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NOVEL EXTREMAL RESULTS ON THE RANDIC INDEX OF TREES
WITH A SPECIFIED TOTAL DOMINATION NUMBER AND
IMPLICATIONS IN QSPR MODELING OF ALKANES

MERIN MANUEL', PARTHIBAN ANGAMUTHU?*, §

ABSTRACT. The Randi¢ index is a fundamental topological invariant in graph theory,
extensively explored for its significance, especially within chemical graph theory. It plays
a crucial role in characterizing molecular structures and serves as a key tool for analyzing
their properties. It is defined as the sum of the reciprocals of the square root of the prod-
uct of the degrees of the end vertices for each edge in a graph. Understanding extremal
properties of this index has considerable significance. This study refines the existing
upper bound on the Randi¢ index of trees in terms of their order and total domination
number and identifies the extremal tree structures corresponding to these parameters. To
evaluate the effectiveness of the proposed bound in QSPR studies, an in-depth analysis
was conducted to examine its correlation with the physicochemical characteristics of alka-
nes. Utilizing the QSPR approach, models were developed to predict these properties,
producing promising and satisfactory outcomes.
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1. INTRODUCTION

Consider a connected, simple graph G with a vertex set V(G) and an edge set E(G). An
edge connecting two vertices oy, ag € V(G) is denoted by ajas. The open neighborhood of
a vertex « is defined as N(a) = {8 € V(G) | af € E(G)}, and its cardinality corresponds
to the degree of «, denoted as d,. A tree .7 is a connected acyclic graph, and a pendant
vertex in 7 has degree one. The symbols S, and P, denote the star and path on n
vertices, respectively. Additional graph-theoretic terminology can be found in [23].

Topological indices are widely used in chemical graph theory to quantify molecular
structure and predict physicochemical properties. The Randi¢ index, introduced in 1975
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[16], is particularly significant due to its strong correlations with properties such as molar
volume, boiling point, and molecular stability [9, 21]. It is defined as

Z 1
aBeB(q) V dads

The R index has been extensively applied in quantitative structure-property relationship
(QSPR) modeling, where it serves as a predictive tool for molecular behavior. Trees are
especially relevant in this context, as they represent alkane structures, which serve as
baseline compounds in physical chemistry. Various physicochemical properties exhibit
smooth, incremental variations with increasing chain length, making unbranched alkanes
particularly well-suited for the development and validation of QSPR models.

In graph theory, the domination number v(G) is the smallest set of vertices such that
every vertex in G is either in the set or adjacent to it [11]. The total domination number
(TDN), 7(G), requires that every vertex be adjacent to at least one in the set [8]. Previous
studies have linked the domination number to various topological indices [4, 6, 3, 19], while
recent research has examined the TDN in relation to indices like Zagreb [6, 13], geometric-
arithmetic [5], and Sombor [20]. Notably, the connection between the Randi¢ index and
TDN has been explored in [1, 10].

This paper establishes a new upper bound on the Randi¢ index of trees in terms of
their total domination number, extending the results in [10]. To demonstrate its practical
significance, the bound is applied in a QSPR study of 15 alkanes, illustrating its correlation
with physicochemical properties through regression models. These findings contribute to
chemical graph theory and computational chemistry, offering potential applications in
molecular property prediction.

R(G)

2. UPPER BOUND FOR THE RANDIC INDEX ON 7}, -,

Denote by .7, ., the set of trees on n vertices and total domination number 7;. Let
¢(a,b) = \/%. The subsequent results follow directly.

Lemma 2.1. Let . be a tree of order n > 3. Then

Vi1 = R(S)) < R(7) < R(P) = " 5 ) V3.

Lemma 2.2. The function ((y) = y(1b+1) — ﬁ with y,b > 1 is negative and increasing.
Consider the construction of a family of trees .7 [5]: The path on 4l vertices belongs
to the class . for all [ > 1. Suppose .7 €  and there are vertices 71,7 € V(.7) such
that N(m1) = {61, 72}, N(m2) = {11,602}, with both ; and 0y having degree 2. Further
assume that 71,79 are in a minimum total dominating set (TDS) & in .7. Consider two
paths Pjy,,+1 and Pyy,,41 of orders 4m; + 1 and 4my + 1, respectively. Construct a new
tree 7' by adjoining Py, +1 and Pypn,+1 to 7 via edges T and 7om2, where 1 and 1
are pendant vertices in Py, +1 and Pyy,+1, respectively. Then J' € # (refer Fig. 1).
Define 44, 1, ={7 € A : |V(T)|=n, |2(T)| =}

Denote

2++3 13 3
@n,vt:(n—Q’yt)< \/6 —ﬁ>+’7t+\[—§

Lemma 2.3. R(J) = ®,, 5, for each T € 7, -,.
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FI1GURE 1. A tree from the family 47 with n = 50 and v, = 22

Proof. Let my, represent the number of vertices of degree p in a tree. For 7 € J¢, ,,
n =mj + mo +ms,
2(n —1) = my + 2mgy + 3ms,
n — 3ms
2

Hence, mi =n — 2y + 2, mo = 4y — n — 2, and m3g = n — 2. Applying these equations
to the definitions of J7, , and the R index,

Yt = m3 +

R(T) =m16(1,2) + 2msp(2,3) + %(ﬁ(& )+ (n—1—my — gm3)¢(2, 2)

1 2 n— 2y 1 5
- 2 2) 4 (=) (n— 2 7(—7 7—3)
(\/i)(n %+)+(\/6)(n )+ TG gt T
2+v3 13 3
—(n—2 ( _7) _2
(=2~ ==~ 1 V23
=& .
O
Lemma 2.4. Let g(z) = Vo — 1—(x—4) (H—\/‘E/g - %) —V2—1. Then, g(z) < 0 whenever
T > 3.
Proof.
1
() = ———— —0.4403 < 0; ¥ z > 3.
Thus,g(x)ﬁg(f&)zﬁ—i—(z%g—%)—\/5—%2—0.0597<O. 0

Theorem 2.1 establishes ®,, ,, as an upper bound for R(.7) and characterizes the ex-
tremal trees.

Theorem 2.1. For 7 € F, ,,, it holds that R(T) < ®y, ~,, with equality occurring if and
only if 7 € I, 5,.

Proof. When n = 3, R(P3) = 2 < ®35. If n = 4, R(S4) = V3 < &40, R(Py) =
% +v2 = ®49. A tree J in J,,,; n > 5 is considered under the inductive hypothesis
that all trees of order n — 1 satisfy the inequality. For a diameter 71,79, ..., 7411 of 7,
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T = S, whenever d = 2, and R(S,,) — ®p2 = vn — 1_(n_4)(2_%§ —%) —V2-1<0
by Lemma 2.4. Assume d > 3. Denote, d., = k, N(12) = {71, m3,w1,...,Wk—2}, dry =
q, N(13) = {12, 74,51,...,B89—2}, dry =7, N(14) = {73, 75,71, ..., r—2}, dry = 5, N(75) =
{74,76,61,...,05—2}, and dr; = p, N(76) = {75,77, 21, ..., 2p—2}. Subsequently, the follow-
ing claims are established, which facilitate a case-wise analysis. Lemma 2.2 is employed
for simplifications.

Claim 1. Consider dr, =dy, =---=dy, , =1 and dr, > 2. If k > 3, then R(.7) < &, 4,.

Proof of Claim 1. Let 71 = 7 — {1 }. Then

R(y) = R(%) - (k - 2)¢(k -1, 1) + (k; - 1)¢(ka 1) + ¢(d7'3? k) - ¢(d7'3? k — 1)

T -2z )+ (i~ v

vk VE VE—1 Vkdr, (k- 1)d,
2++v3 13 1 1 1 1 1

3‘%—(7‘5)*%4%‘@%(%‘9

~ @, — 0.0844 < D, .

S énflv’yt +

Claim 2. Consider dr, =1, dr, =2, dg,, <2; m € {1,2,...,q—2}. If | 2N N(r3)| > 2,
then R(7) < @y, 4,.
Proof of Claim 2. Take 5 = .7 — {m1}. Then

R(T) = R(%) — ¢(q;1) + ¢(q,2) + 6(2,1)
2

< I R .

SCy-1t = 2

TV A V2
2++v3 13 1 1 1
:@n77t+<f_)_1+_+
V6 12 2 V2 V2

~ By — 0.0597 < B sy
Claim 3. Consider dr, = 1, dr, =2, dry > 4. If dg, = --- =dg,_, =1, then R(T) < Oy, ,.

Proof of Claim 3. Let 93 = 7 — {f;—2}. Then
R(7)=R(%) —d(q—1,2) = (¢ —3)d(qg — 1,1) — ¢(dr,, g — 1)
+ (¢, 2) + (¢ — 2)¢(q, 1) + ¢(dry, q)
< (I)n—l,% + ¢(4’ 1) + ¢(47 2) - ¢(3’ 2) + ¢(4’ 1) - ¢(37 1)
24+/3 13> 1 ( 1 1 )

Vi V3

P
< nyyt \/6 12
~ By sy — 0.0176 < By .

i

Claim 4. Consider d,, = 1,d;, = 2,dr, = 3,d;, <3 and dg, =1. Then R(.7) < Oy, 4,.
Proof of Claim 4. Take 73 = 7 — {1} and as in Claim 3,
R(g) - R(Zl) - ¢(2’ 2) + ¢(37 2) + (25(37 1) + ¢(d747 3) - (b(dnu 2)
< Py — 0(2,2) +6(3,2) + 9(3,1) + 6(3,3) — ¢(3,2)
2+v3 13y 1 1 1
w‘(T—ﬁ)—i*ﬁ*g
~ Oy — 0.0296 < By .

Claim 5. Consider dr, = 1,d,, = 2,dr, = 3,d;, > 4 and dg, = 1. If [N(74) N 2| > 2, then
R(T) < @y,
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Proof of Claim 5. Let T5 = 7 — {71, 72,73, 81}. Then
R(T) = R(F5) — ¢(dry,m — 1) + ¢(drs, 7) + &(r,3) + ¢(3,2) + 6(3,1)

$(2,1) +Z s ) — D(dyy, 7 —1)]

< @ngya +¢(4, 3) +6(3,2) + 6(3,1) + (2, 1)
S SUD SR L

" V2 V3 V6 V2
~ @y, — 0.0186 < B, .

Claim 6. Consider dr, = 1,dr, = dr, =2,dr, > 3. If [IN(174) N 2| > 2 with d,,,, < 4; m €
{1,...,7 =2}, then R(T) < @y, 4,.
Proof of Claim 6. Take 5 = . — {11, 72, 73}. Then

R(y) = (%) - ¢(d7'5vr - 1) + ¢(d75,7°) + gb(?“, 2) + ¢(27 2) + ¢(2a 1)

+Z Ay 1) = Sdy, 7 — 1)]

< (I)n73,’yt*2 + ¢(3a 2) + ¢(27 2) + ¢(2’ 1) + ¢(4a 3) - ¢(47 2)

2++3 13 1 1.1 1 1
ER'C RN S U S S
V6 12 V62 V2 128
~ @y, — 0.0092 < B,

= an’yt +

Claim 7. Consider dr, = 1,d;, =dry =dr, =2,d;; >4 with dp,, <4; me {1,...,s —2}.
Then R(T) < @y,

Proof of Claim 7. Suppose that 74 ¢ 2. Let 97 = 7 — {11, 72,73, 74}. Then
R(T) = R(F7) — ¢drs,5 — 1) + ¢(drs, 5) + (s, 2) +20(2,2) + ¢(2, 1)

+Z (do,,.s) — &(dg,,,s —1)]

< (I)n—4,’Yt—2 + ¢( ) ) + 2¢(27 2) + ¢(2’ 1) + 2[¢(47 4) - ¢(47 3)]

1 1 11
s —2+—+1+—+2(7——)

o NG V2 4 V12
~ By, — 0.0167 < By

Claim 8. Consider d,, = 1,d;, = dr, = dr, = 2,dr, = 3, where 75 € 9. Then R(7) <
Dy,

Proof of Claim 8. Let 93 = . — {71,172, 73}. Then

R(T) = R(J) — #(3,1) + ¢(3,2) + 26(2,2) + $(2,1)
S (I)n73,7t72 + (Z)(S? 2) - ¢(37 1) + 2¢(2> 2) + ¢(27 1)
2+ f 13 1 1 1

+—=——=t1+—
V6 12 TV V3 V2
~ By, — 0.0217 < B,y

= (bant +

Claim 9. Consider uou;60175 as a path attached to 75 such that d,,, = 1,dy, = dp, = 2,d-, =
3. Ifd; =1,dr, = dry = dr, =2, along with dr; > 2 and d,, > 2, then R(7) < @, -,.
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Proof of Claim 9. Assume 74,75 ¢ 2. Let 9 = T — {71, 72,73, T4, 75,01, u1,u2}. Then
R(T) = R(%) — ¢(dr;,p — 1) + ¢(drr, p) + (P, 3) + 26(3,2) 4 36(2,2)

p—2
+ 2¢(27 1) + Z [¢(dzm7p) - d)(dzmap - 1)]

m=1

< q>n—8,%—4 + ¢(2? 2) - ¢(27 1) + ¢(37 2) + 2¢(37 2) + 3¢(27 2) + 2¢(27 1)
1 1 3 3

=0, —d+-——+-"—+-4+2
n,vyt +2 ﬂ+\/6+2+\/>

~ @, — 0.0681 < @, ,.

Claim 10. Consider ususu160175 as a path attached to 75 such that d,, = 1,dy, = dy;, =
dg, = 2,dr; = 3. Further, if d;, =1 and d,, = d,, = d,, =2, then R(J) < @y, ,,.
Proof of Claim 10. Let 5 ¢ P,16 € 9. If p > 2, take S190 = T —{71, T2, T3, T4, 01, u1, u2, us}.

R(T) = R(S10) = ¢(p, 1) + &(p,3) + 26(3,2) + 46(2,2) + 26(2,1)
< q)n—&"/t—4 + ¢(37 2) - ¢(27 1) + 2¢(37 2) + 4¢<27 2) + 2¢(27 1)
3 1
= Pug — A+ E 24
~ By, — 0.0681 < By -,

Let d., =1, N(7'7) = {7'6, T8, Y1,y - - - ,yi_g} and d, =1, N(Tg) = {T7, T9, X1, .- - ,ml,g}. It
follows from Claims 1-10 that d > 7 with d,, = d., = d;, = d, = 2, where 7, 73,76 €
and 74,75 ¢ 2, as R(Ps) < ®53, R(Ps) < P64, and R(P7) < ®74. Furthermore, it can be
supposed that every vertex z € N(7g) \ {75, 77} satisfies d, < 2.

Case 1. Let dr, = 2. Take 11 = F — {11, 72,73, 74}. Then

< (I)n—4,'yt—2 +2
=Py —2+2= Dy,

with equality holding precisely when 911 € J,_4,—2. i.e., I € J, -, (see Fig. 2).
Case 2. Let dr; = 3.

Case 2.1. Consider d,, = 1.

Case 2.1.1. For d.. < 3, take 19 = . — {11, 72, 73,74, 75}. Then

R(T) = R(F12) — ¢(dr;,2) + d(dry, 3) — H(2,1) + H(3,1) + 6(3,2)
+30(2,2) + ¢(2,1)

< Pp5q-2 — A(3,2) + &(3,3) + &(3,2) +30(2,2) + ¢(3,1)

<2 +3 13) .y 1

V6 12
~ ., — 0.0296 < B, .

TE -
373 2

- ni'yt -

Case 2.1.2. Consider d., > 4.
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Case 2.1.2.1. Let [N(m7) N 2| > 2 and dy,, < 3; m € {1,...,i —2}. Take J13 = T —
{71, 72,73, 74, 75,76, 21}. Then

R(‘?) = R(f%?)) - ¢(d’7'87i - 1) + ¢(drsa Z) + ¢('L 3) + ¢(37 2) + ¢(37 1)

+3¢(2,2) + ¢(2 Z dy, i) — d(dy,,,i—1)]
< Pno7y-3+0(4,3) + ¢>( : ) ¢(3,1) +306(2,2) + ¢(2,1) + 2[6(4,3) — ¢(3,3)]
B 2++3 13 1 11 3 1 11
—@mﬁ\@‘ﬁ)3“§+% ﬁ+77§4775

~ D,y — 0.0482 < B,

Case 2.1.2.2. Let N(m7) N 2 = {76}

Case 2.1.2.2.1. Assume that d,, > 2. Then, by the previously established claims, there
exists a pendant path 77y1b1b2b3bs attached at 77, where dy, = dp, = dp, = dpp, = 2 and
dp, = 1. Given that d,, > 4, it follows from the preceding cases that R(.7) < ®,, ,,.

Case 2.1.2.2.2. When d,,, =1; m € {1,2,...,i — 2}, take J14 = 7 — {y1}. Then

R(y) = R(,%4) - ¢(dT87 - ) + ¢( T8> b ) gb(z - 1a3) + ¢(i73)
+ 60, 1) + (i = 3)[o(i, 1) — (i — 1,1)]

< (I)nfl,’yz + ¢(4> 3) - @(3 3) + ¢(4 1) + ¢(47 1) ¢(37 1)
2443 13 1 1 1
O GV R v+ Ik R

~ D, — 0.0623 < B,y

Case 2.2. Let d,;, = 2. Then there is a pendant path 74z1v1v2v3v4 attached to 7 with
dy, = dy, = dy; =2 and d,, = 1, based on the claims proved above.
Case 2.2.1. For d., = 2, take J15 = .7 — {71, T2, 73, 74,75 }. Then

R(y) = R(%E)) - ¢(d7—77 2) + ¢(d7—77 3) - ¢(2a 2) + ¢(37 2) + ¢(37 2)
+30(2,2) +¢(2,1)
< q)nf5,'7t72 + 3¢(3’ 2) + ¢(2a 2) + ¢(2a 1)
:q)’%_<2+\/§ 13> 3.1 1

V6 2 V2

V6 12
~ @y, — 0.0084 < B, .

1 2 T3 T4 75 76 7 T8

DU () BN

T T2 T3 T4 T5 Te T7 Vg U3 V2 UL 2L Y1y by by by

o——e—O0—O—0—0——

FIGURE 2. Trees with equality conditions in Cases 1 and 2.2.2.2.2.1, re-
spectively

Case 2.2.2. Consider d., > 3.
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Case 2.2.2.1. While |N(77) N 2| > 2, consider d,, < 3; m € {1,2,...,i —2}. If dry > 2,
take %6 = y - {7'1,’7'2,7'3,7'4,7'5,7'6,21,1}1,’1}2,7)3,'1)4}. Then
R(T) = R(T16) — dldrg,i — 1) + ¢(drg, i) + &(4,3) + 26(3,2) + 6¢(2,2)
i—2

+20(2,1) + > [$(dy,,, 1) — ¢(dy,,, i — 1)]

m=1

< Py 114—5 + 6(3,2) — 0(2,2) + ¢(3,3) +26(3,2) + 66(2,2) + 2¢(2, 1)
+ ¢(37 3) - ¢(37 2)

24++v3 13 2 2 1

~ B,y — 0.0429 < B,y

Case 2.2.2.2. Let N(m7) N 2 = {716}, and suppose dy,, <2; m € {1,2,...,i— 2}.
Case 2.2.2.2.1. Consider dy, = 1.
Case 2.2.2.2.1.1. While d,, > 4, take 17 = .7 — {y1}. Then

R(y) = (%7) _(Z)( T8 ¢ )+¢( 785 b ) ¢(’L— 173)+¢(i73)+¢(i71)

+Z dy, i) — ¢(dy,, i —1)]

< (I)n—l,’Yt + ¢(47 3) - ¢(37 3) + ¢(4’ 1) + 2[¢(4’ 2) - ¢(37 2)]
2++/3 13) 1 1 1 (L_l)

+—-—-+-+2
vz 3 2 V8 V6

= P~ ( V6 12
R By, — 0.0943 < By .

Case 2.2.2.2.1.2. Let d,, = 3.
Case 2.2.2.2.1.2.1. While d, < 3, take J13 = .7 — {y1, 21, V1, v2,v3,v4}. Then

R(7) = R(T18) — ¢(drg,2) + H(drg, 3) — 9(2,2) + 6(3,2) — ¢(2,2)
+¢(3,3) + ¢(3,1) + ¢(3,2) + 30(2,2) + ¢(2,1)
< Pp6y—2 +20(3,3) + 0(3,2) + ¢(2,2) + ¢(3,1) + ¢(2,1)
<2+\f13)221111

tob—+ o=+ —
3 V6 2 V3 V2

J6 12
~ By — 0.0212 < By,

_(bv'yti

Case 2.2.2.2.1.2.2. Let d, > 4.
Case 2.2.2.2.1.2.2.1. Take J19 and 5y as sub-trees of J — 777 containing 77 and 7y,

respectively on the condition that |N(7g) N 2| > 2. Then
R(7) = R(9) + R(F0) = ¢(3,2) + ¢>(3 3) = ¢(2,1) +6(3,1) + 6(l,3)

<Z>( 7'97 - +¢ T9) +Z $m7 dxmvl_l)]

<P+ VI D 6(4,3) + 6(3,1) + 6(3,3) — 6(2,1) — 6(3,2)

2
3 1
(an'yt + \/§ -
~ By sy — 0.0018 < By -,

1
ERIVIT Ve V6 V2
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Case 2.2.2.2.1.2.2.2. Suppose N(13) N Z = {77}. Any path from 73 to a pendant vertex
that passes through vertices of the form 75z,,, where m € {1,2,...,l — 2}, has length 4.
Based on the previously established claims, it follows that R(.7) < ®,, ,,.

Case 2.2.2.2.2. Suppose that dy,, = 2 for all m € {1,2,...,i —2}. Then, any path from
77 to a pendant vertex passing through vertices of the form 77y, has length 5. From the
above cases and the condition d,, > 3, it follows that d,, = 3. Consequently, there exists a
pendant path 77y1b1b2b3b4 on six vertices attached at 77, where dy, = dp, = dp, = djp, = 2
and dp, = 1.

Case 2.2.2.2.2.1. For d, = 2, take 951 = 7 — {z1,v1,v2,v3,v4,Y1,a1,02,a3,a4}. Then

R(T) = R(F1) = $(2,2) + 6(3,3) = 20(2,2) + 26(3,2) + 6¢(2,2)
+26(3,3) +26(2,1)
< <I>n—10,'yt—4 + ¢(37 3) + 4¢(37 2) + 3¢(27 2) + 2¢(2’ 1)

2++3 13 1 4 3
. _2<7_7)_4 I AN
e N T +3+\/€+2+xf

= énfyt ’

with equality holding precisely when 91 € 7, _10,,—4. i.€., T € H, . (see Fig. 2).
Case 2.2.2.2.2.2. Let dr, > 3.

Case 2.2.2.2.2.2.1. Consider |[N(1g)NZ| > 2. Let Ja9 and Ta3 be the subtrees of . — 1773
that contain 77 and 73, respectively. Assume further that d,,, < 3 forallm € {1,...,1—2}.
Then,

R(T) = R(F22) + R(T23) — 6(3,2) + 6(3,3) — 6(2,2) + ¢(3,2) + ¢(1,3)

-2
= ¢(dry, 1 = 1) + ¢(dry, 1) + Y _[0(de, 1) — ¢(de, 1 — 1)]
m=1

< R(J22) + R(Fa3) + ¢(3,3) + ¢(3,2) — ¢(2,2) + ¢(3,3) — &(3,2) + ¢(3,3) — ¢(3,2)
= 100(2,2) + 36(3,2) + 3¢(2,1) + R(Ta3) + 36(3,3) — ¢(3,2) — ¢(2,2)

< Pp174,—8 + 26(3,2) + 30(2,1) + 96(2,2) + 3¢(3,3)

_ n%_(2+\/§ 13) 2 3 9

—8+ —+——+1+=
V6 V2 2

/6 12
~ @y, — 0.00248 < B,y .

Case 2.2.2.2.2.2.2. Assume that N(75) N Z = {77}. Then, any path from 73 to a pendant
vertex that passes through vertices of the form 7gz,,, where m € {1,2,...,1 — 2}, has
length 4. Based on the previously established claims, it follows that R(.7) < @y, +,.
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Case 3. Let dry > 4. For d,, < 3; m € {l,...,p—2} and d, > 2, take Joy = T —
{71, 72, 73, T4, T5 }.

R(y) - (’%4) - <f>( TP ) + <Z>(dmp) + ¢(p7 2) + 3¢(27 2) + ¢(27 1)

+Z (dz5p) — $(dz,,,p — 1))

< <I>n75m72 +#(4,2) — ¢(3,2) + ¢(4,2) + 30(2,2) + (2, 1) + 2[¢p(4,3) — #(3, 3)]
2443 13 2 2 1 1 3 2

=~ (S5 6 1) 2 V2

~ ., —0.0236 < Oy,

VR Ve VR 23

O

Remark 2.1. In [10], the authors established the following upper bound and identified the
extremal trees that achieve it.
V14 —3)

W

2m + (—1)" 13
R(T)Sné)—i—r;t—kﬁ—g—l—(n—l—l—%yt)

Let
. _2n+ (=)™ 13

Without loss of generality, let n be odd so that

[\

S

V14

)

. V14—-3 1 V1de 7
(I)n'Yt ( —2’Yt)(T+4> t+\/§_*+7 Z

Then,

VIS 1y ve- 2 vy

O — (I)nm:{(”—Q’Yt)( 9 1 5T 5 71

Ao ) e

~ (n — 27,)(0.1805) 4 0.1208 > 0.

Hence, the bound proved in Theorem 2.1 is stronger than that obtained in [10] whenever
5>
2

3. QSPR ANALYSIS OF ALKANES

The structural composition of a molecule plays a crucial role in determining its biological
and physicochemical properties, which can be analyzed and predicted using QSAR/QSPR
modeling [2]. These methods employ mathematical and statistical techniques to iden-
tify and quantify the relationship between molecular characteristics and their associated
properties [12, 24]. Regression models play a key role in linking physicochemical and bi-
ological characteristics to molecular descriptors [17, 18]. In this context, graph-theoretic
topological indices are employed to transform chemical compounds into graphical repre-
sentations. The objective of this section is to explore the relevance and implications of the
newly derived bound. The experimental values for some selected physicochemical prop-
erties of 15 alkanes, such as the flash point-cc (FP), log P, molar refraction (MR), molar
volume (MV), parachor (PR), polarizability («), boiling point (BP), and melting point
(MP), are summarized in Table 1. These values are taken from existing literature source
[14], PubChem [15], and ChemSpider [7]. The analysis and graphical representations were
performed using Python and Microsoft Excel.
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Sl. No. Alkane FP logP MR MV PR @ BP MP
(°C) (cm?/mol) (em?/mol) A o o
1 Pentane -49  3.67 29.84 127.5 270.8 11.83 36 -129
2 Hexane -22 4.21 34.47 144 310.6 13.66 69 -95
3 Heptane -7 4.74 39.11 160.5 350.4 155 98.4  -90.6
4 Octane 13 5.28 43.74 177 390.2 17.34 126 -56.8
5 Nonane 31 5.82 48.37 193.6 430 19.17 150.8 -53.47
6 Decane 46 6.35 53.01 210.1 469.7 21.01 174.1 -29.7
7 Undecane 62 6.89 57.64 226.6 509.5 22.85 195.9 -25.54
8 Dodecane 74 7.42 62.27 243.1 549.3 24.28 216.3 -9.6
9 Tridecane 94 7.96 66.9 259.6 589.1 26.52 2354 -5.5
10 Tetradecane 100 8.5 71.54 276.1 628.9 28.36 253.57 5.87
11 Pentadecane 132.2 9.03 76.17 292.6 668.7 30.19 270.6 9.95
12 Hexadecane 135  9.57 80.8 309.1 708.4 32.03 286.9 18.18
13 Heptadecane 149  10.1 85.44 325.6 748.2 33.87 303 21.97
14 Octadecane 166 10.64 90.07 342.1 788  35.7 316 28
15 Nonadecane 168 11.18 94.7 358.6 825.8 374 330 32

TABLE 1. Experimental physicochemical properties of alkanes

The chemical graphs of unbranched alkanes are structurally equivalent to path graphs.
Chemical graphs are constructed from molecular structures by considering atoms as ver-
tices and the bonds between them as edges, without accounting for hydrogen atoms or
bond multiplicity [22]. Calculated values of R index, v, ®, 5, and molecular weight (MW)
for the candidate alkanes are displayed in Table 2.

SI. No. Alkane nooy R ¢, MW (g/mol)
1 Pentane 5 3 24142 2.4739 72.15
2 Hexane 6 4 2.9142 3.0337 86.18
3 Heptane 7 4 3.4142 3.4739 100.2
4 Octane 8 4 3.9142 3.9142 114.23
5 Nonane 9 5 4.4142 4.4739 128.25
6 Decane 10 6 4.9142 5.0337 142.28
7 Undecane 11 6 5.4142 5.4739 156.31
8 Dodecane 12 6 5.9142 5.9142 170.33
9 Tridecane 13 7 6.4142 6.4739 184.36
10 Tetradecane 14 &8 6.9142 7.0337 198.39
11 Pentadecane 15 8 7.4142 7.4739 212.41
12 Hexadecane 16 8 7.9142 7.9142 226.41
13 Heptadecane 17 9 8.4142 8.4739 240.5

14 Octadecane 18 10 8.9142 9.0337 254.5
15 Nonadecane 19 10 9.4142 9.4739 268.5

TABLE 2. &, ,, values and corresponding basic parameters for the candi-
date alkanes

To assess whether the predictive ability of ®,, ,, primarily arises from chain-length ef-
fects, comparative and partial correlation analyses were conducted using n, MW, and the
R index as baseline descriptors. The linear correlations (r) of ®,, ,, with these parameters
are presented in Table 3. Furthermore, multiple linear regression analysis was performed
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by incorporating n, MW, and the original R index alongside ®,, 5, to evaluate the inde-
pendent contribution of each variable, with the results for MV are summarized in Table
4.

n R MW
D4, 1 0.9998 0.9998 0.9998

TABLE 3. r values between ®,, o, and various basic parameters

Model No. | Multiple Regression Model

1 MV =16.475Tn + 0.06449,, ., + 44.9805

2 MV =1.1792MW — 0.06398%,, ., + 42.5971

3 MV = 32.9513R + 0.0644®,, -, + 47.8072
Model 1  Model 2 Model 3

Multiple r 1 1 1

R? 1 1 1

SE 0.03155  0.03678 0.03155

F-statistic | 3.8E407 2.8E+07 3.8E+07

PF 1.5E-41 9.3E-41 1.5E-41

TABLE 4. Multiple linear regression using basic parameters for MV

3.1. Regression models for the physicochemical properties. Based on the linear
correlation coefficients and scatter plot observations, linear regression analyses were per-
formed for the selected alkanes to examine their relationships with physicochemical prop-
erties such as molar refractivity (MR), molar volume (MV), parachor (PR), log P, and
polarizability («). For boiling point (BP), flash point (FP), and melting point (MP),
cubic regression models were employed, with each property considered as the dependent
variable and ®,, ., as the independent variable. The general forms of the regression mod-
els used are expressed as Y = zg + 217 for linear and Y = z¢ + 212 + 2222 + 2373
for cubic relationships, where Y denotes the physicochemical property and Z represents
®,, ,. Model performance was evaluated using the coefficient of determination (R?), mean
absolute error (MAE), root mean square error (RMSE), standard error (SE), F-statistic
and its probability (pr). The results of these analyses are summarized in Tables 5 and 6,
respectively. Since the dataset comprises 15 compounds, a Leave-One-Out (LOO) cross-
validation (CV) was performed to evaluate model generalization and minimize the risk of
overfitting. The cross-validated R? and RMSE values are reported alongside the results.

The predicted values of the physicochemical properties obtained from the above analysis
are listed in Table 7. The scatter plots in Fig. 3-10 illustrate the graphical comparison
between the experimental and predicted values for all the considered properties. For
each corresponding scatter plot, the residual plots (shown in the same figure number) are
provided to visualize the distribution of prediction errors and to assess the goodness of fit
and model adequacy.

3.2. Discussion. Although ®, ,, exhibits strong correlations with the target properties,
part of this trend may arise from chain-length dependence. To ensure its independent
predictive capability, comparative and partial correlation analyses were performed against
basic size descriptors such n, MW, and the R index (Table 4). The results confirm that
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polarizability (A3)
»
®

log P MR MV PR o
R? 0.9997 0.9996 0.9996 0.9996 0.9997
Adjusted R?>  0.9996 0.9996 0.9996 0.9996 0.9997
RMSE 0.043 0.3754 1.3382 3.245 0.142
MAE 0.0314 0.2748 0.9804 2.4429 0.1162
SE 0.0462 0.4032 1.4374 3.4857 0.1525
F-statistic 3.77TE4+04 3.70E404 3.69E404 3.64E404 4.056E+04
DF 6.82E-24 7.70E-24 7.75E-24 8.54E-24 4.28E-24
X 1.0166 6.9 45.7779 74.2972 2.7366
x1 1.0718 9.2627 33.0041 79.4385 3.6653
R? (CV) 0.9995 0.9995 0.9995 0.9995 0.9996
RMSE (CV)  0.0493 0.4295 1.5315 3.7104 0.1633
TABLE 5. Linear regression analysis
BP FP MP

R? 0.9996 0.996 0.992

Adjusted R>  0.999 0.995 0.99

RMSE 1.8617 4.2958 4.1789

MAE 1.4263 3.07 3.1292

SE 2.174 5.0164 4.8799

F-statistic 8.50E4+03 9.04E+402 4.83E+402

DF 8.72E-19 1.93E-13 5.91E-12

x -162.6724  -154.032  -296.3553

x1 95.0985 47.1389 87.796

x9 -6.5354 -1.4299 -8.6379

x3 0.2097 0.0095 0.3202

R? (CV) 0.9993 0.9906 0.9872

RMSE (CV)  2.3675 6.564 5.4567

TABLE 6. Cubic regression analysis

Linear Regression Fit for a

FIGURE 3. Scatter and residual plots for linear regression models of «
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Linear Regression Fit for MR
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FIGURE 4. Scatter and residual plots for linear regression models of MR
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FIGURE 5. Scatter and residual plots for linear regression models of MV
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FIGURE 6. Scatter and residual plots for linear regression models of PR
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Residual plot: Linear Model for log P
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FIGURE 7. Scatter and residual plots for linear regression models of log P
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FIGURE 9. Scatter and residual plots for cubic regression models of FP

®,, -, retains a statistically significant predictive contribution beyond these size-related
effects.
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0 Cubic Regression Fit for MP Residual Plot: Cubic Model for MP
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FIGURE 10. Scatter and residual plots for cubic regression models of MP
Name log P MR MV PR a BP FP MP
(ecm?®/mol) (em?/mol) (As) (°C) (°C) (°C)
Pentane 3.67 3.67 |29.84 29.82|127.5 127.43|270.8 270.82 | 11.83 11.80 36 3577 | -49  -46.02 | -129 -127.17
Hexane 4.21  4.27 | 3447 35.00 | 144 145.90 | 310.6 315.29 | 13.66 13.86 69 71.53 | -22 -23.92 -95  -100.57
Heptane 4.74  4.74 | 39.11 39.08 | 160.5 160.43 | 350.4 350.26 | 15.5 15.47| 98.4 97.61 -7 -7.13 | -90.6 -82.18
Octane 5.28 5.21 |43.74 43.16 | 177 174.96 | 390.2 385.24 | 17.34 17.08 126 122.01 13 9.14 -56.8  -65.84
Nonane 5.82 5.81 | 48.37 48.34|193.6 193.44 | 430 429.70 | 19.17 19.13 | 150.8 150.76 | 31 29.09 |-53.47 -47.78
Decane 6.35 6.41 |53.01 53.53 | 210.1 211.91 | 469.7 474.16 | 21.01 21.19 | 174.1 177.17 | 46 48.23 | -29.7  -32.45

Undecane 6.89 6.88 | 57.64 57.60 | 226.6 226.44 | 509.5 509.14 | 22.85 22.80 | 195.9 196.46 | 62 62.72 | -25.54 -22.07
Dodecane 742 736 | 62.27 61.68 | 243.1 240.97 | 549.3 544.11 | 24.28 24.41 | 216.3 214.54 | T4 76.71 | -9.6 -13.01
Tridecane 7.96 7.96 | 66.9 66.87|259.6 259.44 | 589.1 588.58 | 26.52 26.47 | 235.4 235.97 | 94 93.79 | -5.5 -3.12
Tetradecane | 8.5 856 | 71.54 72.05|276.1 277.92 | 628.9 633.04 | 28.36 28.52 | 253.57 255.86 | 100 110.09 | 5.87 5.26
Pentadecane | 9.03  9.03 | 76.17 76.13 | 292.6 292.45 | 668.7 668.01 | 30.19 30.13 | 270.6 270.57 | 132.2 122.37| 9.95 11.00
Hexadecane | 9.57 9.50 | 80.8 80.21 | 309.1 306.98 | 708.4 702.99 | 32.03 31.74| 286.9 284.56 | 135 134.18| 18.18 16.18
Heptadecane | 10.1 10.10 | 85.44 85.39 | 325.6 325.45 | 748.2 747.45|33.87 33.80 | 303 301.49| 149 14852 | 21.97 22.20
Octadecane | 10.64 10.70 | 90.07 90.58 | 342.1 343.93 | 788 791.92 | 35.7 35.85| 316 317.67| 166 162.12 28 27.91
Nonadecane | 11.18 11.17 | 94.7 94.65 | 358.6 358.46 | 825.8 826.89 | 37.4 3746 | 330 330.00 | 168 172.30 32 32.40

TABLE 7. Comparison table for the actual and predicted physicochemical
properties of alkanes using ®,, .,

The R? values obtained from the regression analysis demonstrate consistently strong
relationships between ®,, ,, and the selected physicochemical properties of alkanes, with
adjusted R? and cross-validated values remaining close to R?. Remarkably, all parameters
show near-unity correlation coefficients, accompanied by small error terms, high F-statistic
values, and statistically significant probabilities (Table 5 and 6). These findings indicate
that ®,, ,, provides excellent predictive performance across the examined properties.

Furthermore, Table 7 shows that the predicted values are in close agreement with the
experimental data, exhibiting only minor deviations, particularly for FP and MP. The
scatter plots in Fig. 3-10 illustrate this close correspondence between experimental and
predicted values, while the accompanying residual plots (shown in the same figures) depict
the random distribution of errors around zero, suggesting the absence of systematic bias.
Together, these graphical and statistical observations confirm that the model achieves a
high level of accuracy in predicting the physicochemical properties of alkanes.

4. CONCLUSION

This study refines the upper bound of the Randi¢ index for trees by incorporating both
the order and the total domination number, and it characterizes the extremal structures
that attain this bound. The proposed bound was further evaluated through a QSPR anal-
ysis, which demonstrated strong predictive capability for the physicochemical properties of
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alkanes. The high correlation coefficients and minimal deviations between predicted and
experimental values confirm the effectiveness of ®,, ,, in molecular property estimation.
Although &, ,, exhibits promising predictive performance, the present results are based
on a limited dataset. Additional validation using larger and chemically diverse molecular
systems would be valuable to establish its broader applicability.
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