9)}

ge®

= N (f (xsum,))?(n)
gesd

= (fil(X%lu‘Bz))@(n)-

1321
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(17) Let m € 9. Then,

(f(Gay) © fGay))®(m) = gge(f(éml)Of(sz))(mg)
= N[ sup {min(f(Ca,)(m1), f(Ca,)(m2))}]

9€6 mo=m,m,
= N[ sup {min( sup Cy,(a1), sup Cu,(b1))}]
9€® mo=m,m, a1€f~1(mz) br€f~1(m2)
Also, for some as € f~1(my), by € f~1(my2), a,b, = ¢, and m? = m,m,,
N[ sup {min( sup Cu (@), sup Cu,(b1))}] < N {min(Cy, (a2), Ca, (b2))}
9€6 ms=m,m, ar€f~1(my) bref=1(mz) 0co
S gge(CQhCQlQ)(aZbl)

<N Sup (gﬁll CQlQ)(c)
geﬁcef—l(mg)

= 0, (G aa) (m?)
= (G, Catp)® (m).
Thus,
(f(Gan) © f(¢,))® € f(Gay © Gat,)® (38)
In the similar manner, we can show that
(f(ra,) © f(r2,))® € f(7a1, 0 7,)% (39)
Furthermore, for m € 91,
(FOcan) @ fO))®m) = 0 () @ f(xa))(m?)
= Dyl it | {sup(fOcan)(ma), £ (xa) (m2))]
= gQQj[mgigflmz{sup(alEfiyf(ml)xm(al)’ ble]}{llf(mg)mz(bl))}]-

Also for some az € f~1(my), by € f~1(m2), a,b, = ¢, and m9 = m,m,,

. . . i ,
Dolyenf f5p( i (@), f e (0] 2 0 i, (02), X (02))}

> gQ@(xme)(azbz)

> N osup (xa xa)(c)
08ce 1 (mo)

N f(XQh X2 ) (mg>
ged

= f(XQHXfle)@(m)-
This shows that
f(XQh o XQ[2)6 - (f(XQU) ° f(XQlQ))Qﬁ' (40)

Equations (38)-(40) show that (f(1) ® f(A2))® C (f(2A; © A2))®.
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(731) Let m € M. Then
(fH G ))%(s) = 0 (f7H(Cwy))0(m) = ggé(f_l(&sl))(mg)

ged
= 0 G, (F0) = 0 G, ((F(m)9)
gc ge
< D ((f(m)") = gQQSC%Q((J”(m)))
= (R, ((F(m)))
= f7H(¢R,) (m)
This implies that
(f7H(Cw ) (m) < F7HEE,) (m). (41)
Similarly, we can prove that
(f 7 (r,))® (m) < f7H(73,) (m). (42)

Let m € 9. Then
(f 0w, ))®(m) = 0 (F 7 (xw,))?(m) = 0 (f ' (xs,))(m)

[S) geD
= DsXm (f(mf)) = gJQ@jxqsl((f(m))g)
> gr€7®><%2((f(m))g) = gQ®><%2((f(m)))
= X3, ((f(m)))
= 7 (x%,) (m)
(f o)) (m) > 71 (e, (m). (43)
This implies that (f~1(581))® C f~1(B,%). O

5. CONCLUSIONS

In this paper, we defined group actions on picture fuzzy (PF) ideals of near rings
which are extension of both fuzzy and intuitionistic fuzzy ideals and studied properties of
picture fuzzy ideals under -homomorphism. We provided appropriate definitions for the
operations of picture fuzzy ideals over a near ring, including product, composition and
intersection as well as studied properties of images and inverse images of picture fuzzy
ideals under group actions.
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