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P-ORDER ANALYSIS OF e-OPEN SETS IN CUBIC PICTURE FUZZY
TOPOLOGICAL SPACES

G. SARAVANAKUMAR', K. SUGANTHI'2, §

ABSTRACT. In this paper, we introduce and investigate new classes of generalized open
sets-namely, e-open, e"-open, a-open, and (-open sets—within the framework of Cu-
bic Picture Fuzzy Topological Spaces (CPFTS’s) under P-order. Our study extends
the theory of generalized open sets to the richer structure of C PFTS’s, which com-
bine interval-valued and tri-component fuzzy membership functions. We provide formal
definitions for these open sets in CPFTS’s and explore their fundamental topological
properties. We establish a series of characterizations and inclusion relationships among
the defined sets, supported by illustrative examples and counterexamples. These results
highlight the distinct nature of each open set type and their non-reversible implications
under set-theoretic operations. Our approach emphasizes both algebraic and topological
aspects, revealing a refined hierarchy of openness in the context of CPFTS’s. Further-
more, we analyze the behavior of these sets under P-order, offering insights into how
order structures influence topological properties in fuzzy environments. The dual-order
framework enables a deeper understanding of neighborhood systems and proximity re-
lations in CPFTS. This study fills an important gap in the literature by assimilating
generalized open set theory with CPFT'S’s for the first time. The findings pave the way
for future research in fuzzy topology and its applications in decision-making systems,
intelligent environments, and uncertainty modeling.
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1. INTRODUCTION

The growing complexity and uncertainty inherent in real-world systems have led to the
emergence of advanced mathematical tools capable of handling vagueness, indeterminacy,
and imprecision. Among these tools, the theory of fuzzy sets, first introduced by Zadeh
[18], has undergone substantial extensions through the development of intuitionistic fuzzy
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sets[3], picture fuzzy sets [4], and more recently, cubic picture fuzzy sets (C'PFS’s) which
combine the interval-valued structure of cubic sets with the tri-component membership of
picture fuzzy sets. Ashraf et al. [2] first proposed CPF'S’s as a robust extension of fuzzy
models, providing enhanced representational capabilities using three degrees of evaluation:
positive, neutral, and negative.

Building upon this foundation, Jun et al. [17] and others have developed algebraic
operations and structural properties of cubic sets, which were later applied to CPF'S’s.
CPFS’s have since found wide relevance in practical domains including decision-making,
medical diagnosis, and more recently, intelligent supply chain systems and blockchain-
integrated environments [13]. In particular, C PT'S’s under P-order and R-order frame-
works have been introduced to model spatial uncertainty with greater logical expressiveness
and flexibility [13]. These topological structures accommodate dual-ordering operations
and provide a foundation for investigating open set structures under uncertainty.

Parallel to these developments, the concept of generalized open sets—mnotably e-open
sets-introduced by Ekici [5], has played a significant role in refining continuity, compact-
ness, and related topological properties in classical and fuzzy topological spaces. Ekici’s
subsequent works introduced further generalizations such as e*-open sets [9], a-open sets
[10], and (D, S)*-sets, along with decompositions of continuity [5, 6, 7]. These gener-
alized open sets form a hierarchy of openness that bridges classical and semi-open sets,
and have been studied extensively in fuzzy and intuitionistic fuzzy contexts.Recently, sev-
eral authors have advanced the study of cubic and picture fuzzy topological structures
through the development of cubic intuitionistic fuzzy topologies [14] and cubic m-polar
fuzzy topological spaces [16].

Furthermore, topological investigations under cubic hesitant fuzzy environments have
been explored in [15], extending the applicability of cubic multi-valued logic.

Studies on picture fuzzy soft topological spaces and their practical implications in med-
ical decision-making appear in [1], highlighting the growing importance of generalized
picture fuzzy topologies. Additionally, new forms of generalized open sets in picture fuzzy
topological spaces have been introduced in [11], enriching the hierarchy of openness in
fuzzy settings. However, despite this extensive exploration, no significant research has
extended these generalized open sets-especially e-open sets and their nearby variants-into
the richer structure of CPFTS’s.

Research Gap. Although CPFS’s have seen meaningful application in modeling un-
certainty in real-world systems, the integration of generalized open sets such as e-open
sets into the CPFTS’s setting remains largely unexplored. Previous works have either
addressed open set structures in intuitionistic fuzzy or basic fuzzy spaces [5, 10], or inves-
tigated topological properties of CPF'S’s without introducing refined notions of openness.
This absence of foundational work on e-open sets and their characterizations in CPFT'S’s
presents a significant gap in the literature.

Motivation and Novelty. Motivated by this gap, the present study is the first to explore
e-open sets and their nearby generalizations including e*-open, a-open, and [-open sets
within the framework of CPFTS’s under P-order. We introduce new characterizations of
these sets and investigate their mutual relationships, topological behaviors, and algebraic
properties through a series of theorems and illustrative examples. This P-order explo-
ration enables a richer understanding of proximity and neighborhood-based structures in
CPFTS’s.

Objective. This study aims to:

e Introduce and formally define e-open sets and their nearby open variants in CPFTSs.
e Characterize these sets under P-order frameworks.
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e Explore the relationships between these generalized open sets through set-theoretic
operations.

o Illustrate the topological structure and non-reversible implications among the gen-
eralized open sets.

Significance. This work advances the theoretical landscape of fuzzy topological spaces by
unifying multi-valued logic with interval-valued membership and order-based topologies. It
opens new pathways for further research in uncertainty modeling, artificial intelligence, and
systems analysis where fuzzy, granular, and non-binary data representations are essential.
The insights obtained can also aid in refining decision support systems, smart transport
frameworks, and metaverse-based digital environments where neighborhood sensitivity and
flexible openness criteria are critical.

2. PRELIMINARIES

Definition 2.1 ([18]). A fuzzy set X\ in a set X is defined to be a function A : X — 1
where I = [0, 1].

Definition 2.2 ([19]). A closed sub interval @ = [a~, a*] where 0 < a~ < at < 1 of
I =10, 1] is called Interval number. Where, [I] denote the set of all interval numbers.

Definition 2.3 ([19]). Let X be a nonempty set. A function p : X — [I] is called an
interval-valued fuzzy set(briefly, IVFS) in X. Let [I] stand for the set of all IVFS’s in
X. Forevery u € [I)X andx € X, u(x) = [u~ (), u* (2)] is called the degree of membership
of an element x to pu, where p= : X — I and u™ : X — I are fuzzy sets in X which are
called lower fuzzy set and an upper fuzzy set in X, respectively.

Definition 2.4 ([17]). Let X be a non-empty set. Then a structure A = {{x, p(x), \(z)) |
x € X} is a cubic set in X in which p is an IVFS in X and X is a fuzzy set in X.

Definition 2.5 ([4]). Consider a non-empty set X. We define a picture fuzzy set(PFS)
as follows J(x) = {((s,a(z),B(z),y(x)) | v € X)}, where a : X — [0,1],5 : X —
[0,1],7 : X — [0, 1] represent the positive membership degree, neutral membership degree
and negative membership degree of the element x with respect to the set X, respectively.
Additionally, o, and v must satisfy the condition 0 < a(z) + B(x) + v(x) < 1 for all
x e X.

Definition 2.6 ([4]). Consider a non-empty set X. Let S(z) denote an interval valued
picture fuzzy set(IVPFS) defined in X as follows S(x) = {{x,a(x), B(x),y(z) | = € X},
where o : X — [0,1],8 : X — [0,1],7 : X — [0,1] represent the positive member-
ship degree, meutral membership degree and negative membership degree of the element
x with respect to the set X. Moreover a(x),(x) and vy(x) must satisfy the condition
0 < sup(a(x)) + sup(B(x)) + sup(y(x)) < 1, for all x € X.

Definition 2.7 ([2]). Consider a non-empty set X. The concept of a cubic picture fuzzy
set(CPFS) can be represented as follows A = {([ai, o], [Bi, Bjl, [isV4]), (o, B,7) }, where
a: X = [0,1],8: X — [0,1],7 : X — [0,1] represent the positive membership degree,
neutral membership degree and negative membership degree of every element with respect
to the set X.

Definition 2.8 ([2]). Let us consider a universal set X. Then the CPFS A = {([oy, o],
[ﬁ’ia ﬁj]v [%a ’YJD’ <Oé, 53 ’7>} is classiﬁed as fOllOU}S

(i) Positive-internal if o;(z) < a(z) < oj(z), Ve € X.

(it) Neutral-internal if B;(z) < p(z) < Bj(x),Vx € X.
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(11t) Negative-internal if v;(z) < y(x) < vj(x), Vo € X.

If the CPFS A = {{[au, o], [5s, Bi)s [V, v5])s (@0, B, 7) } in X is satisfied all the above prop-
erties then the CPFS is said to be an internal CPFS in X.

Definition 2.9 ([2]). Let us consider a universal set X. Then the CPFS A = {([a;, o],
[52'7 5]]7 [’Yla 7]])) <Oé7 /Ba ’Y>} is classiﬁed as fOllO'U}S

(i) Positive-external if a(x) ¢ [oi(z), aj(z)], Ve € X

(7i) Neutral-external if B(x) ¢ [Bi(x), Bj(z)],Ve € X
(iit) Negative-external if v(z) ¢ [vi(z),~;(x)],Vor € X

Definition 2.10 ([2]). Let X be a set. Consider a CPFS A = {([cu, a5, [Bi, 5], [ Vi),
(o, B,7)} in X. Then its complement is defined as A° = {{[vi, V3], [5s, B, [ou, o], (v, B, ) }

Definition 2.11
[0,0],[1,1]), (0,0,

([13]). Let us consider a universal set X. Then the CPFS, 0 = {{[0,0],
1)} is called a null P-CPFS.
1

0
Definition 2.12 ([13]). Let us consider a universal set X. Then the CPFS, 1 = {{[1,1],
[0,0],[0,0]), (1,0,0)} is called a absolute P-CPFS.

Definition 2.13 ([2]). Let A = {{[ou,, ], [Bir, Bin)s Vins i ))s (@, Bi,m)} and B =
{([via, o], [Bins Bials [Vias Vial)s (2, B2,72) } be two CPFS’s. Then the operations on
CPFS’s under the P-order are defined as follows.

(i) A Cp B iff Vo € X, [ailvajl] < [ai27aj2]7[6i1’/8j1] > [6i2>5j2]7['7i17'7j1] > [%’277]'2]7
ar < oo, f1 > Pa, 71 > Y2
(i) Union of two CPFS’s

{mam{ail y Qg }7 mm{,@’“ ) ﬁiz }7 min{7i1 ) ’Yiz}}
AUp B = {mam{ajl ) O‘]é]’? min{ﬂjl ) /sz }7 min{7j1 » Vi2 }}
{max{ai, az}, min{p1, B2}, min{y1,72}}

(iii) Intersection of two CPFS’s

{min{ail y Qi }7 mln{ﬂll ) Biz }7 max{’)/h y '72'2}}
Anp B =< {min{oy,,oj,}, min{B;,, Bj, }, max{vj,vj,}}
{min{a1, as}, min{ B, B2}, max{y1,72}}

Definition 2.14 ([13]). A P-CPFT is the family Fp of CPFS’s in X which satisfies
the following conditions:
(i) 0,1¢ Fp '
(i) If A; € Fp, then USN A; € Fp
(i) If A,B € Fp, then A NpB € Fp
The pair (X, Fp) is called the P-CPFTS and any CPFS in Fp is known as P-cubic

picture fuzzy open set(CPFpos) in X. The complement A of a CPFpos A in P-CPFTS
(X, Fp) is called a P-cubic picture fuzzy closed set(CPFpcs) in X.

Definition 2.15 ([13]). Those cubic sets which are both CPFpos and CPFpcs are called
P-cubic picture fuzzy clopen sets(C PFpclop.s) in (X, Fp).

Definition 2.16 ([13]). Let (X, Fp) be a P-CPFTS and A be a CPFS in (X, Fp). Then
the P -CPF interior and P -CPF' closure are defined by

CPFpint(A) = Up{A; | A; is a P- CPFpos in X and A; Cp A}

CPFpcl(A) = np{A; | 4; is a P- CPFpcs in X andA Cp A;}.
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3. P-ORDER e-OPEN SETS IN CUBIC PICTURE Fuzzy TOPOLOGICAL SPACES

Definition 3.1. A CPFS L in a P -CPFTS (X, Fp) is said to be

(i) P - CPF regular open set(briefly,C PFpros) if L = CPFpint(CPFpcl(L))
(ii) P - CPF regular closed set (briefly,C PFpres) if L = CPFpcl(CPFpint(L))

Definition 3.2. A CPFS L is said to be a P -CPF

(i) & interior of L (briefly, C PFpdint) is defined by CPFpdint = J{G : G C L and G
is a CPFporos in X}.

(ii) & closure of L (briefly, CPFpdcl) is defined by CPFpdcl = ({G:G D L and G is a
CPFpores in X}.

Definition 3.3. A CPFS L is said to be a P - CPF
(i) 6-pre open set(briefly, CPFpdPos) if L Cp CPFpint(CPFpdclL).
(ii) §-pre closed set(briefly, CPFpdPcs) if L Dp CPFpcl(CPFpdintL).
(iii) 6-semi open set(briefly, C PFpdSos) if L Cp CPFpcl(CPFpdintL).
(iv) §-semi closed set(briefly, CPFpdScs) if L Dp CPFpint(CPFpdclL).
(v) e-open set (briefly, C PFpeos) if L Cp CPFpcl(CPFpdintL)JC P Fpint (CPFpdclL).
(vi) e-closed set (briefly, CPFpecs)L Dp CPFpcl(CPFpdintL) N CPFpint (CPFpoclL).
(vii) e*-open set(briefly, CPFpe*os) if L Cp CPFEpcl(CPFpint(CPFpdclL)).
(viii) e*-closed set(briefly, CPFpe*cs) if L Dp CPFpint(CPFpcl(CPFpdintL)).
(iz) a-open set (briefly, C PFpaos) if L Cp CPFpint(CPFpcl(CPFEpdintL)).
(z) a-closed set (briefly, CPFpacs) if L Dp CPFpcl(CPEpint(CPFpdclL)).
(xzi) B open set (briefly, CPFpPos) if L Cp C'PFpcl(CPFpint(CPFpcl(L)))
(zit) B closed set (briefly, CPFpfcs) if L Op CPFpint(CPFpcl(CPFpint(L)))

The family of all CPFpdPos (resp. CPFpdPcs, CPFpdSos, CPFpdScs, CPFpeos,
CPFpecs, CPFpaos,CPFpacs, CPFppos,CPFpfcs, CPFpe*os, & CPFpe*cs) of X is
denoted by CPFpdP OS(X) (resp. CPFpdPCS(X), CPFpéSOS(X), CPFpoSCS(X),
CPFpeOS(X), CPFpeCS(X), CPFpaOS(X), CPFpaCS(X),CPFppOS(X), CPFpp
CS(X), CPFpe*OS(X) & CPFpe*CS(X)).

Definition 3.4. A CPFS L is said to be a P-CPF
(i) e-interior(resp. e*-interior) of L is defined by CPFpeintL(resp. CPFpe*intL) =
Up{G: G C L & G is a CPFpeos(resp. CPFpe*os)inX}.

(ii) e-closure (resp. e*-closure) of L is defined by CPFpeclL(resp. CPFpe*clL ) =
Np{G: L C G & G is a CPFpecs(resp. CPFpe*cs)inX}.

(iii) & pre interior(resp. 0 semi interior) of L (briefly, C PFpdPint) (resp. CPFpdéSint )
is defined by C PFpdPint(resp. CPFpéSint) = Up{G : G C L & G is a CPFpdPos
(resp.CPFpdSos) in X }.

(iv) § pre closure (resp. & semi closure) of L (briefly, CPFpdPcl (resp.CPFpdScl))
is defined by CPFpdPcl(resp. CPFpéScl) = p{G : L C G & G is a CPFpecs
(resp.CPFpdPcs & CPFpdScs) in X}.

(v) a-interior(resp. [-interior) of L is defined by CPFpaintL(resp. CPFpfintL) =
Up{G : G C L & G is a CPFpaos(resp. CPFpfos)inX}.

(vi) a-closure (resp. B-closure) of L is defined by CPFpaclL(resp. CPFpfSclL ) = (p{G :

L CG & G is a CPFpacs(resp. CPFpfcs)inX}.

Proposition 3.1. Let A, B,C,D beCPFSs on a nonempty set X. Then the following
statements hold under P—order:
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(i) If ACp B and C Cp D, then
AUpC Cp BUp D.
(i) If A Cp B and C Cp D, then
AnpC Cp BNp D.
(iii) If A Cp B, then the complements reverse the order:
B¢ Cp A°.
Proof. Let x € X be arbitrary. Write each cubic picture fuzzy value as
Aw) = ([0, o' 181 571 bt '), (0, 574 h)),
and similarly for B, C, D.
(i) Preservation of P—order under P—union.
Assume A Cp B and C Cp D. Thus,
of <aj, af <o,

and similarly for all other positive, neutral and negative interval bounds and crisp mem-
bership components in the directions dictated by P—order.
For the positive—interval lower bound we compute:

a?UPC = max{af‘, aic} < max{aiB, aiD} = azBUPD,

since max is monotone in each argument.
Similarly,

AUpC _ A C B Dy _ , BUpD

o =max{c;, aj } <max{a), aj } = a; .

For the neutral lower bound (min is used in union):

AUpC . [ pA . BUpD
B = min{B7, A7} > min{B7, 57} =577,
because A Cp B and C Cp D imply g > P and B¢ > gP.
The same arguments hold for (/;) and (7;,7;) using the fact that min and max preserve
the inequality directions required by P—order.
For the crisp components,

aArC — max{aA, aC} < maX{aB, aD} = aBUPD,
and
pA7C = min{p4, 57} > min{B”, AP}, 41 = min{y”, 1} > min{r”, 4P},
Thus every coordinate satisfies the inequalities required by A Up C Cp B Up D.
(ii) Preservation of P—order under P—intersection.
Now intersection uses the dual min/max structure:

AnpC
Oél Y

— minf{af, af} < minfa?, aP} = aPP
because o' < af and of < oP.

For neutral components (intersection uses max):

BAC = max (g2, B} > max{BP, 5P},

using BZA > BB and Bio > BP.
Negative intervals and crisp components follow identically by monotonicity of min and
max.
Thus,
AnNpC Cp BNp D.
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(iii) Complement reverses the P—order.
Using the definition:
A A A QA A A A pA A
AC(x> = ([’77, 77]' ]7 [51 76]‘ ]7 [ai 7aj ]7 <’Y aB y & >)7
and similarly for B.
Assume A Cp B. Thus,
WAl A zAp
implying
B

Q;

¢ B A A€
=% <V =,
and similarly for every positive coordinate, showing
B < o,
Neutral components satisfy 38° = BB < 4 = B4 in the sense of reversed inclusion,
and the negative components satisfy the dual relation.
Therefore each coordinate of B¢ satisfies the P—order inequality with respect to A€,
hence
B¢ Cp A°.
This proves all three parts. ([l

Proposition 3.2. The statements are hold but the converse does not true.
(i) Every CPFpdos (resp. CPFpics) is a CPFpos (resp. CPFpcs).
(ii) Every CPFpos (resp. CPFpcs) is a CPFpdSos (resp. CPFpdScs).
(iii) Every CPFpos (resp. CPFpcs) is a CPFpoPos (resp. CPFpdPcs).
(iv) Every CPFpdSos (resp. CPFpdéScs) is a CPFpeos (resp. CPFpecs).
(v) Every CPFpéPos (resp. CPFpdéPcs) is a CPFpeos (resp. CPFpecs).
(vi) Every CPFpeos (resp. CPFpecs) is a CPFpe*os (resp. CPFpe*cs).

Proof. (i) If L is a CPFpdos, then L = CPFpdintL C CPFpintL. . L is a CPFpos.
(ii) If L is a CPFpos, then L = CPFpintL. So, L = CPFpintL C CPFpcl(CPFpdintL).
. Lisa CPFpdSos.
(iii) If L is a CPFpos, then L = CPFpintL. So, L = CPFpintL C CPFpint(CPFpdclL).
. Lisa CPFpéPos.
(iv) If L is a CPFpdSos, then L C CPFpcl(CPFpdintL) C CPFpcl(CPFpdintLl) U
CPFpint (CPF]}D(SCZL).
. L is a CPFpeos.
(v) If L is a CPFpdPos, then L C CPFpint(CPFpdclL) C CPFpcl(CPFpdintL) U
CPFpint (CPFpoclL).
. L is a CPFpeos.
(vi) If L is a CPFpeos then L C CPFpcl(CPFpdintL) U CPFpint(CPFpdclL).
So L - CPFPCZ (CPFP(SintL) U CPFPint<CPFP5ClL) - CPF[PCZ (CPF[Pint(CPFP
dclL)).
. Lisa CPFpe*os.
It is also true for their respective closed sets. ]

Example 3.1. Let X be a non-empty set and Fp be the collection of P cubic picture fuzzy
sets in X then (X, Fp) be CPFpts. Let Fp={0,1, P1, Py, P3, Py} where P; = {([0,0],[0.05,
0.10], [0.85,0.90]), (0,0.10,0.90)}, P» = {([0.85,0.90], [0.05,0.10], [0, 0]), (0.90,0.10,0)}, Ps
= {([0.15,0.25],[0.05,0.10], [0.40,0.42]), (0.20,0.10,0.40) }, P, = {(]0.30,0.37], [0.05, 0.10],
[0.38,0.41]), (0.32,0.10,0.40) }, Ps = {([0.29, 0.30], [0.05, 0.10], [0.40, 0.41]), (0.30, 0.10, 0.36) },
Ps = {([0.32, 0.35], [0.05,0.10], [0.36, 0.37]), (0.33,0.10,0.36) }, P; = {([0.10, 0.20], [0.05, 0.10],



1380 TWMS J. APP. ENG. MATH. V.16, N.11, 2026

[0.30,0.37]), (0.15,0.10,0.32) }, Ps = {([0.40, 0.42], [0.05,0.10], [0.15, 0.25]), (0.41, 0.10, 0.20) }
then

(i) Ps is CPFpdPos but not CPFpos
(i) Ps is CPFpdSos but not C'PFpos
(iii) Ps is C PFpeos but not CPFpdPos
(iv) Ps is CPFpeos but not C PFpdSos
(v) Py is CPFpe*os but not CPFpeos
(vi) P is CPFpe*os but not CPFpfos
(vii) Py is CPFpfos but not C PFpeos

(viii) Pr is C PFpfos but not CPFpaos
(iz) Ps is CPFpeos but not C PFpaos

Remark 3.1. The diagram illustrates that the converse of the above proposition 3.2 does

not hold.
CPFpoPos C’PFpe os

/

CPFpos CPFpeos

CPFpoSos C'PF]paos

Theorem 3.1. The statements are true.

(i) CPFp6PelL D LU CPFpcl(CPFpdintL).
(ZZ) CPFpéPintL C LN CPFPint(CPFp5ClL).
(iii) CPFpdSclL D LU CPFeint(CPFpoclL).
(iv) CPFpdSintL C LN CPFEpcl(CPFpdintL).

\/

Proof. (i) Since CPFpdéPclL is CPFpdPcs, we have
CPFPCZ(CPFP(SintL) - Cpcl(deint(CP(S'PClL)) - CPFP(S’PCZL.

Thus LU CPEpcl(CPFpdintL) C CPFpdPclL.
The other cases are similar. O

Theorem 3.2. L is a CPFpeos iff L = CPFpdPintL U CPFpdSintL.

Proof. Let L be a Cpeos. Then L C CPFpcl(CPFpdintL) U CPFpint(CPFpdclL).
By Theorem 3.1, we have

CPFpoPintL U CPFpdSintL C LN (CPFpint(CPFpéclL)) U (L N CPFpcl(CPFpbintL))

— LN (CPFpint(CPFpéclL)) N CPFpcl(CPFpdintL)
=L
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Conversely, if L = CPFpdPintL U CPFpdSintL then, by Theorem 3.1
L = CPFpéPintL U CPFpéSintL
C (LN CPFpint(CPFpdclL)) U (L N CPFEpcl(CPFpdintL))
— LN (CPFpint(CPFpéclL) U CPFpcl(CPFpdintL))
C CPFpint(CPFpéclL) U CPFpcl(CPFpdintL)
and hence L is a CPFpeos. O

Theorem 3.3. The union (resp. intersection) of any family of CPFpeOS(X) (resp.
CPFpeCS(X)) is a CPFpeOS(X) (resp. CPFpeCS(X)).

Proof. Let {Lg : a € Fp} be a family of C'PFpeos.
For each a € Fp, Ly, € CPFpcl(CPFpdint(L,)) U CPFpint(CPEpdcl(Ly)).

U La € |J CPFpel(CPFgdint(R,)) U CPFpint(CPFedcl(Ly,))

aEFp a€Fp
C CPFpcl(CPFpdint(UL,)) U CPFpint(CPFpicl(UL,))
The other case is similar. O

Proposition 3.3. If L is a

(i) CPFpeos and CPFpéintL = 0, then L is a CPFpéPos.
(ii) CPFpeos and CPFpéclL = 0, then L is a CPFpdSos.
(iii) CPFpeos and CPFpdcs, then L is a C PFpdSos.

(iv) CPFpdSos and C PFpdcs, then L is a CPFpeos.

Proof. (i) Let L be a CPFpeos, that is
L C CPFpcl(CPFpdintL) U CPFpint(CPFedclL) = 0 U CPFpint (CPFpoclL)
= CPFPZ'nt(CPFIP(SClL)

Hence L is a CPFpdPos.
(ii) Let L be a CPFpeos, that is

L C CPFpcl(CPFpdintL) U CPFpint(CPFpdclL) = CPFpcl(CPFpdintL) U0
= CPFPCZ (C’PFpézntL)

Hence L is a CPFpdéSos.
(iii) Let L be a CPFpeos and C'PFpdcs, that is

L C CPFpcl(CPFpdintL) U CPFpint(CPFpoclL) = CPFpcl(CPFpdintL).
Hence L is a CPFpdSos.
(iv) Let L be a CPFpdéSos and CPFpics, that is
L C CPFpcl(CPFpdintL) C CPFpcl(CPFpdintL) U CPFpint(CPFpclL).
Hence L is a C' PFpeos. [
Theorem 3.4. L is a CPFpecs (resp.C PFpeos) iff L = CPFpeclL (resp.L = C PFpeintL.

Proof. Suppose L = CPFpeclL =(\{G: L C G & G is a CPFpecs}.
This means L € ({G : L C G & G is a CPFpecs} and hence L is C P Fpecs.Conversely,
suppose L be a CPFpecs in X. Then, we have L € "{G : L C G & G is a CPFpecs}.
Hence, L C G implies L = (\{G: L C G & G is a CPFpecs} = CPFpeclL.
Similarly L = CPFpeintL. O
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Theorem 3.5. Let L and G in X, then the CPFpecl sets have
(Z) CPF]}DCCZ(O) = 6, CPF]peCl(D = 1

(ii) CPFpeclL is a CPFpecs in X.

(iii) CPFpeclL C CPFpeclG if L C G.

(iv) CPFpecl(CPFpeclL) = CPFpeclL.

Proof. The proofs are directly from definitions of C' P Fpecl set. g
Theorem 3.6. Let L and G in X, then the CPFpeint sets have

(i) CPFpeint(0) = 0, CPFpeint(1) = 1.
(ii) CPFpeintL is a CPFpeos in X.
(iii) CPFpeintL C CPFpeintG if L C G.
(iv) CPFpeint(CPFpeintL) = CPFpeintL.

Proof. The proofs are directly from definitions of C'PFpeint set. g

Proposition 3.4. Let L and G are in X, then
(i) CPFpeclL® = [CpeintL]¢, CpeintL¢ = [CpeclL]°.
(ii) CPFEpecl(LUG) 2 CPFpecl LUCPEpeclG, CPFpecl(LNG) C CPEpecl LNC' P FpeclG.
(iii) CPFpeint(L U G) 2 CPFpeintL U CPFpeintG, CPFpeint(LNG) C CPFpeintL N
CPFpeintG.

Proof. (i) The proof is directly from definition.
(i) LC LUG or G C LUG. Hence CPFpeclL C CPFpecl(LUG) or
CPFpeclG C CPFpecl(L U G). Therefore, CPFpecl(L U G) 2 CPFpeclL U
CPFpeclQ.
The other one is similar.
(ili) LC LUG or G C LUG. Hence CPFpeintL C CPFpeint(LUG) or
CPFpeintG C CPFpeint(L U G). Therefore, CPFpeint(L U G) 2 CPFpeintL U
CP FpeintQ.
The other one is similar.
O

Proposition 3.5. If L is in X, then
(i) CPFpeclL O CPFpcl(CPFpdintL) N CPFpint(CPEpiclL).
(ii) CPFpeintL C CPFpcl(CPFpdintL) U CPFpint(CPFpdclL).
Proof. (i) CPFpeclL is a CPFpecs and L C CPFpeclL, then
CPFpeclL O CPFpcl(CPFpdint(CPFpeclL)) N CPFpint(CPFpicl(CPFpeclL))
> CPFpel(CPFpdintL) N CPFpint(CPFpiclL).
(ii) CPFpeintL is a CPFpeos and L O CPFpeintL, then
CPFpeintL C CPFpcl(CPFpdint(CPFpeintL)) U CPFpint(CPFpdcl(CPFpeintL))
C CPFpcl(CPFpdintL) U CPFpint(CPEpdclL).

Theorem 3.7. Let L be in X, then

(i) CPFpecllL = CPFpdPclL N CPFpdSclL.
(ii) CPFpeintl = CPFpdPintL N CPFpdéSintL.
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Proof. (i) It is obvious that, C PFpecl. C CPFpdPclL N CPFpdSclL. Conversely, from
Definition 3.4, we have

CPFpeclL O CPFpcl(CPFpdint(CPEpeclL)) N CPFpint(CPFpdcl(CPEpeclL))
D CPFpcl(CPFpdintL) N CPEpint(CPFpdclL).
Since CPFpeclL is CPFpecs, by Theorem 3.1, we have
CPFpéPclL N CPFpdSclL = LU CPFpcl(CPFpdintL) N (LU CPFpint(CPFpdclL))
= LN (CPFpcl(CPFpdintL) N CPFpint(CPFpdclL))
= L C CPFpeclL.

Therefore, CPFpeclL = CPFpdPclL N CPFpdSclL.
(ii) is similar from (i).

O
Theorem 3.8. Let L be in X. Then
(i) CPFpecl(i — L) =1 — CPFpeintL.
(i) CPFpeint(i — L) = 1 — CPFpeclL.
Proof. (i) Let G be CPFpecs in X and L be any set in X.
Then CPFpeintL = U{l ~G:1-GCL,1-GisaCPFpeosin X}
=1-({G:G21-L,Gisa CPFpecs in X}
=1— CPFpeclL.
Thus, CPFpecl(1 — L) = 1 — CPFpeintL
(ii) Let G be CPFpeos in X and L be any set in X.
Then CPFpeclL = ({1 -G:1- G2 L,1—Gisa CPFpecsin X}
=1-|J{G:GC1-L,Gisa CPFpeosin X}
=1 — CPFpeintL.
Thus, CPFgeint(1 — L) = 1 — CPFgeclL.
U

4. CONCLUSION

In this paper, we have introduced and analyzed novel classes of generalized open sets-
namely, e-open, e*-open, a-open, and S-open sets—within the framework of Cubic Picture
Fuzzy Topological Spaces (CPFTS’s) under P-order. Through rigorous definitions, illus-
trative examples, and counterexamples, we have demonstrated how these new open sets
exhibit distinct structural behaviors and contribute to a refined hierarchy of openness in
CPFTS’s. Our exploration of inclusion relationships and non-reversible implications un-
der set-theoretic operations establishes a deeper algebraic and topological foundation for
generalized openness.

The incorporation of P-order has proven essential in understanding the interplay be-
tween order structures and fuzzy topological properties, enriching the conceptual landscape
of neighborhood systems in such environments. This research bridges a critical gap by
extending generalized open set theory to CPFTS’s for the first time, laying the ground-
work for future studies in fuzzy topology, particularly in applications involving intelligent
systems, multi-criteria decision-making, and uncertainty modeling.
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