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MULTI-DECOMPOSITION OF COMPLETE BIPARTITE GRAPHS
AND COMPLETE GRAPHS INTO BANNERS AND STARS OF SIZE
FIVE

V. JOTHIMANT"*, P. HEMALATHA?, §

ABSTRACT. A decomposition of a graph G is a set of edge disjoint subgraphs H1, Ha, ..., H,
of G such that every edge of G belongs to exactly one H;. If all the subgraphs in the

decomposition of G are isomorphic to a graph H, then we say that G is H-decomposable.

The graph G has an (H1, Hz)-multi-decomposition if « copies of Hy and 3 copies of Ha

decompose G, where o and 8 are non-negative integers. In this paper, we have obtained

the multi-decomposition of complete bipartite graphs and complete graphs into banners

and stars of size 5.
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1. INTRODUCTION

All graphs considered here are finite, simple and undirected. Let K, denotes the com-
plete graph on n vertices and K,,, denotes the complete bipartite graph with vertex
partite sets of cardinality m and n. A banner is a graph in which one edge is attached to
any vertex of the square Cy and it is denoted by Cs + e and S5(= K 5) denotes a star
on 5 edges. For a graph G, if F(G) can be partitioned into subsets E1,--- , Ej such that
the subgraph of G induced by E; is H; for each 1 < ¢ < k, we write G = H| & --- ® Hy,
where & denotes the edge disjoint sum of the subgraph H;. For 1 <1¢ < k, if H; =2 H, we
say that G has an H-decomposition. If G can be decomposed into a copies of H; and
copies of Ha, then we say that G has an {HY', Hg}—decomposition or an (Hy, Ha)-multi-

decomposition. If the necessary conditions for the existence of an { H", HQB }-decomposition
of G are satisfied by the pairs (a, 3), o, 8 > 0, then we say that («, ) is an admissible
pair.

The study of {HY, Hg } - decomposition has been introduced by Abueida and Daven
[1]. In [2], the existence of multi-decomposition of K,,()) into stars and cycles of same
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size has been studied. The multi-decomposition of complete graphs into kites, cycles, stars
and paths has been studied in [7, 10, 11]. In [4], the kite and star multi-decomposition
of complete graphs has been obtained. The banner decomposition of graphs such as com-
plete graphs, complete equi-partite graphs and some regular graphs has been studied in
(3, 5, 8]. The multi-decomposition of complete bipartite graphs into cycles, stars and paths
has been studied in [6, 9]. In this paper, we investigate the multi-decomposition of K, ,
and K, into banners and stars of size 5, for the given positive integers m > 2 and n > 5.

Notations:

o Let V(G) ={v;}, i =1,2,...,n. Then a banner C4 + € in a graph G is denoted by
(Vas Vb, Ve, Va5 VoV ), Where vq, vy, Ve, vq is cycle Cy and vqvy is the pendant edge e
attached to the vertex v, of Cjy.

e A star S5 in a graph G is of the form (vg;vp, Ve, Vg, Ve, Vf), where v, is the center
vertex (of degree 5) and wp, Ve, Vg, Ve, vy are the end vertices (pendant vertices).
The n + 1 stars with the same end vertices vy, v, v3,v4,v5 and different center
vertices ag, ay,- - ,a, are denoted by (ag,ai, - ,an;vi,va, -+ ,v5). This notation
is same as for two or more twins having same end vertices.

o Let V(K,,) = (M,N), where M = {mq1,mg,--- ,mp} and N = {nq,ng, -+ ,ng}.

Remark 1.1. If two graphs G1 and G2 have an {Hf,HQB}-decomposition, then G1 @ Go
also has an {HY, Hg}—decomposition.

Remark 1.2. For a graph G and a subgraph H of G, if sH denotes s edge disjoint copies of
H in G, then sH has an {HY", Hg}—decomposition whenever H has such a decomposition.

Observation 1.3. If there exist two stars S5 having the same end vertices vy, va, ...v5 and
centers at ap & ay are denoted by (ag, ai; vy, va, V3, V4, v5). Further they can be decomposed
into two banner graphs given by (ag,v1,a1,ve;apvs), (ag,v4,a1,vs;a1v3). Hence, we call
this structure as Twins denoted by T.

FiGure 1. T (Twins)
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2. {(Cs+ )7, Sg} - DECOMPOSITION OF COMPLETE BIPARTITE GRAPHS

In this section, we prove the sufficient condition for the existence of a {(C4 + €)%, Sg }-
decomposition of K, , for m > 2 and n > 5. The following lemmas are useful in proving
our main result.

Lemma 2.1. For 2 <n <9, there exists a {(Cy + €)%, Sg}-decomposz’tz'on of Ks .

Proof. The following table shows the existence of a {(Cy+e)?, Sg }-decomposition of K,
where 2 < n <9 for the given admissible pairs («, ).

n Ks ., Admissible pairs (a, f)
2 17 0,2), (2,0)
3| 17® 15 0,3),(2,1)
4 2T (0,4),(2,2)(4,0),
5 D1 (5,0)

2T & 155 0,5),(2,3), (4, 1)

BT (67 0)7 (07 6)? (2’ 4)7 (47 2)

6 DQ (37 3)

K5 5@ 155 (57 1)
7 | Ko5® D3 (7,0)

K56 ® 155 0,7),(2,5),(3.4),(4,3),(5.2), (6,1)
g K56 ® Dy (8,0)

Ks7® 155 (0,8),(2,6),(3,5),(4,4),(5,3),(6,2), (7,1)
g | K579 Ds (9,0)

K578 @ 1S5 (O’ 9)7 (27 S)a (37 6)> (47 5)7 (5’ 4)7 (6’ 3)7 (77 2)’ (87 1)

TABLE 1. Multi-decomposition of Kj,, into banners and stars

where D1 = { (m1,n1,ms,na;ming), (my,ng,ms,ns;n3ms), (n1,ma,n3,ma;nims),
(m2,n2,ms,nainomy), (M3,na,ma,nsnsms)},

Dy ={(m1,n4,ma,n1;n1M2), (M1,05,m4,n2;02m3), (M1,76,M4,N3;03M5),
(ma;na,n3,na,ns,ne), (M3a;n1,n3,n4,15,06), (Ms5;01,12,14,15,76) },

D3 = {(ng, m1,n7, ma;ngms), (ne, ma,nz, ms;nrms)},

Dy = {(n7, m1, ng, ma;nyms), (n7, my,ns, ms;ngms)} and

D5 = {(ng, m1,ng, ma; ngms), (ng,ma,ng, ms;ngms)}. 0

Lemma 2.2. There exists a {(Cs+e€)®, S?}-decomposition of K510 for all admissible pairs
(a0, B) with o # 1 such that a + 8 = 10.

Proof. The decomposition of K319 into a copies of C4 + e and 3 copies of S5 for all
admissible pairs («, ) such that a + 8 = 10 is discussed in the following cases:

Case 1: (o, 8) € {(0,10),(2,8),(4,6),(6,4), (8,2), (10,0)}.

We can write, K519 = 1055 = 5T. We get the required decomposition for the even pairs
(o, B) € {(0,10), (2,8), (4,6), (6,4), (8,2), (10,0)} by Observation 1.3.

Case 2: (o, ) €{(3,7),(5,5),(7,3)}.

Here, we have K510 = 3(Cy + e) & 355 @ 2T as given below:

{(n1,m2,n6,m3z:n1my), (M2,n3,m3,n8M3M5), (M2,n2,m3,n7;n2m1)} & {(M1;n1,n3,n6,07,
ng), (ma;n2,n3,ne,n7,ng), (Ms;ni,n2,n6,n7,n8)} © {(n4,n9,15,010;m1,M2,m3,m4,ms5)}.
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Then the required decomposition for the odd pairs (o, 3) € {(3,7),(5,5),(7,3)} follows
from Observation 1.3.

Case 3: (o, ) = (9,1).

We have, K510 = 9(Cy + €) & 155, as given below:

{(n1,ma2,n2,m1;mang), (mq,n7,m2,n6;man10), (n1,m4,n2,m5n1M3), (M2,n5,Mm3,n4304M1),
(m1,n9,m3,n10;m1n5), (n4,Mm5,15,m45m4n6), (M4,110,M5,M9;M507), (M2,18,M4,n3;M4N7),
(ng,m1,ng,ms;msng)} & {(ms;ne,n3,ne,n7,ng)}.

Hence, we get the desired decomposition for all admissible pairs («, 8) such that o+ g =
10, o # 1. When a = 1, by removing one copy of U4 + e in K5 19, the resulting graph
does not have sufficient vertex degree for the decomposition of 9S5. U

Theorem 2.1. Let m > 2 and n > 5 be the given integers. Then the graph K, , admits
a {(Cy + €)%, Sg}—decomposition for all admissible pairs («, 8) with o # 1, if and only if
mn = 0(mod 5).

Proof. The necessary condition is obvious. The sufficiency can be proved in two cases.
Case 1. m = 5p and n = 5q.

When both p and ¢ are odd, we can write, Ksp, 54 = p(q2—1)K5’10 P p%lKg,JO @ Ks5. From
Lemma 2.2, the graph K5 10 has a {(Cs+e€), S?}—decomposition and from Lemma 2.1, the

graph K55 has a {(Cy+e)?, 555 }-decomposition. Hence, K, ,, has a desired decomposition
in this case, as given in Remarks 1.1 and 1.2. For other values of p and ¢, we can write,
Ksp 54 = B K510. Then the graph K, , has a {(C4 + €)°, S’g}-decomposition, by Lemma
2.2 and Remark 1.2.

Case 2. m = 5p and n = 5q + r, where r € {1,2,3,4}.

When both p and ¢ are odd, we can write, Ksp 5q+r = pK5 54, © p(q2—2) Ks10@® %Kg,,lo ®

K5 5. For other values of p and ¢, we can write, Ks, 5q+r = PK554+r © p(qgl)Kg,,w. Then

the proof follows from Lemmas 2.1, 2.2 and Remarks 1.1, 1.2. O

3. {(Cs+ e)a,sg} - DECOMPOSITION OF COMPLETE GRAPHS

In this section, the sufficient condition for the existence of a {(Cy+e€)®, Sg } - decompo-
sition of K, for n > 10 is obtained. The following lemmas are useful in proving our main
result.

Lemma 3.1. There exists a {(Cy+e)?, Sg}—decomposition of K15 for all admissible pairs
(a, B) such that o+ B = 21.

Proof. We can write, K15 = K19 ® K5 ® K5,19. From Appendix 5.1, the graph K9 admits
a {(Cy + e)O‘,Sg}—decomposition for all admissible pairs («, ) such that a + 5 = 9.
From Appendix 5.3, the graph K5 @& K510 admits a {(Cy + e)a,Sg}—decomposition for

all admissible pairs (o, 3) such that o + 8 = 12. Hence the proof follows from Remark
1.1. ]

Lemma 3.2. There exists a {(Cy+e)?, S?}—decomposz’tz’on of K16 for all admissible pairs
(av, B) such that o+ 5 = 24.

Proof. We can write, K16 = K19 ® K¢ ® K¢,10. From Appendix 5.1, the graph Ko admits
a {(Cy + e)a,Sg}—decomposition for all admissible pairs («, ) such that a« + 5 = 9.
From Appendix 5.4, the graph K¢ @ Kg 10 admits a {(Cy + e)a,Sg}—decomposition for
all admissible pairs (o, 8) such that o + 3 = 15. Hence the proof follows from Remark
1.1. O
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Observation 3.1. Forn > 20, p,q > 10, let
Kn =K, ® Kq® Kpgq (1)

and assume that the graphs K, and K, admits a {(C1+¢€), Sg}—decomposition. Let the
graph K, , admits such a decomposition for all admissible pairs (o, ) such that o + =

7 except when o = 1. But this does not mean that the graph K, would not have a

{(Cs+e), Sg}—decomposition for all admissible pairs («, ). Using a different admissible
pairs (o, B) for the subgraphs K, K, and K, 4, we can get the required decomposition in
K, for all admissible pairs (a, f3).

Theorem 3.1. Let n > 6 be the given integer. Then the graph K, admits a {(Cy +
e, Sg}—decomposition for all admissible pairs («, ), if and only if n =0 or 1(mod 5).

Proof. Necessity: We know that the necessary condition for the existence of a {(Cy +
e)<, Sg}-decomposition is 5(a+ B) = (5). Then either n = 0(mod 5) or n = 1(mod 5).
Sufficiency: Assume that n = 0 or 1(mod 5). Then n can be written as n = 10s + ¢,
where s > 1 and ¢t € {1,2,5,6}. Then the sufficiency follows from the four cases as given
below:
Case 1: For t = 0, we can write,

(s—1)

S
Kios = sK10® ———

K 2
Koo @

Case 2: For t = 1, we can write,

(s—1)(s—2)

Kipsy1 =K@ (s —1)Ki10® (s —1)K11,10 @ 5

Case 3: For t = 5, we can write,

Kio,10- (3)

(s—=1)(s—2)

Kips15 = K15 ® (s — 1) K10 ® (s — 1) K1510 © 5

Case 4: For t = 6, we can write,

Kio0,10 (4)

(5_1)2(5_2)[(10’10 (5)

From Appendix 5.1, the graph Kjo admits a {(Cy + €)®, Sg }-decomposition for all ad-
missible pairs (¢, 5) such that o + 8 = 9. From Appendix 5.2, the graph Kp; admits a

{(Cy + €)~, Sg }-decomposition for all admissible pairs («, 3) such that o« + 8 = 11. From
Lemma 3.1, the graph K5 admits a {(Cy+¢€)®, Sg }-decomposition for all admissible pairs

(cr, B) such that a + f = 21. From Lemma 3.2, the graph K admits a {(C4 + €)®, Sg}—
decomposition for all admissible pairs («, 3) such that a+ 5 = 24. From Theorem 2.1, the

Kios+6 = K16 ® (s — 1) K10 ® (s — 1) K16,10 ®

graphs KlO,lOa KlO,ll, K15710 and K16,10 admit a {(04 + e)o‘, Sg}—decomposition for all ad-
missible pairs except («, 3) € (1, 3). Hence, the graph Kigs4¢ where t € {1,2,5,6} admits
the required decomposition for all admissible pairs by Remarks 1.1, 1.2 and Observation
3.1. O

4. CONCLUSIONS

In this paper, it is proved that there exists a {(C1+¢€)®, S? }-decomposition in K, ,, for
all admissible pairs (o, 8) with a # 1, whenever mn = 0(mod 5), for m > 2 and n > 5.
Also, it is proved that there exists a {(Cy+e€)?, Sg }-decomposition in K, for all admissible
pairs («, 8), whenever n = 0 or 1(mod 5), for n > 6.
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5. APPENDIX

If the desired {(Cs + €)%, S?}—decomposition exists in G, then we write, G = a(Cy +
e) @ £S5. Here, we discuss the existence of such a decomposition in G for all admissible
pairs («, ().

5.1. A {(Cy+e)?, S?}-decomposition of K.

Case 1: (o, 8) = (9,0)

K19 = 9(Cs + e) = {(v1,v2,v4,v9;0108), (v1,V3,04,06;0307), (V1,V5,09,V7;0903),
(v2,03,05,010;V2v8), (V2,V6,08,09;09v10), (V3,V6,V7,V10;07V5), (V4,V5,06,010506v9),
(v2,5,V8,07;0704),(V1,V4,08,010508V3) }-

Case 2: (o, f) = (8,1)

K19 = 8(Cy+e) ® 1S5 = {(v3,04,v9,08503v10), (V4,06,V5,08508V2), (V4,V5,09,010509V2),
(v2,03,07,06;07V10), (V3,05,010,V6;V10V2), (V2,04,07,0550709), (V1,09,06,V8;09V3),
(v1,07,v8,v10507v2) } © {(v1;02,V3,v4,05,06) }-

Case 3: (o, ) = (7,2)

Ko = 7(Cy + e) ® 2S5 {(v1,v7,08,0105010v2), (V2,V8,04,09;04010), (V1,V3,V10,V9;01007),
(v5,06,09,07;06V10), (V3,V5,09,08;0307), (V4,V5,08,06;U5010), (V3,V4,V7,V6;V309)} @
{(Ul§U2,U4,’U5,U6,U8), (UQ;U37U47U57,U65U7)}‘

Case 4: (o, 3) = (6,3)

K19 = 6(C4 + e) ® 355 = {(v2,v9,v3,v10:0208), (V1,V9,V4,01050907), (V4,V5,V9,08:U806),
(v1,07,05,08507v10), (V6,07,08,010;0704), (V5,V6,V9,V10506v4) } D {(v1;02,03,04,05,v6),
(’U2;U3,U4,’U5,U6,’U7), (1)3;’04,2}5,1)6,’07,1}8)}-

Case 5: (o, ) = (5,4)

K19 = 5(C4 + e) ® 455 = {(v1,v2,05,07;05v10), (V6,07,09,U8508V10), (U5,06,V10,V9;0508),
(v1,V8,07,V10301004), (V2,V9,03,010;09v6) } & {(v1:03,04,V5,06,09), (V2303,04,V6,07,V8),
(v33v4,05,V6,07,V8), (V43V5,V6,07,U8,09) }-

Case 6: (o, ) = (4,5)

K19 = 4(C4 + e) © 555 = {(v1,v2,08,07;0209), (v2,03,V6,05;0308), (V3,04,010,V9;U905),
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(v4,05,08,09;05v3) } D {(v1;03,05,06,08,09), (V4;V1,02,06,07,08), (V6;v2,U7,U8,V9,V10),
(v75v2,03,05,09,v10), (V10501,02,03,05,08) }.

Case 7: (o, 3) = (3,6)

K19 =3(C4 + e) ® 655 = {(v2,v3,09,v10:v10v4), (V6,V9,08,010:01003), (V1,V8,02,V9;08V6) } ®
{(v1;93,04,05,06,010), (V2501,04,05,06,07), (V4;V5,06,07,08,09), (V3;V4,U5,V6,U7,Vs),
(v5306,07,V8,V9,V10), (V7301,V6,V8,V9,010) }-

Case 8: (o, ) = (2,7)

K19 =2(C4 +e) ® 785 = {(v1,v6,07,v2;01v10), (V6,08,07,09508v3)} @ {(v1;03,v4,05,07,08),
(v23v4,V5,V6,08,010), (V3302,04,V5,06,07), (V4305,06,07,U8,V9), (V5;06,V7,08,V9,010),
(09;U1,02,U3,08,U10), (010;03,04706,0777)8)}-

Case 9: (o, ) = (1,8)

K19 = 1(C4 + e) ® 855 = {(v1,v8,09,v2;0806) } @ {(v1;03,04,V5,06,07), (V2;04,V5,06,V7,08),
(v33v2,V5,V6,07,V8), (V4;V3,V5,06,U8,010), (U5506,V7,08,V9,010), (V7;0V4,V6,08,V9,010),
(v9;v1,03,V4,06,V10), (V10;V1,V2,U3,06,U8)}.

Case 10: (a, ) =(0,9)

K10 =955 = {(v1;v2,03,04,05,06), (v2;03,V4,V5,V6,V7), (V3;04,05,06,07,08),
(v4;5,V6,07,08,09), (Vs506,V7,08,09,010), (V7301,06,U8,09,010), (V8;V1,02,V6,V9,V10),
(v9;v1,V2,03,06,010), (V103V1,02,03,V4,V6) }.

5.2. A {(C4+e)“, S?}-decomposition of K.

Case 1: (o, ) = (11,0)

K11 = 11(Cy + e) = {(v1,v2,09,v8;0104), (v2,03,010,011;0208), (V3,V4,010,09;V407),
(v4,V5,01,011;05V2), (V5,06,V1,010506V2), (V6,V7,01,U3;06V9), (V7,08,U5,03;U7010),
(v2,04,09,07;09V1), (V5,07,011,V9;01108), (V3,U8,V6,V11;011V5), (V4,V6,V10,V8;V102) } -
Case 2: (o, ) = (10,1)

K11 =10(Cy + €) & 155 = {(v1,v2,09,08;0104), (V5,V6,01,010;010011), (V3,04,010,09;0407),
(v4,05,01,011;0502), (V4,06,V10,V8;01003), (V6,07,01,V3;U6v9), (V7,08,V5,03507010),
(v2,v4,V9,07509v1), (V5,07,011,09501108), (V3,U8,U6,011;01105)} @ {(v2;03,05,06,08,011) }-
Case 3: (o, f) = (9,2)

K11 = 9(Cy + e) © 285 = {(v1,v2,010,09;09v5), (v2,03,09,08;08v4), (V3,08,010,V4;0406),
(v4,05,010,V11;011V6), (V5,V6,01,011;0107), (V6,U7,011,V9507v4), (V7,U8,01,010501006),
(v2,v4,v9,07504v1), (V2,V6,08,011502v9) } & {(v3;01,06,V7,010,V11), (V5501,V2,03,07,08) }
Case 4: (o, ) = (8,3)

K11 =8(Cy + e) ® 355 = {(v1,v2,v9,08;0206), (v2,03,010,011;V1008), (U3,V4,010,V9;03011),
(v4,05,V1,011;0109), (115,1)6,?11,’010;’05113), (U67'U77U11;U9§U11U8)7 ('UG;U&U%UlOSUGUH)a
(v1,03,08,07;0306) } @ {(v4;01,02,06,08,09), (V5;02,07,V8,09,011), (V7;02,V3,V4,09,010) }-
Case 5: (a,3) = (7,4)

K11 =7(C4 + e) ® 4S5 = {(v1,v2,09,08;0205), (v2,03,V8,07;03010), (V3,V4,010,09;V3011),
(v4,05,010,011;V507), (V5,06,01,011501109), (V2,V6,07,010;02011), (V3,05,09,07;07011) } @
{(v1;03,v5,07,09,010), (V4;01,02,06,07,09), (V6;V3,08,09,010,V11), (V8;V2,V4,V5,010,V11) }-
Case 6: (a,3) = (6,5)

K11 =6(Cy+e) @555 = {(v1,02,09,08;0104), (V2,03,09,010;09011), (V3,04,08,07;0409),
(v4,V5,010,011;V508), (V2,V5,07,011;01108), (V2,04,010,V8308V6) } & {(v1;v6,07,v9,010,011),
(v33v1,06,U8,010,011), (V5501,V3,06,09,011), (V6;02,04,09,010,011), (V7502,V4,06,V9,010) }-
Case T7: (o, ) = (5,6)

K11 = 5(C4 +e) © 6855 = {(v1,v6,07,v11:07010), (V1,V2,08,U750709), (V2,03,09,010;V1008),
(v4,V5,010,011;V1109), (V3,V4,09,v8;08v11) } @ {(v1;v4,V5,08,09,010), (V2;5,06,07,09,011),
(v33v1,06,V7,010,011), (V4;02,010,08,V7,06), (V5;03,07,08,09,011), (V6;V5,08,09,010,011) }-
Case 8: (o, ) = (4,7)
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K11 = 4(C4 + e) ® 785 = {(v1,v2,09,08;08010), (v2,03,07,U850709), (V3,V4,09,V10;V1007),
(U4,U5,U10,U11;U4U6)} D {(U1§U57U67U77U97U10)7 (v2;v5,V6,07,010,011), (V3;V1,V6,08,V9,V11),
(’U4;U1,U2,’U7,U8,’Ulo), (U5;U3>U67U77v87U9)7 (UG;U77U87U97U107U11)7 (U11;U1,U5,’U7,U8,U9>}-
Case 9: (o, 3) = (3,8)

K11 = 3(C4 + e) ® 855 = {(v1,v2,08,v9;09v11), (v2,V3,09,103010V11),
(v3,04,07,v8;v3v1) } @ {(v1;V6,07,08,010,v11), (V2;05,06,07,v9,v11), (V33V5,V6,V7,V10,011),
(V4301,V2,09,10,011), (U5501,04,V9,010,V11), (V6;04,05,09,010,011), (V7305,V6,09,010,V11),
(08;04,05,06,010,1111)}-

Case 10: (a, ) =(2,9)

K11 =2(C4 +e) ®9S5 = {(v1,v2,09,v10:v10v11), (V2,03,07,08;U809)} &
{(v13v6,07,v8,09,011), (V2305,06,V7,010,011), (V3;V1,08,09,010,011), (V4;01,V2,03,V10,V11),
(v53v1,03,V4,010,011), (V6;V3,04,05,010,011), (V7,08304,05,V6,010,011), (V9;V4,V5,V6,07,011)}-
Case 11: (a, ) = (1,10)

K11 = 1(Cs +e) 1085 = {(v1,v2,v9,v10;v9v11)} D {(v1;v6,v7,08,09,011),
(v2306,07,V8,010,011), (V3;V1,02,09,010,011), (V4;01,V2,03,V10,V11), (V5301,V2,03,04,V11),
(v63V3,04,V5,08,V11), (V7;03,04,U5,06,V11), (V8;V3,04,U5,07,V11), (V9;04,V5,V6,07,U8),
(v10;V5,V6,07,08,011) } -

Case 12: (a, ) = (0,11)

K11 = 1185 = {(v1;v2,03,04,05,06), (V2303,04,05,V6,07), (V33;04,05,06,U7,U8),
(v4;v5,06,07,08,09), (U5;V6,07,08,09,010), (V6;07,08,09,010,011), (V7;01,V8,09,010,V11),
(v8;v1,v2,V9,010,011), (V9;v1,V2,03,010,011), (V10;V1,V2,V3,V4,V11), (1)11;1)1,7)2,113,04,115)}-

5.3. A {(Cy+€)?, S?}-decomposition of K5 ® K5 10-

Case 1: (o, ) € {(0,12),(2,10), (4,8),(6,6)}

K5 ® K510 = 655 @ 3T = {(m1;ma,ms,n8,n9,n10), (ma;mi,ms,ng,ng,nio),
(m3;m1,ma,ng,ng,n10), (Ma;ma,m3,n8,n9,n10), (M5;M3,M4,18,19,110),
(n7sma,ma,ms,ma,ms)} & {(n1,n2,n3,n4,15,n6;m1,m2,m3,ma,ms)}.

From Observation 1.3, this gives the required decomposition for («, 5) € {(2,10), (4,8),
(6,6)}.

Case 2: (o, 8) € {(3,9),(5,7),(7,5),(9,3)}

K5 ® K510 = 1(Cy+e) @ 3S5 @ 4T = {(ma,m3,mqg,ms;mamy)} &
{(m1;m3,n7,n8,n9,n10), (M2;ma,n7,ng,n9,n10), (M3;M5,n7,18,n9,n10)} O
{(ma,msz;m1,n7,n8,n9,n10), (n1,n2,13,14,15,16;M1,M2,M3,M4,Mm5)}.

From Observation 1.3, this gives the required decomposition for («, ) € {(3,9), (5,7),
(7,5),(9,3)}.

Case 3: (o, ) = (12,0)

K5 @ K510 = 12(Cy + €) = {(n2,m3,n7,main7ma),

(n2,m1,n7,ms;mama), (n1,m3,ne,ma;nemi), (mi,ms,ms,ni;msms),
(ma,maq,ms5,n6;m5m1), (n3,m1,n8,m5n3M3), (n3,M2,n8,M4;n8M3),
(n4,m1,n9,m2;n4m4), (N4,Mm3,M9,M55M9M4), (N5,M1,710,M4;1210M5),
(ns5,ma,n10,m3;n5ms), (M1,m2,m3,ma;maoni)}.

From this, first two copies of banners can be written as (ng,n7;mi,ma,ms,mg,ms).
Then, this gives the required decomposition for (a, 8) € (10, 2).

Case 4: (o, 3) = (11,1)

K5 ® K510 = 11(Cy + e) & 155 = {(mg,m3,mq,ms;mamy),

(n1,ma,m6,m3;mams), (n1,m4,n6,Mm5;mama), (n2,Mm1,07,M3;n2M2),
(n2,ma,n7,msnrma), (n3,mi,ng,ma;nzms), (n3,ma,n8,Ms5;n8M3),
(n4,m1,m9,m2;n4my), (N4,Mm3,09,M5;n9M4), (15,M1,M10,M2;N5M5),
(ns,m3,n10,ma;n10ms)} & {(mi;n1,n6,m3,ma,ms)}.
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Case 5: (a, 8) = {(10,2), (8,4)}

Ks® K5’10 = 8(04 =+ 6) @255 D 1T = {(ml,mg,m5,n6;m5m2),
(m1,ma,m3,ma;mang), (M2,mq,ms5,n7;mang), (M2,n9,M5,M10;M57M8),
(n1,m1,n2,mo;n1ms), (ni,ma,na2,ms;noms), (ng,mi,n4,ma;n3ms),
(ng,m4,n4,m5;n4m3)} 2] {(m1;m5,n7,n87n9,n10)7 (n5;m1,m2,m3,m4,m5)}
® {(m3,mqine,n7,n8,n9,n10)}

54. A {(Cy+€)?, S?}-decomposition of K¢ ® K 10-

Case 1: (o, ) = (15,0)

K¢ @ K6710 = 15(C4 + 6) = {(nl,ml,ng,mg;m2m4),
(n2,m1,n7,me;mims), (ng,ms,n7,ma;mams), (n2,ms,n7,me;msms),
(n3,ms,ng,me;msma), (ng,ma,ng,ma;mams), (n3,mi,ng,ms;mims),
(n1,m3,n6,ma3mama), (n1,ms,n6,M6;M5m3), (N4,M1,09,M43M1M),
(na,ma2,n9,m3mame), (na,ms,n9,MeimeMma), (N5,m1,n10,Mm3;m1Ms5),
(ns5,m2,n10,me:mMeMs), (115,M4,110,M55m4mM1)}.

Case 2: (o, 8) = (14,1)

K¢ @ Kg,10 = 14(Cy + €) ® 1S5 = {(n1,m1,n6,m2;mams),
(n2,m1,n7,maimimy), (n2,m3,ny,ma;mans), (n2,ms,nr,me;msms),
(ng,ms,ng,memsma), (ng,ma,ng,ma;mams), (ng,mi,ng,mz;mims),
(n1,m3,n6,ma3mamy), (n1,ms,n6,M6:m5m3), (Na,m1,n9,M43m1Ms5),
(n4,m2,ng,m3;m2m4), (n4,m5,n9,m6;m5n5), (n5,m1,n10,m3;n10m5),
(n5,ma,n10,me;n10ma)} O {(me;me,ma,mz,mq,ms)}.

Case 3: (o, 3) = (13,2)

Ko ® Kg,10 = 13(Cy + €) ® 2S5 = {(n1,m1,n6,ma2;mams),
(n27m17n77m2;m2n5)a (ng,mg,n7,m4;m4m1), (n2,m5,n7,m6;m5n10),
(n3,ms,n8,memen10), (n3,m2,n8,ma3mams), (n3,mi,ng,m3;mims),
(n1,m3,m6,ma3m4m2), (n1,M5,n6,M6;Mm6MN5), (N4,M1,M9,Mm4;Mm1M3),
(n4,ma,n9,m3:man1g), (N4,ms,n9,Mein10M4), (N5,M1,010,Mm3;05M4)}
© {(ms;m1,ma,m3,ma,ns), (Mme;mi,ma,ma,mq,ms)}.

For all other admissible pairs, we can write K¢ © K¢ 10 = K5 @ K510 + 355. From
Appendix 5.3, the graph K5@® K5 19 admits {(Cy+e€), Sg }-decomposition for all admissible

pairs (a, ).
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