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BEAL’S FUZZY NORMAL SUBGROUP STRUCTURES WITH
RESPECT TO (MIN, MAX) — NORMS
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ABSTRACT. In this paper, we study a new kind of Beal’s fuzzy subgroup with respect to
suitable norms. we strongest relation, cosets and middle cosets of beal’s fuzzy subgroup of
a group with respect to norms. Also, we investigate equivalent characterizations of them
and we construct a new group called Beal’s fuzzy normal subgroup induced by them.
Finally, we present the homomorphism theorem and discuss the preimage between them.
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1. INTRODUCTION

“Groups are vital in modern algebra, their basic structure can be found in many math-
ematical aspects”. Groups can be found in geometry, representing phenomena such as
symmetry and certain types of transformations. Introduction of group, in modern algebra
the study of groups, which are systems consisting of a set of elements and a binary opera-
tion that can be applied to two elements of the set, which together satisfy certain axioms.
Group theory has applications in physics, chemistry, computer science and even puzzles
like Rubik’s cube. In 1965, Zadeh [19] introduced the notion of fuzzy sets. In 1971, Rosen-
feld introduced fuzzy group and formulated the concepts of subgroups of a group. “An
increasing number of properties from classical group theory have been generalized”. Many
authors have worked on fuzzy group theory [5, 6, 12]. Especially, some authors consider
the fuzzy subgroups with respect to t-norm and gave some amazing results. [1, 9, 12]. The
concept of intuitionistic fuzzy set was introduced by Atanassov [1] as a generalization of
the notion of fuzzy set. The theory of intuitionistic fuzzy set is expected to play an impor-
tant role in modern mathematics in general as it represents a generalization of fuzzy set.
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Yager [16] presented the concept of Pythagorean fuzzy set which is the generalization of in-
tuitionistic fuzzy sets and it is a more effective tool to solve uncertain problems. Ibrahim
et.al [3] defined another type of generalized Pythagorean fuzzy set is called (3,2) fuzzy
sets. Fermatean fuzzy sets studied by some authors and they also introduced fundamental
operations on the fermatean fuzzy sets. Murad et.al [7] presented new kind of fuzzy sets
is called (3, 4)-fuzzy sets which is deal with more uncertain situations than (3, 2) — fuzzy.
A generalization of the Beal’s conjecture and prize problem defined by [8] in 1997. In this
paper, we construct a new kind of Beal’s fuzzy normal subgroup with respect to suitable
norms. we define strongest relation, cosets and middle cosets of beal’s fuzzy subgroup of
a group with respect to norms. Also, we investigate equivalent characterizations of them
and we construct a new group induced by them. Finally, we analyse the homomorphism
theorem, preimage between them.

2. BASIC AND PRELIMINARIES CONCEPTS

Definition 2.1. A group is a non-empty set G on which there is a binary operation
(x,y) — zy such that
(i) If x and y belong to G, then xy is also in G (Closure Law)
(ii) x (yz) = (xy) z for all x,y,z € G. (Associative Law)
(iii) There is an element e € G such that x xe = e x x = x for all x € G. (Identity Law)
(iv) If x € G, then there is an element ! € G such that vxz~ ! =7 xx =e. (Inverse
Law)

One can easily check that, this implies the unicity of the identity and of the inverse. A
group G is called an abelian if the binary operation is commutative (ie) x xy =y * x for
all x,y € G.

Remark 2.1. There are two standard notations for the binary group operation either the
additive notation, that is (x,y) — = +y in which case the identity is represented by 0, or
the multiplicative notation, that is (x,y) — xy for which the identity is denoted by e.

Proposition 2.1. Let G be a group. Let H be a non-empty subset of G. The following
are equivalent:

(i) H is a subgroup of G.
(ii) z,y € H implies zy~* € H for all x and y.
Definition 2.2. Let G be an arbitrary group with a multiplicative binary operation and
identity e.
A fuzzy subset of G, we mean a function from G into [0,1]. The set of all fuzzy subsets
of G is called the [0,1] — power set of G and is denoted by [0,1]°.

Definition 2.3. For set X, Y and Z, f=(fi, fo): X =Y X Z is called a complex
mapping if f1: X =Y and fo: X — Z are mappings.

Definition 2.4 (Beal’s Fuzzy Set). A Beal’s fuzzy set (BFS) on a universal set X is a
set of 3-tuples of the form

A={(z,Ja(z), Ka(z))/ v € X} (1)
where Ja(x) and K A(z) represent the membership and non-membership degrees of © € X
and satisfy the condition 0 < Ja(z)™ + Ka(z)" <1 for allz € X,m,n € N if m,n > 4
and the degree of indeterminancy of X to A is

[1@ = "%/1— [(Ja@)™) + (Kal)"):

A
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Definition 2.5 ( Beal’s Fuzzy Subgroup). Let A = (X,Ja, Ka) be a Beal’s fuzzy set
of a group G. Then A is known as Beal’s fuzzy subgroup (BFSG) of G if the following
conditions hold:
(BFG) :J3 (zy) = min {J"(z), JU(y)} and
K7} (vy) = max {K}{(z), K4(y)},Vz,y € G.
(BFGs9) :J} ($_1) =J%3 (z) and K’} ($_1) =K} (z), Vzed.
In this paper, we often use Beal’s fuzzy subgroup as BFSG.
Definition 2.6. Let X be a non-empty set and let D1 = (Jp,, Kp,) and Dy = (Jp,, Kp,)
be BFSs in X. Then
(i) Inclusion: D1 C Dy if and only if Jp, < Jp, and Kp, > Kp,.
(ii) Equality: D1 = Dy if and only if D1 C Dy and Dy C Ds.
Definition 2.7. A t-norm T is a function T : [0,1] x [0,1] — [0, 1] having the following
four properties

(Th) T (xz,1) = x (Neutral element)

(Tz) T (z,y) < T (z,2), ify < z (Monotonicity)

(T3) T (=, y) = T (y,z) (Commutative)

(Ty) T (z, T (y,2)) = T (T (x,y),2) (Associativity) for all x,y,z € [0,1].
Corollary 2.1. Let T be a t— norms. Then for all z € [0, 1],

(i) T (x,0)=0

(i1) T (0,0) = 0.
Example 2.1. (i) Standard intersection t— norm Ty, (z,y) = min{x,y} .
(ii) Bounded sum t— norms Ty (z,y) = max {0, x +y — 1}.
(i11) Algebraic product t— norms T), (x,y) = zy
y, ifx=1
(iv) Drastic t— norm Tp (z,y) =<z, ify=1

0 , otherwise
in{z,y}, i >1
(v) Nilpotent minimum t— norm Ty (z,y) = min {z, y} frty
0, elsewhere
(vi) Hamacher product t— norm Tro (z,y) = L’ sewhere
rT+y—xy

The drastic t— norm is the pointwise smallest t— norm and the minimum is the point-
wise largest t— norms: Tp (x,y) < T (z,y) < Thin(z,y) for all x,y € [0,1].

Lemma 2.1. Let T be a t— norm. Then T (T (z,y), T (w,z)) = T(T (z,w), T (y,2))
for all x,y,w, z € [0,1].

Definition 2.8. An S—norm is a function S : [0,1] x [0,1] having the following four
properties

(S1) S(x,0) ==
(S3) S(z,y) =S (y, )

(84) S(:I" S(ya )) S(S($7y)7z) fO?” allm,y,ze [071]
Corollary 2.2. Let S be a S— norm. Then for all x € [0, 1]



K. BALASUBRAMANIYAN, C. DILLY RANI: BEAL’S FUZZY NORMAL SUBGROUP ... 1349

(i) S(x,1)=1
(ii) 5(0,0) =0
Example 2.2. (i) Standard union s— norm Sy, (x,y) = max {z,y}.
(ii) Bounded sum s— norm Sy (z,y) = min{l, =+ y}
(111) Algebraic sum s—norm Sy (x,y) =z +y—xy
y, ifzx=1
(iv) Drastic s—norm sp (z,y) =< x, ify=1 dual to the drastic s— norm.

0, otherwise
(v) Nilpotent mazximum s— norm, dual to the nilpotent minimum T— norm

max {z,y}, frx+y<l
S T,Y) =
n () {1, otherwise .

Note that all S— norms are bounded by the maximum and the drastic s—norm Spyax (z,y) <
S (z,y) < Sp(x,y) for any s— norm'S" and all z,y € [0,1].

Lemma 2.2. Let S be a s— norm. Then S (S (x,y)), S(w,z)) = S5(S (z,w), S(y,z)) for
all x,y,w,z € [0,1].

3. STANDARD RESULTS BASED ON BEAL’S Fuzzy SUBGROUP

Proposition 3.1. Let D = (Jp , Kp) € BFSG w.r.t norms and v,0 € [0,1]. IfT, S
are idempotent. Then D, s ={x € G/D (x) D (v,0)} is a subgroup of G.

Proof. Let z,y € D,5. Then D (z) D (v,9) and (y) 2 (v,0). Thus J () , JF (y) > v
and K% (z) , K7 (y) < 4. As
IR (y™) 2T { B (@), I3 (v 1)}
>T {Jp(x), Jp ()}
>T {v 7}
>~ and
Kp (ey™) < S{ Kp (), Kp (v 1)}
<S{Kp(z), Kp ()}
<5 {5, 0}
<9

So Jpy (acyfl) > v and K7, (acyfl) < §, which implies that x * y~! € D, 5. Hence D, s is
a subgroup of G. O

Proposition 3.2. Let D = (Jp, Kp) € BFSG w.r.t. norms and~,d € [0,1], fori=1,2
such that D (eq) 2 (i, 0;) for i = 1,2 with v > ypand 81 < d3. Then D, 5, = D, 5, if
and only if there is no x € G such that (y2,62) C D (z) C (v, , 61).

Proof. Let D., 5, = D, | s, and their exists an 'z’ such that (v2,d2) C D (x) C (v, 1).
Then D, 5 €D, s andsox € D,,5, butx ¢ D, 5. Thus, thereisnoz € G
such that (y2,d2) C D (x) C (v, 61).

Conversely, if there is no x € G such that (y2,d2) C D (x) C (v4,01) , then D, 5=
‘D’YQ»(;Z‘ U

Proposition 3.3. Let D = (Jp, Kp) € BFSG w.r.t. norm D, s be a subgroup of G for
all v,0 € [0,1] and D (eq) 2 (v,6). Then D = (Jp, Kp) € BFSG w.r.t norm.
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Proof. Let x,y € G with D () = (71,61) and D (y) = (72, 62) and then x € D, 5, and
y € Dy, 5, Now we analyse the following axioms:
(i) If v1 <72 and 01 > 9, then y € D., 5, and as D,, 5, is a subgroup of G.
Sozxy '€ D, ;. Now,

Jp (@*y) = n=T(n, »2)= T{Jp(z), Jp )}
Kp (zxy) <5(d1, 62) = S{ Kp (v), K (y)}
JE (27" = m=Jp (2) and KP (z7') <61 = KP ()

Thus D = (Jp, Kp) € BFSG w.r.t norm
(ii) If 71 = v2 and 61 > d2, or §; = d3 and y1 < 72, then the proof is similar to ().
(ili) If v1 < v2 and 8 > 41, then x € D, 5, and as D., 5, is a subgroup of G.
Soxxy, x~!' € D,,s, Now,

Jp(@*xy) > v =T (v.n)= T(n, v2)=T{Jp (x), Jp )}
KB (z*y) < b2 = (52, 61) = S (01, 62) = S{KD (z), Kp(y)}
Jp (271 = %= Jp (2)
Kp(z71) < :KD x)

Then A = (Jp, Kp) € BFSG w.r.t norms.
(iv) If vy = 72 and dg > d1, or if 61 = d2 and 1 > 79, the proof is similar to (ii7) .
(v) If v9 = 71, and d2 = 01, then it is trivial.

0

Proposition 3.4. Let D = (Jp, Kp) € BFSG w.r.t norms and ~;, ¢; € [0,1] fori =1,2.
If Dy, 5, and D., s, are two subgroups in G, then D, 5, (1D, , 5, also a subgroup in G.

Proof. Let D (eq) 2 (71, 01) and D (eq) 2 (71, 61) and D (eq) 2 (y2, d2) and z € G.
Then

(i) If (71,01) € D(x) C (72,02), then D, 5, C Dy, 5 and so Dy, 5 (D, , 5, and as
) D,, s, is a subgroup in G, so D, 5, (1D, , 5, also a subgroup in G.
(11) If (’)/2, (52) cD (x) C ('yl, 51) , then D%(;IQ l),y2 , 5o and so D’Y2 , 82 UD71,51 = D72752
is a subgroup in G, so D, 5, |J D+, s,, also a subgroup in G.
(iii) If (7y1,01) = (72,62), then D,, 5, = D, s, and then D, 5 (J D,,s, also a subgroup
in G.
O

Corollary 3.1. Let D = (Jp, Kp) € BFSG w.r.t norms and {7, 6;},c; € [0,1]. If D4, 5,
are subgroup in G. Then |J D, 5, also a subgroup in G.

Proposition 3.5. Let T, S be idempotent norms. Then any subgroup H of a group G can
be realized as a level subgroup of D = (Jp, Kp) € BFSG w.r.t norms.

Proof. Let D = (Jp, Kp) € BFSG w.r.t norms defined by

(7,0), ifxze H andy € [0,1]

D(z)=(Jp(z), Kp(x)) = {(077), ifz¢ Hand B€0,1]°

we show that D € BFSG w.r.t norms. Let z,y € G and now we consider that following
conditions.
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(i) If z,y € H, then as H is a subgroup of G. So z * y~! € H. Thus
Jp (@) = Jp (y)
=Jp (:cyil)
=~ and
Kp(x)= Kp(y)= Kp(xxy™") =0.
Then, J (z+y~') =7 >2v=T(y, v) =T{(Jp (), Jp (y)} and
K3 (:c*yil) =0<0=5(0,0)
=S(KD (z), Kp(y))
and from Definition 2.5, we get that D = (Jp , Kp) € BFSG w.r.t norm.
(ii) f € H and y ¢ H, then z xy~' ¢ H and then
Jh(x)= v JIh(@y) =I5 (zxy™')=0; K} (z) =0 and
K(y) =K} (zxy ') =0.
Thus, J (z+y ') =0>0=T(7,0) =T ( J& (), J% (y)) and
Kp(zxy™)=6<6=5(0,8) = S(K} (z), K} (y) ,from Definition 2.5, we obtain
that D € BFSG w.r.t norms.
(iii) If z,y ¢ H, then J (z) = J&% (y) = 0 and K (z) = K% (y) = 6, then x * y~! may

or may not belong to H. If z xy~! € H, then

Kpy(wxy™!) =6 <6=25(8,0) =S5 (Kp(2), K (1)
as Definition 2.5, we will have D € BFSG w.r.t norms. If z xy~! € H, then

Jp (zxy™ ') =0>0="T(0,0)= T(JB (z), J§ (y)) and

Kp (vxy™") =0 <6=25(5,0) =5 (Kp (@), Kp ()

as Definition 2.5 we get D € BFSG w.r.t norms. Thus in all cases D € BFSG w.r.t
norms.

0

Proposition 3.6. Let D = (Jp, Kp) € BFSG w.r.t norms such that T and S be
idempotent. Then D (eg) 2 D(x) for all x € G.

Proof. Let D = (Jp, Kp) € BFSG w.r.t norms and z € G. Then
Jp(G) =Jk (x_lac)
> T{ IR (). T (@)}
>T(Jp (x), Jp ()
= Jp (x) (2)

and so JJ (eq) > JP (x).
Also,

KP (eq) = Kp (+~2)
<S8 (KE (17_1) , KP (:B))
< S(Kp(z), Kp(z))
= Kp (x) (3)
and then K}, (eq) < K} (z).
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Thus from (2) and (3) we have D (eq) = (Jp (eq), Kp(eg)) 2 (Jp (z), Kp (x)) =
D (x). O

Proposition 3.7. Let D = (Jp, Kp) € BFSG w.r.t norms such that T and S be idem-
potent and D (zy~') = D(eq). Then D (z) = D (y), for all z,y € G.

Proof. Let x,y € G. Then

Tp (@) = Jp (v y~" *y)

>T (Jp (zxy™h), JB ()
=T(Jp (ec), Jb (v))
>TJh (). Jp (y)

= Jp(2)

=Jp (y*:zfl*x)

ZT(JE” (y*az 1), Jp (3:))
=T (Jp (zxy™ "), Jp (2))
= T (eq), TR (@)
>T(Jp (v), Jb (v)

— B ()

Thus JP (x) = J5(y). Also,
K} (x) = Kp (zxy~ ' xy)

< S(KP (z+y™Y), Kb (y))
= S( Kp(ec), Kp(y))

< S(KD (y), Kp (y))

= Kp (y)
=Kp(y*z~
=9 (K}L) ((a? * y_l)_l) , KP (1‘))
=S(Kp (zxy™Y), Kp(2))

l*m)

(KD
< S(KD (eq), Kp (z))
= S(Kp (y), Kp(y))
= Kp(y)
Therefore D (x) = D (y).
Then K} (z) = K}(y). O

Proposition 3.8. Let T and S be idempotent. Then D = (Jp, Kp) € BFSG w.r.t norms
if and only if D (zy™') 2 D(T (J}y, K3 (v)), S(K} (z), K} (y)) for allz,y € G.

Proof. Let D = (Jp, Kp) € BFSG w.r.t norms and z,y € G. Then

Jp (@xy™") 2 T3 (), JB (v7))
>T(Jp (), Jp (v))
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and

and then

and
KD (z7Y) = Kp(eg vz
< S(Kp (ec), Kp (x))
< S(Kp (z), Kp(z))
= Kp(x)
and then
D(z7Y) 2 D (x) (4)
Also,
T @xy) = Jp (zx (™)) 27U @), JBGT
>T(Jp (), Jp ()
and
Kp(wxy) = Kp (v (y7)7") < S (Kp (@), Kp(y")
< S(Kp (), Kp(y))
Hence

D(zxy) 2 D(T (Jp (), Jp (y)), S(Kp (x), Kp(y)) (5)
Therefore from (4) and (5), we have D = (Jp, Kp) € BFSG w.r.t norms. O
Proposition 3.9. Let Jp,Kp € [0,1]% such that D (eq) = (1,0) and D(z * y~1) D
(T (Jp(z), Jp (W), S(KY (x), K}y (y)) for all x,y € G. Then D = (Jp, Kp) € BFSG

w.r.t norm.

Proof. Let x,y € G, then

IB (a71) = JB (e *a™t) 2 T(JP (ec) . TP (x))
=T(1, Jp (z)) = Jp(z)
and
Kp (¢7) = Kp (e xa™') < S (K} (eq), K] (2))
=S(D, Kp (z)) = K} (2)
and so,

D@ ) =B (=), Kp(z7)) 2 (JB (), K}(x))=D(x) (6)
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Also,
T @ey) = J5 (e (7)) 2T (B @), JB (v7)
>T(Jp (=), Jp (v))
and
Kp(axy) = Kp(ax (y') ) < S(Kp (@), Kply™)
< S(Kp (z), Kp(y))
and so
D(zxy)=(Jp (xxy), Kp(xxy) 2 D(T(Jp (z), Jy (), S(KD(z), Kp(y) (7)
Therefore from (6) and (7) we have D = (Jp, Kp) € BFSG w.r.t norm. O

Proposition 3.10. If A= (Jp, Kp) € BFSG w.r.t norms. Then H = {z € G/D(x) =
(1,0)} is a subgroup of G.

Proof. Let x,y € H. Then J} (z) = J} (y) =1 and K} (z) = K} (y) =0.
Since, D = (Jp, Kp) € BFSG w.r.t norms. So JJ} (zxy™) > T{J% (z), J5 (y)} =
T(1,1) =1 and this implies that JI' (z*y~!) = 1. Also,

K} (xxy™') < S(Kp(2), Kp(y)=5(0,0)=0
and so K} (ac * yil) = 0. Then
D(zxy™ ') =(Jp (xxy™ '), Kp (xxy™ ') = (1,0)
and then x xy~' € H. So from Definition we see that H is a subgroup of G. g

Proposition 3.11. Let D = (Jp,Kp) € BFSG w.r.t norms if D (zxy~*) = (0,1).
Then either D (x) = (0,1)or D (y) = (0,1) for all x,y € G.

Proof. Let D = (Jp,Kp) € BFSG w.r.t norms then for all z,y € G. we see that
D=Jp (zxy™") 2T (@), J5 ()

and then either J7' () =0 or J3 (y) = 0.
Also, 1 = K (zxy™!) < S(K"( ), KP(y)) and either Kp (z) =1 or K} (y) = 1.
Therefore either D (z) = (J}} (x), K} (y)) = (0,1) and
D(y) = (Jp (y), Kp (x)) =(0,1).

0

Proposition 3.12. Let D = (Jp,Kp) € BFSG w.r.t norms. Then D (z*y) = D(y * )
if and only if D () = D(y~ ' xx xy) for all z,y € G.

Proof. Let x,y € G and D (x xy) = D (y *xx). Then
Jm( *x*y) Jg‘(y_l*(x*y))
:J}f’}(x*y*y_l): D(xxeg)= Jp (v)
and
KD( *x*y) Kg(y_l*(x*y))
:Kg(w*y*yfl):Kﬁ(x*eg): K} (z)



K. BALASUBRAMANIYAN, C. DILLY RANI: BEAL’S FUZZY NORMAL SUBGROUP ... 1355

and so

D(yil*x*y) :(Jg(yfl*x*y), Kg((yfl*:z*y)

Conversely, let D (z) = D (y~'*x* y) . Then
D

and then
D (zxy) = (Jp (zy), Kp(zy)) = (Jp (yx), Kp (yx)) =D (y* ).

4. RELATIONS AMONG THE BEAL’S Fuzzy SET WITH COSETS

In this section, we study the concept of strongest relations cosets and middle cosets of
Beal’s fuzzy set.

Definition 4.1. Let D = (Jp, Kp) € BFSG w.r.t norms and A = (Ja, K4) € BFS(G x
G) w.r.t norms. we say that A is the strongest relation of G w.r.t D if A(x,y) =
(JA (z,y), Ji (2,y)) such that T3 (z,y) = T(J} (), J¥ (y)) and

K% (z,y) = S(K%4(z), K4 (y)) forall (x,y) € G xG.
Proposition 4.1. Let D = (Jp,Kp) € BFSG and A = (Ja, Ka) € BFS(G x G) such

that A be the strongest relation of G w.r.t D. Then D € BFSG w.r.t norms if and only
if A€ BFS(G x G) w.r.t norms.

Proof. Let D = (Jp,Kp) € BFSG w.r.t norms. First we show that
JUV((z1, z2) (y1,y2)) > T{IR (z1,y1), JX (w2,y2)} for all (z1,22), (y1,y2) € G x G.
i (w1, 22) (y1,92)) = T4 (211, 22y2))
=T(Jp (z1,91) . JD (22, 92))
> T(T (Jp (x1), Jp (22)), T(JD (v1) 5 B (¥2)))
=T(T(Jp (1), Jp (y1)), T(JD (22), Jp (y2))
T(JR ((z1,91), JA (22,92))

Similarly, we will have,

Ki((w1,22) (y1,42)) < S(KR (z1,01) , K (22,92))
for all (x1,22), (y1,42) € G X G.
We now show that J'{" ((w,y)fl ) > JV (xz1,11), forall (z,y) e G xG

(@) =I5 @y
=T (5 (=), T (v7'))
>T(Jp (2), Jb(y))
= Ji(z,y)
Similarly, K%(z,y)"' < K% (z,y), for all (z,y) € G x G. Hence by Definition A =

(Ja, Ka) € BFS(G x G) w.r.t norms.
Conversely, suppose that A = (Ja, K4) € BFS (G x G) w.r.t norms.



1356 TWMS J. APP. ENG. MATH. V.16, N.11, 2026

(i) Let z1, 22,41, y2 € G with 29 = y2 = eg. Then W.K.T D(e) O D(x1,y1). Then
Jp (z1,91) =T (Jp (z1,11) , Jp (eq))
=T(Ip (z1,91), B (22,92),
= Ji'((z1,91, 72,92)

(ii) Let z,y € G with y = eq. we obtain
Jp () =T (Jp () , Jh(eq))
>T(JE (z74), I3 (7))

=Jp v
=75 (@)
> JB (@)

=T (J (@), J§

and thus

Also

= Kp(a~'y™)

= Kp((2,)) "

< Kp((z,9))

= S(Kp (z), Kp(e))
< S(Kp (z), Kp ()
= K ()

Thus K7, (z71) < K} (x).
Therefore from (i) and (ii) we have that D = (Jp, Kp) € BFSG w.r.t norms. O
Definition 4.2. Let D = (Jp, Kp) € BFSG w.r.t norms. Then the middle coset aDb :

G — [0,1] is defined by (aDb) (z) = (aJpb , aKpb) (z) = (Jp (e 'zb™'), Kp (a b 1))
forallx € G and a,b € G.

Proposition 4.2. Let D = (Jp, Kp) € BFSG w.r.t norms. Then aDa~! € BFSG
w.r.t norms for any a € G.
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Proof. Let a,z,y € G. Then

>T (Jg“a_lxa) . JP(a Yya))
=T ((aJpa™) (), (aJpa™) (v))
Then,
(aJpa™) (zy) > T (aJpa) (z), (aJpa™") (v))
Also,
(aKpa Y (zy) = K} (a 'zya)
= Kp (a_lxaa lya)
< S(Kp (a 'za), Kp(a 'ya))
— S((akpa) (), (a Kpa~h)())
Then
(aKpa™") (zy) < S((aKpa™) (z), (a Kpa~")(y))
and
(aJpa D) =Jp(a 'z a)
=Jpy ((a_lxa)il)
> JN (e za)
= (an}a 1) (x)
Thus
(aJpa™t) (z71) > (aJBa™') (z)
Moreover,
(aKga_l) (l'_l) =K} (a Ly la)
= K} ((a 1xa)_ )
< K} (a”'za)
= (aKBa 1) (x)
Thus

(aKBa_l) (x_l) < (aKga_l) ().
Thus aDa~' € BFSG w.r.t norms for any a € G.
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Definition 4.3. Let D = (Jp, Kp) € BFSG. Then coset aD = (aJp , aKp) : G —
[0,1] is defined by (aD) (x) = (aJp, aKp) (z) =J% (e tz), Kp (e 'w) = D (a 'x) for

allr € G and a € G.

Proposition 4.3. Let D = (Jp, Kp) € BFSG and T, S be idempotent norms. Then

xD = yD if and only if D (xfly) =D (yilx) =D (eq), for all x,y € G.
Proof. Let x,y,g € G.

If 2D = yD, then 2D (z) = yD (z), D (z7'z) = D (y~'z) and so D (eg) = D (
Also as 2D = yD so zD (y) = yD(y) and then (z~'y) = D(y~'z).

).



1358 TWMS J. APP. ENG. MATH. V.16, N.11, 2026

Then D (z7'y) = D (eq). Therefore D (z71y) = D (y~'z) = D (eq).
Conversely, let D (:p_ly) =D (y‘lx) = D (eg). Then
zJB (9) = Jp(x"g)
=Jp (z7'yy 'g)
> TR (1), JB (v '9))
=T (JB (ec), JB (v '9))
>TJE (v '9) , JB (v '9))
=J5 (v '9)
=yJp(y)
=Jp (y~'9)
=Jp (y_lmc_lg)
> T3 (y~'z), JB (¢7'9))
=T(Jp (eq), JB(z7"9)
>T(Jp («7Yg), JB (¢7g))
= Jp(a"g)
=zJp(9)
Also,
zKp (9) = Kp(z™
= Kp (=7 'yy'g)
>S5 (=), J5 (v '9))
=S (JB (eq), JB (y~'9))
<SR (v ') . JB (v '9))
=K} (y~'9)
=yKp(y)
=K} (y™'9)
=K} (yilwaflg)
< S(Kp (y~'a), Kp(a7'9))
= S(K} (eq), Kp(a™'g)
< S(Kp (¢7'g) . Kp (¢71g))
= Kp(z™'g)
= zKp(g)
Therefore
xD (9) = (xJp (9), xJp(9)) = (vJp (9), YK (9))
=yD(g),
Then
xD =yD.
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Also let z,y,g € G.

If D = yD, then zD (33) ( )5
Then D (z7'z) =D (y~ ) so D(eg) =D (y 'z).
AlsoasxD:stomD() yD(y)

and then D (z7'y) = D(y~ a:)
Then D (z7'y) = D(eq).
Therefore D (z7'y) = D (y~'z) = D (eq). O

Proposition 4.4. Let D = (Jp,Kp) € BFSG w.r.t norms. If tD = yD, then D (x) =
D (y) for all z,y € G.

Proof. As D = yD by Proposition (4.3) gives us that D (:r_ly) =D (y_laz) = D(eq)
for all x,y € G. Now,
I (x) =JP (yy~ ')

>T (I35 (v), JB (v))

=T(Jp (y), Jp(eq))

>TUp W), Jp (y)

=Jp (v)

— 3 (o)

> T(Jp (), Jp («71))
=T(Jp(z), Jp (eq))
> T(Jp (x), Jp ()
=Jp(e)

we get that
Jp () =Jp (y).-
Also,
K} (z) = Kp (yy ')
< S(Kp(y). K" (y™))
=S(Kp(y), Kplea))
<T(Kp(y), Kpy))
= Kp (y)
= K} (ms_ly)
< S(Kp (2), Kp (27))
— S(Kp(2), Kp (ec))
< T(Kp (2), K ()
— Kp(e)
we get that

D(z) = (Jp (z), Kp () = (Jp' (v), KB (y)) =D (y).
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Definition 4.4. We say that D = (Jp ,Kp) € BFSG w.r.t norm is a normal if
I (wyz™t) = I (y) and K} (wyz™t) = K}(y) for all z,y € G. we denote by BFNSG
the set of all normal Beal’s fuzzy subgroup of G w.r.t norms.

Proposition 4.5. If D = (Jp ,Kp) € BFNSG, then the set & = {a¢D/x € G} is a
group with the operation (zD) (yD) = (zy) D..

Proof. The result is straight forward. O

Remark 4.1. (i) If x,y € G, then xy € G.
If xD,yD € &, then (zD) (yD) = (zy) D € & (Closure Law)
(ii) Let x,y,z € G. Then x (yz) = (zy) z..
Now let ,yD, zD € %. So

(D) [(yD) (2D)] =

xzD) (yD)] (zD) (Associative Law)

(iii) Let v € G. Then req = eqx = .
Thus (zD) (eq) = (ze, D) = (e, xD) =aD (Identity Law)
(iv) If x € G, then there is an element x~' € G such that xa~' = 272 = eq. If xD € %,

then there is an element (zD)™* = 271D ¢ % such that
(zD) (#D)~" = (xD) (z7'D) = (z27'D) = (z7'2D) = e¢D = D. (Inverse Law)
Hence G/D is a group.

Proposition 4.6. Let ¢ : G — H be a homomorphism of group and let A = (Ja, K4 ) €
BFNSG(H) and D = (Jp, Kp) € BFNSG(G) be a homomorphic pre-image of A. Then
X : % — % such that x (xD) = ¢ (z) A, for every x € G, is an isomorphism of groups.

Proof. Firstly, we prove that y is a group homomorphism. Let z,y € G. Then
x ((xD) (yD)) = x ((zy) D) =¢(zy) A (Since ¢ is a homomorphism)
¢ (x)p(y) A

=o(@)Ao(y) A
x (zD) x(yD)

and so x is a group homomorphism.
Clearly, x is onto and we prove that y is 1 1. If x(zD) = x(yD), then ¢ (£) A= ¢ (y) A
from this, we clearly know that A( (m) ( ) ((;5 (y 1¢( )) = A(¢ (eq))

and so A(¢(z)” qb(y) = ( ))

and then A(¢(z~'y)) = A(¢>( lz) = A¢ ( ))
which implies that D (xfly) D (y la:) = D(eq) and thus by Proposition 4.1 gives that
xD = yD which implies that x is an isomomorphism of group. O

CONCLUSION

Here, we studied the new kind of Beal’s Fuzzy Subgroups with respect to norms.Beals
fuzzy subgroup structure with min-max norms have important application in artifical
integellience, decision making system, pattern recoginition and uncertainity modelling,
where vague and imprecise information must be handled efficency. Beals fuzzy subgroup



K. BALASUBRAMANIYAN, C. DILLY RANI: BEAL’S FUZZY NORMAL SUBGROUP ... 1361

also applicable in various mathematical structures especially in quantum structures with
combination of hilbert algebras and hope algebra.

Funding Declaration. This manuscript not supported by any Funding agency.

Future work. One can obtain the various structures like fuzzy set such as soft set,
picture fuzzy set and Neutrosophic set of algebric structures. Future research direction
include integrating beals fuzzy subgroup models with machine learning, deep learning, and
optimization techniques to improve intelligent system, cyber security, data classification
methods under uncertain environment.
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