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a-PRE-E-CONVEX AND o-E-CONVEX FUNCTIONS WITH
APPLICATIONS TO MATHEMATICAL PROGRAMMING

SEEMA MEENA'*, D. B. OJHA!, §

ABSTRACT. In this paper, we establish a new class of E-convexity, namely a-pre-F-
convexity. We define a-pre- E-convex function (need not E-convex function), a-prepseudo-
FE-convex function and discuss some properties of a-pre-E-convex functions. We observe
that the class of a-prepseudo-FE-convex functions is more general than the class of a-
pre-E-convex functions. We also introduce the class of a-E-convex functions which we
prove it is equivalent to the class of differentiable a-pre-E-convex functions. Optimality
conditions of these functions in mathematical programming problem are obtained.
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1. INTRODUCTION

Convexity contains a broad range of significance in applied as well as pure mathematics.
Today, the concept of convexity is not limited to the class of convex functions but it has
extended to non-convex functions. A few years ago, the outcome of such work has proposed
to several forms of non-convexity, like invexity, pre-invexity and FE-convexity etc. For a
family of real functions, Avriel established r-convexity [4] and obtained the solution of
certain nonlinear programming problem with sum of r-convex functions [5]. After some
years, Hanson proved the sufficiency of Kuhn-Tucker conditions for optimal solution of
programming problem [13] and Craven obtained these conditions under the assumptions
of K-invex functions [11]. Israel and Mond presented some new results for invexity and
showed that invexity can be replaced for convexity in some certain problems [8]. Bector
and Singh defined B-vex function and discussed some properties of B-vex functions [7]. By
using the concept of invexity, Antczak introduced several (p, r)-invexity type nonlinear
programming problems [2]. Antczak extended the concept of p-invex set and defined
(p, r)-pre-invex function (non-differentiable) and (p, r)-invex function (differentiable) and
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obtained optimality conditions for nonlinear programming problem under the assumption
of these functions [1]. Antczak defined r-preinvexity, r-invexity and obtained optimality
criteria and duality relations for these functions in programming problem [3]. Antczak
developed duality theorems for modified r-invex functions based on function 7 [3]. Emam
generalised B-invexity to roughly B-invexity and obtained some properties of roughly
B-invex functions [10]. Ojha obtained optimality and duality results for programming
problem under the assumption of generalised (v, p)-univexity [15].

Youness generalised the class of non-convexity and produced the concept of E-convexity.
Firstly, E-convex functions and E-convex programming were defined by Youness [20].
Yang refined some results of E-convex programming [19], that were obtained by Youness
[20]. Later, Youness obtained optimality criteria of E-convex programming and considered
Fritz-John and Kuhn-Tucker problems for E-convexity [21]. Chen introduced the concept
of semi- F-convex functions and obtained some basic properties of semi- F-convex functions
[9]. Syau and Lee introduced E-quasiconvex function and established some characteristics
of E-convex functions and E-quasiconvex functions [18]. By the concept of E-convexity,
Fulga and Preda defined E-invex set, E-preinvex functions and discussed properties of
E-preinvex functions [12]. For an optimal solution of nonlinear programming problem, the
applications of E-preinvex and local E-preinvex functions are obtained in [12]. Jaiswal and
Panda developed generalized E-convexity and E-invexity with the aid of differentiability
and derived sufficient optimal condition for optimal solution of nonlinear programming
problem [14]. Mishra et al. combined E-convexity with b-vexity and defined E-b-vex func-
tion [17].

A set ¢ € R" is said to be E-convex, if for all p,q € (,0 € [0,1], there is a map
E : ®R" — R" such that 0E(p) + (1 — §)E(q) € ¢ (see [20]).

A function ¢ : R — R™ is called F-convex function on the set ¢ C R", if there is a
map F : R — R" such that ¢ is an E-convex set and the following inequality is held

Y(6E(p) + (1 —0)E(q)) < 0y(E(p)) + (1 — 8)y(E(q))
for all p,q € ¢,d € [0,1]. If this inequality has opposite sign for all p,q € ¢, d € [0,1], then
1 is called E-concave function. If the above inequality has strict sign, then %) is said to
be strictly E-convex function (see [19, 20]).

In this paper, our main aim is to introduce a-pre-FE-convex function and a-FE-convex
function and present applications of these functions in mathematical programming prob-
lem to obtain optimality related results.

In section 2, we define a-pre-E- convex function, a-pre-E- concave function and discuss
some properties of these functions. We introduce a-prepseudo-FE-convex function and
relate it with a-pre-E-convex function. From the concept of these functions, optimality
results for mathematical programming problem are obtained in section 3.

In section 4, we define a-FE-convex function and relate it with the differentiable a-pre-F-
convex function and present an application of a-E-convex in problem (P) of section 3 to
find optimality condition.

2. DEFINITIONS AND PROPOSITIONS

In this section, we introduce a-pre-FE-convex function and a-pseudo-E-convex function,
where o € R. we consider some examples and obtain some properties for a-pre- F-convex
functions.

Definition 2.1 (a-pre-E-convex function). Let ( € R" a nonempty E-convex set for the
map E : R" — R, then the function ¥ : { — R is said to be a-pre-E-convex function on
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¢, if the following inequality holds
In(e®VE®) 4 (1 — §)ePBE@N)/ea it o 20

O (E(p)) + (1= ) (E(q), fazo D

Y(OE(p) + (1 -0)E(q)) < {

for allp,qe ( and 0 < < 1.

Definition 2.2 (a-pre-E-concave function). Let ( € R"™ a nonempty E-convex set for the
map E : R — R", then the function v : ( — R is said to be a-pre-E-concave function on
¢, if the following inequality holds

In(se¥(EP) 4 (1 — 5)eaw(E(q)))1/a, if o # 0

SY(EP)) + (1 - 8)v(E(q)), ifo=0 (2)

Y(OE(p) + (1 - 0)E(q)) = {

forallp,ge ( and 0 <6 < 1.

If the inequalities (1) and (2) have sharp sign, then function v is said to be strict a-pre-E-
convex and strict a-pre-E-concave function, respectively. It is well trued that every strict
a-pre-E-convez (strict a-pre-E-concave) function is a-pre-E-convex (a-pre-E-concave)
function.

Example 2.1. Let R is an E-convex set for the map E and E is defined as
1ipy?
=), p>0
E(p) = {(12]))2
(=%2), p<oO
and function ¥ : & — R is defined as
4p, p>0
¥(p) =
P’ -p+1), p=<0.

Here, we see that ¢ is a convex function in its domain. For the above map E, function 1
18 E-convex as well as a-pre-E-conver function on R , for any o € R.

Example 2.2. Let R is an E-convex set for the map E and E is defined as
2
p“+2p, p>0
E(p) =
0, p<0
and function ¢ : R — R is defined as

_Jin(p+1), p>0
Y(p) = {0’ b <0,

We observe that function v is concave in its domain and for the above map E, it is
E-concave as well as 1/2-pre-E-concave on R.

Example 2.3. Let R? is an E-convex set for the map E and E : R? — R? is defined as
E(p,q) = (0°,¢%),Yp,q € R
and function ¥ : & x R = R is defined as

pq+1, pg>0
»(p,q) = VP
1, pg < 0.

Then, we see that 1 is not a convex function but when 6 = 1/2, it is 1-pre-E-convex
function and E-concave function at the points (1, 0) and (2, 3).
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From the definitions of E-convex and a-pre-E-convex functions, it is well defined that
every F-convex function is 0-pre-F-convex function but for all o # 0, every a-pre-F-
convex function is need not F-convex function. For this, we see example 2.3. In which,
function 1) is 1-pre- E-convex but not E-convex for ¢ = 1/2 at the points (1, 0) and (2,3).

PROPERTIES OF a-PRE-FE-CONVEX FUNCTIONS

Proposition 2.1. Let R" be an E-convex set for the map E : R" — R™, then
(1) If¢ : R™ — R be a a-pre-E-convex (a-pre-E-concave) function on R™, then for any
B €R, v € Ry, the functions v+ B and vy are a-pre-E-convex (a-pre-E-concave)
and o/y-pre-E-convex (a/y-pre-E-concave) on R"™, respectively.
(2) If ¥, ¢ : R* — R be two a-pre-E-convex (a-pre-E-concave) functions on the set
R™ then for any vi,v2 € Ry, the function w defined as

w(p) = In(v1e¥®) 4 poe®®)/e - jfo o0
e ) + o), ifa=0

be a a-pre-E-convex (a-pre-E-concave) on the set R™.

(3) If ¢ be a a-pre-E-convex function on R™ iff —1 is a —a-pre-E-concave function
on R".

(4) Ify, ¢ : R™ — R be two real valued functions defined on R such that ¢(p) = e*¥P),
then function v is a-pre-E-convex (a-pre-E-concave) on R™, for all a # 0 iff
function ¢ is 0-pre-E-convex (0-pre-E-concave) on R™.

Now we prove part (2) and part (4) of proposition 2.1.

Proof. (2) For a # 0, we assume that 1, ¢ both are a-pre-FE-convex (a-pre-E-concave)
functions, then by definition 2.1 (2.2), for all p,q, € ¢ and 0 < ¢ < 1, we have

YOE(p) + (1= 0)B(q)) < (2)In(6e™F®) 4 (1 — g)erF@))l/a 3)
and

S(SE(p) + (1= 8)E(q)) < (2)In(6e*?FW) 4 (1 — g)erdFla))l/e, (4)
Now we prove that w be a a-pre-E-convex (a-pre-E-concave) function. For « # 0, by the
definition of w, we have for any p,g € ( and 0 < < 1,

W(EE(p) + (1 = 8)E(q)) = In(ve®?CE@HA=0EW@) 4 1) cadOER)+(1=0)E@)) /e (5)
Now by (3), (4) and (5), for all p,q € ( and 0 < ¢ < 1, we have
ln(vlea’lb(&E(p)Jr(lfé)E(q)) + v26a¢>(§E(p)+(175)E(q)))1/a

ap(E(p)) 4 (1—§)e?(E(a))1/e ap(E(P)) 4 (1—§)ex?(E(@))1/e
de P+(1-d)e ) ealn(ée P)+(1-0)e a)) )l/a

< (2)in(vre" + 2
= In(v1 (0¥ FP) 1 (1 — )V E@)) 4 4y (59 EP) 1 (1 — §)ed(E(@)))1/a
= In(6(v1e®PFP) 4 4y EP)) 1 (1 — §) (012 F@) 4 gpeadE))))1/a
= In(6eFEW) 1 (1 — §)eawBl@)yl/a  (g)
Then
In(v; @V OE@+A=0E)) 4 4, cad(@EP)+(1-0)E(9)))1/a

< (2)In(5e<EP) 4 (1 — §)ecwE@N/e (1)

By (5) and (7), for all p,q € ¢ and 0 < 6 < 1, we get
WBE(p) + (1 - 8)E(q)) < (2)In(6eFW) 4 (1 — §)er(F@) /e (8)
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Now, for o = 0, we consider the definition of a-pre-E-convex (a-pre-FE-concave) function
for 1 and ¢, then for all p,g € (and 0 < <1,

Y(OE(p) + (1 = 0)E(q)) < (2)0%(E(p)) + (1 - 0)¥(E(q)) (9)
and

P(0E(p) + (1 —0)E(q)) < (2)d¢(E(p)) + (1 — 0)p(E(q))- (10)
We multiply (9) and (10) by v; and ve, respectively, then adding them, we get

vy (0E(p) + (1 = 6)E(q)) + v20(0E(p) + (1 — 0)E(q))
< (Z)vi(d9(E(p)) + (1 = 0)¢(E(q))) + v2(3(E(p)) + (1 — 8)p(E(
= 0(01y(E(p)) + v20(E(p))) + (1 = 0)(v1(E(q)) + v2¢(E(g)))
= 0w(E(p)) + (1 = dw(E(g)). (11)

1))

Then, we have

w(dE(p) + (1 = 0)E(q)) < (2)0w(E(p)) + (1 — §)w(E(q)) (12)
Hence, for all p,q € ¢, § € [0,1], by (8) and (12), we show that w is a-pre-FE-convex
(a-pre-E-concave) function on . O

Proof. (4) For a # 0, we assume that 1 is a a-pre-E-convex (a-pre-E-concave) function
on R™. Then by the definition 2.1 (2.2), for all p,q € ( and 0 < ¢ < 1, we have

Y(EE(p) + (1= 6)E(q) < (>)ln(3e* " FP) 4+ (1 — 5)e>(E@))l/e.
Then for a # 0, we have
WOEPFA-0)E@) < (>)(5eVEP) 4 (1 — §)e2V(E@), (13)
Now by the definition of function ¢, for all p,q € ¢ and 0 < § < 1, (13) follows that
P(OE(p) + (1 = 9)E(q)) < (2)d¢(E(p)) + (1 - §)$(E(q))- (14)

This show that ¢ is O-pre-E-convex ( 0-pre-E-concave) function on R™. Similarly its
converse part can be easily proved. ]

Now we define a-prepseudo-E-convex function (may be non-differential function) and
relate it with a-pre-FE-convex function.

Definition 2.3 (a-prepseudo-E-convex function). Let ( C R™ be a nonempty E-convex
set for the map E : R™ — R"™. Then a function ¢ : { — R is said to be a-prepseudo-FE-
convex function on E-convex set (, if there is a function v : R x R™" — R of strictly
positive values such that the following inequality

Y(E(p)) < ¢(E(q) = Y(0E(p) + (1 -9)E(q))

_ Jin(er?F@) 455 — Dw(E(p), BE@)V®, if a0
Y(E(q)) +6(6 = Dv(E(p), E(q)), ifa=0

holds, for all p,q € ¢ and 0 < 6 < 1, where e*¥(F(@)) £ 5(5 — 1)v(E(p), E(q)) > 0.

(15)

Proposition 2.2. Let R"™ be an E-convex set for the map E : R" — R and ¢ : R — R
be a a-pre-E-convex function on R", then 1 also be a a-prepseudo-E-conver function on
the same E-conver set R".
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Proof. We assume that ¢ : " — R be a a-pre-FE-convex function on F-convex set ",
such that ¥(E(p)) < ¥(E(q)), for all p,q € R". Now we consider definition 2.1, for o > 0,
then, for all p,g e R and 0 <§ <1
W(SE(p) + (1 — 8)E(q)) < ln(eaw(E(q)) + 5(ea¢(E(p)) _ eaw(E(q))))l/a
< In(e®VE@) 4 §(1 — §) (e EW) _ ot (E@))y1/e
Now we put v = e®V(E(@) _ ca¥(E@))  then
Y(OE(p) + (1= 6)E(q)) < In(e™F9D) 4+ 5(5 — 1)v(E(p), E(9)))"/*.

Since, the condition ¥(E(p)) < ¥(E(q)) satisfies the definition of function v(E(p), E(q))
and e*¥(F@) 1+ §(5 — 1)v(E(p), E(q)) > 0 is satisfied for all p,q € R, 0 < § < 1. Then
by definition 2.3, we see that function ¥ be a a-prepseudo-F-convex function on the same
E-convex set R™. For a = 0, the proof has similarity so we omit this case. ]

But converse of this proposition need not be true. i.e. If function ¢ is a-prepseudo-FE-
convex function on E-convex set R, then ¢ is need not a-pre- F-convex function on same
set R with respect to the same map F. For this we consider the following example,

Example 2.4. Let Ry is an E-convex set for the map E and map E : Ry — Ry is
defined as E(p) = p* and function ¢ : R, — R is defined as 1 (p) = Inp. We define the
function v : Ry x Ry — Ry as v(p,q) = Ilng —Inp and q > p, then we see that function )
1s 0-prepseudo-E-convexr but not 0-pre-E-convex for the map E on R,

Therefore we conclude that the class of a-prepseudo-FE-convex functions is wider than
the class of a-pre-FE-convex functions.

3. OPTIMALITY CONDITIONS IN MATHEMATICAL PROGRAMMING

Let ¢ € R™ be an E-convex set, for the map F : ®" — 1", then we consider the following
mathematical programming problem (P)

min. ¢ (E(p))
st. ¢(Ep) <0,i=1,2, ...,

where p € ( € R" and ¥,¢; : ¢ = R,i = 1,2,...,n be not necessarily differentiable
functions on E-convex set (. Let

A={pe(:¢;(E(p)) <0,i=1,2,.....n}
be a set that contains all feasible solutions of problem (P). Throughout this section, we
consider a # 0 and for a = 0, all the proofs have similarity, so we omit this case.

Theorem 3.1. Let ¢; : ( —> R, i = 1,2,3,...n be a-pre-E-convex functions with respect
to the map E on A, then A C ( is an E-conver set.

Proof. Let p,q be any two feasible solutions of problem (P), then by the definition of A,
we have

¢i(E(p)), pi(E(7)) <0,i=1,2,3,..n. (16)
Since ¢;,i = 1,2,3,...n be a-pre-FE-convex functions on the set A, then by definition 2.1,
(1) is satisfied for all p,g € A and 6 € [0, 1]. Hence by (16), we get
_ ~ 1
Gi[SE(D) +(1—0)E(q)] < In[6e®®EP) 4 (1 —§)erdiB@Ve < Zip[§+(1-46)] =0, (17)
o
i1 =1,2,3,...n. Therefore for any p,q € A,0 € [0, 1], we have
SE(P)+ (1 —0)E(q) € A. (18)
This shows that A C ( is an E-convex set. O
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Theorem 3.2. Let A C { be an E-convex set and v : { — R be a a-pre-E-convex function
on A. Then any local minimum px of problem (P) is a global minimum of problem (P).

Proof. We assume that px € A is not a global minimum of (P), then there is a p € A,
with px # p, such that

V(EPD)) < Y(E(px)). (19)

Since A be an E-convex set, then for any p,px € A and § € [0, 1], we have
SE(D)+ (1 —0)E(px) € A (20)
and 1 be a a-pre-F-convex function on A, then by definition 2.1, the following inequality
PYOE(D) + (1 — 8)E(px)] < In[6e®VFP) 4 (1 — §)et(EE=))1/e (21)

holds for all p, px € A and ¢ € [0,1]. Now we use (19) and monotonocity for the logarithmic
and exponential functions, then finally (21) gives that

YBEP) + (1= 6)E(p)] < In[6e™?EP) 4 (1 - 5)e? EWDVe — g(B(px))  (22)
for all p,px € A and 0 € [0,1]. Thus we have
YOE(p) + (1 = §)E(px)] < ¢ (E(p¥))

for all p,px € A and 0 € [0, 1]. This contradicts for § — 0, hence our assumption is wrong.
Therefore any local minimum p+ € A of problem (P) is also a global minimum of problem
(P). O

Theorem 3.3. Let A C ( be an E-convex set and i be a a-prepseudo-E-convex function
on A. Then any local minimum px of problem (P) is a global minimum of problem (P).

Proof. We assume that px € A is not a global minimum of (P), then there is a p € A,
with px # p, such that

Y(ED)) < ¢(E(p*)). (23)
Since A is an E-convex set, then for any p, px € A and ¢ € [0, 1], we have
SE(p) + (1 —0)E(ps) € A (24)

and v is a a-prepseudo-F-convex function on A, then by definition 2.3, the following
inequality

YOE®) + (1= 8)E(px)] < ln[e™ PP +5(5 — Du(E(p), B(px))]/* (25)
holds, for all p,px € A and § € [0,1]. Now the function v(E(p), E(px)) > 0, by definition,
then 6(6 —1)v(E(p), E(p*)) < 0, for any § € (0,1) and we use monotonicity for logarithmic
function, then

In[e®PEE)) 4 §5(5 — 1) (E(p), E(px))]Y* < In(e¥E@y/e, (26)

Thus by (25) and (26), we get

YSE(P) + (1 = 0)E(px)] < ¢ (E(p*)),
for all p,px € ¢ and § € [0, 1]. This contradicts for & — 0, hence our assumption is wrong.
Therefore any local minimum px € A is also a global minimum of (P). O
Theorem 3.4. Let A C ( be an E-convex set and v : { — R be a strictly a-pre-E-convex
function on A. If px € A be a local minimum of problem (P), then

(1) p* is a global minimum of problem (P).
(2) p* is a unique optimal solution of problem (P).
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Proof. First, we prove that px is a global minimum of problem (P). For this we consider
the proof of theorem 3.2, with all the inequalities of strict sign, then we obtain required
result (1).

Now we proof that px € A is a unique optimal solution of problem (P). We assume that
D € A (p # px) is a another optimal solution of (P), such that

V(E(P)) = Y(E(px))- (27)

Since A C ( is an E-convex set, then (20) is satisfied, for all p, px € A and § € [0,1] and ¢
be a strictly a-pre-E-convex function on A, then for all p,px € A and § € [0, 1], we have

YIBE(D) + (1 — 0)E(p*)] < In[6e®VF®) 4 (1 — §)ex(E@)))1/e (28)
Thus by (27) and (28), we get
YISEP) + (1= 8)E(px)] < In[5e*? ) 4 (1 — §)eVECDI — 4 (B(px))

for all p,px € A and § € [0,1]. Then ¥ [0E(p)+ (1 —-9)E(px)] < (E(px)), for all p,px € A
and § € [0,1]. This contradicts for § — 0, hence our assumption is wrong in this case.
This shows that p* is a unique optimal solution of problem (P). O

4. a-FE-CONVEX FUNCTIONS

In this section, we introduce the class of a-FE-convex functions. The functions in this
class are differentiable and we show that this class is equivalent to the class of differen-
tiable a-pre-E-convex functions. Some optimality conditions for optimization problem
determined by these functions are obtained.

Definition 4.1 («a-E-convex function). Let ( € R™ be a nonempty E-convex set for the
map FE : K" — R"™. Then a differentiable function ¢ : ( — R is said to be a-E-convez at
g€ Con(,if for all p € , the following inequalities

leaw(E(p)) > éeW(E(‘I))(l + a(E(p) — E(q))TVy(E(q))), ifa#0 (29)

V(E(p) — ¥(E(q) = (E(p) — E(a))" VY(E(a)), ifa=0 (30)

hold. If (29) and (30) are satisfied for all p,q € C, then 1 be a a-E-convex function on (.
If (29) and (30) have opposite for all p,q € C, then ¢ be a a-E-concave function on (.
If (29) and (30) have strict sign for all p,q € ¢, with E(p) # E(q), then ¥ be a strict
a-E-convex function on (.

Theorem 4.1. Let ( CR" be a nonempty E-convex set for the map E : R" — R™. Then
a a-E-convex function ¢ : ( = R be also a a-pre-E-convex function on (.

Proof. Let ¢ be an E-convex set, then for any p,q € ¢ and § € [0, 1], we have 0E(p) +
(1—-96)E(q) € ¢. Now we assume that for any € [0,1], E(p°) = dE(p) + (1 — ) E(q) € ¢,
where p° € ¢ and ¥ be a a-FE-convex function on (. Then, for a # 0, we consider the
definition of a-F-convex function ¢ on (, we have

éeaw(m) > éeaww(ﬁ"))u +a(E(p) — E(p°)) Vo (E(p°))) (31)
and
LeavE@) > LoavEe) (1 4 o(B(g) - BG®)VH(EG?)). (32)

« «
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We multiply (31) and (32) by § and (1 — 0), respectively, then adding them , we get

§LeowBm) 4 (1 _ 5) L owB)
(6% (6%

> éeaww(”o)) [1+a(6(E(p) — E@®) + (1= 0)(E(q) — E(@®) VY (EP?))]

= VO [1 4 0GB () + (1 - 0)B(q) - BG)VH(EG)] . (3)

Since E(p°) = 0E(p) + (1 — §)E(q) and a logarithmic function is an increasing function,
then (33) follows that

éln(éeaww(p)) 1 (1= 8)e U E@)Y > y(Ep)). (34)

By (34) and E(p°) = dE(p) + (1 — 0)E(q), we have

Y(OE(p) + (1 - 6)E(q)) < In[6eVEP) 4 (1 — §)ecvEl@))l/e, (35)

Now for e« = 0, we consider the definition of a-F-convex function for % on (, then for all
p,q € ¢, 0 €0,1]

Y(E(p)) — v (E(@p°) = (E(p) — E(°))VY(E(P°)) (36)
and

Y(E(q)) — v (E(p°) = (E(q) — E(p°)) VY (E(p®)) (37)
We multiply (36) and (37) by 6 and (1 — 9), respectively, then adding them and by the
definition of E(p°), finally we get

Y (E(p)) + (1 = 0)p(E(q)) — ¥ (E(p?)) = 0.

Thus for all p,q € ¢ and 0 € [0, 1], we have

Y(OE(p) + (1 = 0)E(q)) < 6¢(E(p)) + (1 — 0)v(E(q)). (38)
Hence, for all p,q € ¢, 6 € [0,1], by (35) and (38), we show that the function v is
a-pre-FE-convex on (. O

Theorem 4.2. Let ( CR" be a nonempty E-convex set for the map E : R" — R™. Then
a differentiable a-pre-E-convex function v : { — R is also a a-E-conver function on (.

Proof. Let ¢ be an E-convex set, then for any p,q € ( and § € [0,1], dE(p)+(1—95)E(q) € C.
We assume that ¢ be a differentiable a-pre-FE-convex function on (. Now for a # 0, we
consider definition 2.1, then for all p,q € ¢ and § € [0, 1], we have

AWGEE)+1-0E@] < 500v(E®) 4 (1 _ 5)¢mb(E@) — (o (E@) _ ov(B@)) 4 pob(E()

(39)
then by (39)
(ea[¢(5E(p)+(1—5)E(q))] _ eaw(Em))) 571 < eV (EP) _ pad(E(a) (40)
Now we arrange (40) in the following form
(eaw<6E(p)+<1—6)E<q)>—¢(E(q>)] _ 1) U (B@) 51 < o0 (B) _ jav(B@),
Taking lim é — 0, then we have the following inequality
e EW) > (1 4 a(B(p) - B(0) VY(B(). (11)

« «
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Now, we consider definition 2.1, for « = 0. Then for all p,q € ¢, § € [0,1], we have

Y(OE(p) + (1 - 0)E(q)) < 09 (E(p)) + (1 - )y (E(q))- (42)
Then (42) can be written as

[W(SE(p) + (1= 68)E(q)) — »(E()] 0~ < (B(p)) — v(E(q)).

Taking lim § — 0, then we have the following inequality

V(E(p)) — ¥(E(q)) = (E(p) — E(9))" Vi (E(q))- (43)
Hence, for all p,q € ¢, 6 € [0,1], by (41) and (43), we show that the function v is
a-F-convex on (. O

By theorem 4.2, we conclude that differentiability is a sufficient condition for a-pre-F-
convex function to be a a-F-convex function.

Theorem 4.3. Let { € R™ be a nonempty E-convex set for the map E : R — R™ and
¥ : (= R be a a-E-conver (a-E-concave) function on (. Then every stationary point of
the function v is its global minimum (maximum,).

Proof. Assume that 1) be a a-E-convex (a-E-concave) function on the set ¢ and any g € ¢
is its stationary point. Then, we have

Vi(E(q)) =0 = ¢(E(p)) = »(E(q) (¥ (E(p)) < ¢(E(q))).
Therefore ¢ € ( is a global minimum (maximum) of the function 1. O
Now we consider the previous programming problem (P) (section 3), in which we assume

that ¢ and ¢;,i = 1,2, 3,...n are differentiable functions. Then, we obtain the following
optimality condition under the assumption of a-F-convex functions.

Theorem 4.4. Let A C ( be a nonempty E-convex set for the map E : R — R and
U, ¢ : (= R be a-E-convex functions on A, such that

VY (ED)) +~'6(E(p))] = 0, (44)
7' o(E(p)) =0, (45)
7> 0,7 €R", (46)

where p € A is a feasible solution of (P). Then p is also optimal solution (global minimum,)

of problem (P).

Proof. We assume that p € A be a feasible solution of problem (P) and v, ¢ be two
a-FE-convex functions. Let for any v > 0,p € A, 9 (p) + v ¢(p) be a a-E-convex function.
Therefore by the definition 4.1 and (44), we have the following inequality

L ol BE)+ 0@ > 1 albE@)+ eB@) (47)
[0 [0

for all p,p € A. This follows that
V(E(p) +~'9(E(p)) > ¥(E(D) + 7' ¢(E(p)). (48)

By (45) and (48), we have
Y(E(p)) — ¥(E(p) = —7'o(E(p)). (49)
(Sin;e qﬁ(i(p)) < 0 and v > 0, then v'¢(E(p)) < 0, therefore —y'¢(E(p)) > 0. Then by
49), we have
V(E(p)) = Y(E(p))-

Hence p is optimal solution (global minimum) of problem (P). O
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Example 4.1. Let R be an E-convex set for the map E : ® — R, such that E(p) =p+1
and 1, ¢ : ® — R be two differentiable a-pre-E-conver functions on R defined as ¥ (p) =
p—1 and ¢(p) = —p, respectively. Then by theorem 4.2, ¢ and ¢ be a-E-convex functions
on N and we consider the following programming problem.:

min. p
st.—(p+1)<0.
Here A={peR:p>—1} and p = —1 be a feasible set and a feasible solution for this
problem, respectively. For v = 1, p = —1 satisfies the optimality conditions of theorem
4.4. Hence p = —1 be also an optimal solution.

5. CONCLUSIONS

e In this paper, we established the existence of relation between a-pre- F-convex func-
tion and a-F-convex function and also proved that every a-pre-E-convex function
is a-prepseudo- F-convex function but its converse is not true.

o If we take E(p) = p, then putting n(p,q) = p — ¢ in [3], then results of [3] can be
obtained as special case.

Acknowledgement. We are thankful to the reviewers, for their valuable suggestions to
improve our manuscript.

REFERENCES

[1] Antczak, T., (2001), (p, r)-invex sets and functions, Journal of Mathematical Analysis and Applications,
263 (2), pp. 355-379. doi:10.1006/jmaa.2001.7574

[2] Antczak, T., (2001), On (p, r)-invexity-type nonlinear programming problems, Journal of Mathematical
Analysis and Applications, 264 (2), pp. 382-397. doi:10.1006/jmaa.2001.7665

[3] Antczak, T., (2005), v-preinvexity and v-invexity in mathematical programming, Com. and Math. with
Appl., 50(3-4), pp. 551-66. doi:10.1016/j.camwa.2005.01.024

[4] Avriel, M., (1972), r-Convex functions, Math. Pro., 2 (1), pp. 309-23. doi:10.1007/BF01584551

[5] Avriel, M., (1973), Solution of certain nonlinear programs involving r-convex functions, Journal of
Optimization Theory and Applications, 11 (2), pp. 159-174.

[6] Bazaraa, M. S., Sherali, H.D. and Shetty, C.M., (2013), Nonlinear programming: theory and algorithms,
John Wiley and Sons; 2013.

[7] Bector, C. R. and Singh, C., (1991), B-vex functions, Journal of Optimization Theory and Applications,
71 (2), pp. 237-253.

8] Ben-Israel, A. and Mond B., (1986), What is invexity?, The ANZIAM J., 28 (1), pp. 1-9.

[9] Chen X., (2002), Some properties of semi-E-convex functions, J. of Math. Anal. and Appl., 275 (1),
pp- 251-262. doi:10.1016/S0022-247X(02)00325-6

[10] Emam, T., (2011), Roughly B-invex programming problems, Calcolo, 48 (2), pp. 173-188.

[11] Craven, B. D., (1981), Invex functions and constrained local minima, Bulletin of the Aus. Math.
society, 24 (3), pp. 357-66.

[12] Fulga, C. and Preda, V., (2009), Nonlinear programming with E-preinvex and local E-preinvex func-
tions, European Journal of Operational Research, 192 (3), pp. 737-743.

[13] Hanson, M. A., (1981), On sufficiency of the Kuhn-Tucker conditions, Journal of Mathematical analysis
and applications, 80 (2), pp. 545-550.

[14] Jaiswal, S. and Panda G., (2012), Generalized Differentiable E-Invex Functions and Their Applications
in Optimization, Advances in Operations Research, 2012 Jan 1;2012. doi:10.1155/2012/175176

[15] Ojha, D. B., (2011), Optimality condition and duality in multi objective programming with generalized
(1, p)-univexity, Kathmandu University Journal of Science, Engineering and Technology, 7 (1), pp. 105-
112.

[16] Mangasarian, O. L., (1994), Nonlinear programming, Society for Industrial and App. Math..

[17] Mishra, S. K., Mohapatra, R. N. and Youness, E. A., (2011), Some properties of semi E-b-vex
functions, Applied mathematics and Computation, 217 (12), pp. 5525-5530.

[18] Syau, Y. R. and Lee, E. S., (2005), Some properties of E-convex functions, Applied Mathematics
Letters, 18 (9), pp. 1074-1080.



SEEMA MEENA, D. B. OJHA: a-PRE-E-CONVEX AND a-E-CONVEX FUNCTIONS... 1233

[19] Yang, X. M., (2001), On E-convex sets, E-convex functions, and E-convex programming, J. of Opti-
mization Theory and Appl., 109 (3), pp. 699-704. doi: 10.1023/A:1017532225395

[20] Youness, E. A., (1999), E-convex sets, E-convex functions, and E-convex programming, J. of Opti-
mization Theory and Appl., 102 (2), pp. 439-450.

[21] Youness, E. A., (2001), Optimality criteria in E-convex programming, Chaos, Solitons Fractals, 12
(9), pp. 1737-1745. doi:10.1016/S0960-0779(00)00036-9

Seema Meena graduated from SMT. G.D. Govt. Girls college, Alwar affiliated to
University of Rajasthan, Jaipur and she received her M.SC. from Raj Rishi Govt.
College (An Autonomous Institution Affiliated to RRBMU UNIL. Alwar). Currently,
she is associated with the Department of Mathematics, University of Rajasthan, Jaipur,
India and interested in Inequalities and Convex Optimization.

Deo Brat Ojha is an associate professor in the Department of Mathematics, University
of Rajasthan, Jaipur (India). He has published more than 200 research papers and
_ guided 21 research scholars. He has teaching experience of more than 19 years.




