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ON MONOPHONIC ECCENTRIC SEQUENCES OF GRAPHS

DIYA JAJI1, TABITHA AGNES MANGAM1∗, H. R. DEEPIKA1, §

Abstract. For a connected graph G and a vertex v ∈ V (G), the eccentricity e(v) is the
maximum distance from v to any other vertex in G. A path P in G is called a monophonic
path if it is chordless. The monophonic distance dm(u, v) between two vertices u and v is
the length of a longest chordless u–v path in G. The monophonic eccentricity of a vertex
v, denoted by em(v), is defined as the maximum monophonic distance between v and
any other vertex of G. In this paper, we investigate monophonic eccentric sequences for
several classes of graphs. In particular, we determine these sequences for unicyclic graphs
and the Petersen graph, and obtain characterizations related to monophonic eccentricities
in these graph classes.
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1. Introduction

The study of distance in graphs is a prominent area of research, with several definitions
of distance introduced over time. Several parameters related to distance in graphs, such
as eccentricity, radius, and centre, have been studied extensively. The eccentricity of the
vertex v in a graph G, denoted by e(v), is defined as the distance between v and a farthest
vertex from it in G. The eccentric sequence of graph G, which is a nondecreasing sequence
of the eccentricities of G, was first introduced by Lesniak [1] in 1975. Several properties
of eccentric sequences were investigated. The monophonic distance and monophonic ec-
centricity were introduced in 2011, see [5]. The authors studied the realisability of graphs
with certain values of monophonic radius and monophonic diameter.

In this paper, we consider simple and undirected graphs. Let G be a connected graph
with vertex set V (G) and edge set E(G). If u, v ∈ V (G), the distance between u and v,
denoted by d(u, v), is the length of a shortest path between them. For a vertex v ∈ V (G),
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the eccentricity of v, denoted by e(v), is defined as the distance between v and a vertex
farthest from it in G,

e(v) = max{d(v, u) : u ∈ V (G)}.

A path P has a chord if there exists an edge joining two non-adjacent vertices in P . A
path P in a connected graph G is said to be a monophonic path if it does not have a
chord in it. For any two vertices u, v ∈ V (G), the monophonic distance dm(u, v) from u
to v is the length of a longest u− v monophonic path in G. The maximum monophonic
distance between v and all other vertices is called the monophonic eccentricity of v and
is denoted by em(v).

The monophonic convexity is introduced and the relation between monophonic paths and
convex sets in graphs is analysed [4]. These ideas were extended to define the detour
monophonic number of a graph. The bounds and characterizations of graphs were es-
tablished in [7]. Following this, the upper detour monophonic number and connected
detour monophonic number are studied in [8] and [9] respectively. Later, several types of
monophonic distance were studied in [10, 11].

Identifying monophonic paths in a graph has several practical applications. Consider a
network that represents a population susceptible to a disease and its contact patterns.
Suppose a monophonic path exists between a pair of nodes in such a network. Then, the
population at a higher risk of infection can be differentiated from that of the lower risk
since the vertices at the lower end of the transmission chain, which form a monophonic
path, would be at a lower risk than those on a path that contains a chord. Similarly, the
spread of misinformation in social networks can be slowed by designing algorithms that
allow the passage of information through monophonic paths only.

2. Main Results

Based on the definition of monophonic distance, we introduce the following definition of
monophonic eccentric sequence.

Definition 2.1. A non-decreasing sequence S(a1, a2, ...., an) of non-negative integers is
called a monophonic eccentric sequence if there exists a connected graph G whose vertices
can be labeled v1, v2, ...., vn such that em(vi)=ai for all 1 ≤ i ≤ n.
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v3 v5

v4

v6

Figure 1. Graph G on six vertices
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dm(vi, vj) v1 v2 v3 v4 v5 v6 em(v)
v1 0 1 1 3 3 1 em(v1) = 3
v2 1 0 1 3 3 1 em(v2) = 3
v3 1 1 0 1 3 3 em(v3) = 3
v4 3 3 1 0 1 3 em(v4) = 3
v5 3 3 3 3 0 1 em(v5) = 3
v6 1 1 3 3 1 0 em(v6) = 3

Table 1. Monophonic distance between each pair of vertices in G

Example 2.1. For the graph G in Figure 1, the monophonic distances and the monophonic
eccentricities are given in Table 1.

Observation 2.1. In a complete graph Kn, all the vertices are adjacent to each other.
Hence, the monophonic eccentric sequence of a complete graph Kn is 1n.

Observation 2.2. A vertex v in a graph G has em(v)=1 if and only if v is a universal
vertex in G.

Observation 2.3. A tree is an undirected graph in which any two vertices are connected
by exactly one path. Therefore, the monophonic eccentric sequence is the same as the
eccentric sequence for trees.

Proposition 2.1. The monophonic eccentric sequence of a cycle Cn of order n is (n−2)n.

Proof. Let u, v ∈ V(Cn) where v and u are a pair of non-adjacent vertices such that
d(u, v) = p. Then, there exist paths of length p and n − p between u and v. Since
p ≤ n− p and n− p is maximum when p = 2, for every vertex u ∈ V (Cn), there exists a
vertex v ∈ V (Cn) such that d(u, v) = 2 and dm(u, v) = n− 2. Therefore, the monophonic
eccentric sequence of cycle Cn of order n is (n− 2)n. □

Corollary 2.1. The monophonic eccentric sequence of a wheel W1,n is 1, (n− 2)n.
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Figure 2. The monophonic path between v1 and v5 of a W1,6

Example 2.2. Figure 2 shows the monophonic path between the vertices v1 and v5 of a
wheel W1,6.

Corollary 2.2. The monophonic eccentric sequence of a sunlet graph Cn ◦ K1, where
n ≥ 3 is (n− 1)n, nn.
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Figure 3. The monophonic path u1 − u4 of C4 ◦K1

Example 2.3. Figure 3 shows the monophonic distance between the vertices u1 and u4 of
a sunlet graph Cn ◦K1.

Corollary 2.3. The monophonic eccentric sequence of a helm graph, Hn of order 2n+ 1
is 2, (n− 1)n, nn.
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Figure 4. The monophonic path u1 − u4 of H4
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Figure 5. The monophonic path v1 − u4 of H4

Example 2.4. Figures 4 and 5 show the monophonic distance between two different pairs
of vertices of a helm graph H4.

The gear graph Gn is a wheel graph with a vertex added between each pair of adjacent
vertices of the outer cycle.

Proposition 2.2. The monophonic eccentric sequence of Gn is given by 2, (2n− 2)2n.
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Proof. Consider a Gear graph on 2n+ 1 vertices. Let v1, v2, v3, . . . , , vn be the vertices of
degree 3, w be the vertex of degree n and u1, u2, u3, . . . , un be the vertices of degree 2.

The vertex vi has a maximum monophonic distance with a vertex at a distance 2 from
vi. Since ui cannot be at a distance 2 from it, we have dm(vi, vj) = 2n − 2 for a pair of
vertices vi and uj such that d(vi, vj) = 2. This path cannot contain the vertex w, since w
is adjacent to more than two vertices on it. Hence, we have a monophonic eccentricity of
2n− 2 for each vi. Using a similar argument, we can show that each ui has a monophonic
eccentricity of 2n− 2.

Now, consider the vertex w of degree n. Suppose w is connected to any vertex ui by a
path P that has more than three vertices in it. Then, P has at least two v′is. Since w is
adjacent to each vi, this creates a chord in P . This implies there can be only one vertex on
the path P . Hence, we have a monophonic eccentricity of 2 for the vertex w. Therefore,
the monophonic eccentric sequence of gear graph is 2, (2n− 2)2n. □
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Figure 6. The monophonic path u1 − u5 of G5

Example 2.5. Figure 6 shows the monophonic distance between the vertices u1 and u5 of
a gear graph G5.

Theorem 2.1. The monophonic eccentric sequence of a friendship graph is 1, 22n.

Proof. Consider the friendship graph Fn on 2n + 1 vertices. Let v1, v2, v3, . . . , v2n be the
vertices of degree 2 and w be the vertex of degree n. Since w is the universal vertex, its
monophonic eccentricity is 1.

Now, consider each vertex vi which is adjacent to one other vertex vj , j ∈ {i − 1, i + 1},
1 ≤ i ≤ n. Since each vi is adjacent to w, the monophonic eccentricity of vi is due to a
monophonic path P with a non-adjacent vertex vk. Assume that such a path P has more
than three vertices on it. This implies there are at least two interior vertices vp and vq,
1 ≤ p, q ≤ n on P . Since w has to be a vertex in P , w is now adjacent to more than two
vertices in P and will hence induce a chord. Therefore, the path P cannot have more than
three vertices. Hence, we have a monophonic eccentricity of 2 for each vi. Therefore, the
monophonic eccentric sequence of a friendship graph Fn is 1, 22n.

□

Proposition 2.3. The monophonic eccentric sequence of the Petersen graph is 410.

Proof. Petersen graph is a 3-regular graph on 10 vertices and has a diameter 2. Consider
the following cases.
Case 1: Suppose M is a monophonic path of length 5 between a pair of non-adjacent
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vertices. The diameter of a Petersen graph is 2. Hence, the distance between any pair
of non-adjacent vertices is 2. Since any pair of non-adjacent vertices have a common
neighbour, it can be seen that each path of length 5 between these vertices will pass
through the common neighbour. This will result in a chord between non-adjacent vertices
on the monophonic path M . Therefore, any pair of vertices in Petersen graph cannot have
a monophonic path of length 5 and hence monophonic eccentricity 5.
Case 2: Suppose a pair of non-adjacent vertices has a monophonic pathM of length greater
than six between them. Since M has 7 vertices in it, at least one non-interior vertex of M
is adjacent to more than two vertices of M, hence inducing a chord. Therefore, a Petersen
graph cannot have a monophonic path of length more than four. Hence, we have the
monophonic eccentric sequence of the Petersen graph to be 410.

□
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Figure 7. The monophonic path between v1 and v9 of Petersen graph

Example 2.6. Figure 7 shows the monophonic distance between the pair of vertices in
the Petersen graph.

Proposition 2.4. Consider a cycle Cn on n ≥ 6 vertices. Let Gn denote the resulting
graph after adding an edge between every pair of vertices at distance 2 in Cn. Then, the
monophonic eccentric sequence of Gn is pn, where

p =

{
2k − 2 n = 3k

2k − 1 n = 3k + 1, 3k + 2

for all k > 1.

Proof. Consider a pair of non-adjacent vertices vi and vj such that d(vi, vj) = 3 in Gn.
Suppose vi = v1 and vj = vn−2. Then, any three consecutive vertices vi − vi+1 − vi+2, 1 ≤
i ≤ n − 4 cannot be on the monophonic path between vi and vj since there would be a
chord between vi and vi+2 in Gn. Therefore, v1−v2−v4−v5−v7−· · ·−vn−2 is the longest
monophonic path between v1 and vn−2 in Gn. This path is obtained by not including the
vertices whose index is a multiple of 3. Hence, we have the following cases.

Case 1: n = 3k
Then d(v1, vn−2) = 3k−3 in Gn and the number of vertices excluded from the monophonic
path whose index is a multiple of 3 is k − 1.
Hence, dm(v1, vn−2) = 3k − 3− (k − 1) = 2k − 2.

Case 2: n = 3k + 1
Then d(v1, vn−2) = 3k−2 in Gn and the number of vertices excluded from the monophonic
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Figure 8. Construction of a graph with monophonic eccentric sequence
37 from C7.

path whose index is a multiple of 3 is k − 1.
Hence, dm(v1, vn−2) = 3k − 2− (k − 1) = 2k − 1.

Case 3: n = 3k + 2
Then d(v1, vn−2) = 3k−2 in Gn and the number of vertices excluded from the monophonic
path whose index is a multiple of 3 is k.
Hence dm(v1, vn−2) = 3k − 1− k = 2k − 1. □

Example 2.7. Figure 8 shows the construction of a graph with monophonic eccentric
sequence 27 from C7.

Theorem 2.2. For a unicyclic graph with a cycle of order k, dm(u, v) ≤ d(u, v) + k − 2.

Proof. Let C be the cycle of order k in the unicyclic graph G. Then, we have the following
cases.

Case 1: Let u and v be two vertices of C.
The maximum monophonic distance between any vertices u and v on a cycle C of order
k is k − 2.

Subcase 1: Consider k to be even. The length of all monophonic paths between u
and v is the same. Hence, we have dm(u, v) = k − 2 and d(u, v) ≥ 1 which implies
dm(u, v) ≤ d(u, v) + k − 2.

Subcase 2: Consider k to be odd. There is only one monophonic path between the
vertices u and v of length k − 2. Hence, we have dm(u, v) = k − 2 and d(u, v) ≥ 1 which
implies dm(u, v) ≤ d(u, v) + k − 2.

Case 2: Let u and v be two vertices that do not belong to C but include the vertices of
C in the monophonic path M between them.

Subcase 1:
Let the path M have exactly two vertices x, y of C in it. Then, these two vertices x

and y are adjacent. Any path of length greater than that of M would induce the chord
x− y. Therefore, dm(u, v) = d(u, v) ≤ d(u, v) + k − 2.

Subcase 2: Let the path M have more than two vertices of C in it.
Then, the monophonic path can have at most k − 1 vertices in it, since inclusion of k

vertices would induce a chord. Therefore, the cycle C can contribute at most k− 2 to the
length of M . Thus, dm(u, v) ≤ d(u, v) + k − 2.

Case 3: Let u be a vertex of C and v be the vertex that does not belong to C. Let w be
a vertex on C such that d(v, w) < d(v, x) for some vertex x in the cycle C.
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Subcase 1: If d(w, u) = 1, then any path of greater length between v and u would induce
the chord w − u. Therefore, dm(u, v) = d(u, v) ≤ d(u, v) + k − 2.

Subcase 2: If d(w, u) > 1, then there are two paths between vertices u and w on C, with
the largest possible length being k − 2. Thus, dm(u, v) ≤ d(u, v) + k − 2. □

Observation 2.4. For a unicyclic graph G, d(u, v) = dm(u, v) if the order of the cycle is
even and G has no pendant vertices.

Corollary 2.4. For a unicycle graph G with a cycle of order k, we have em ≤ e+ k − 2
for any vertex v of G.

Theorem 2.3. A vertex v ∈ V (G) is a cut vertex in a connected graph G if and only if
there exist vertices u and w in distinct components of G− v such that v lies on the u−w
monophonic path in G.

Proof. Let v be a cut-vertex of a connected graph G. Let u and w be the vertices in
distinct components of G − v, such that u and w are neighbors of v. Then, v lies on the
u− w monophonic path in G.

Conversely, suppose that vertices u and w exist in distinct components of G−v such that
v lies on the u − w monophonic path in G. If v is not a cut vertex of G, then removing
v will not disconnect the graph G. Thus, there exists a path between u and w in G− v,
which contradicts our assumption that u and w are vertices in distinct components of
G− v. Therefore, v is a cut-vertex of G. □
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