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ECCENTRICITY SPECTRUM OF JOIN OF CENTRAL GRAPHS AND

ECCENTRICITY WIENER INDEX OF GRAPHS

A. ASHOKAN1, A. V. CHITHRA1∗, §

Abstract. The eccentricity matrix of a simple connected graph is obtained from its
distance matrix by preserving the largest non-zero distance in each row and column,
while setting all other entries to zero. This article examines the ϵ-spectrum and ϵ-spectral
radius of central graphs of triangle-free regular graphs. The study further explores the
irreducibility of the eccentricity matrix of central graphs. Moreover, we investigate the
ϵ-spectrum and the irreducibility of various central graph operations, such as the central
vertex join, central edge join, and central vertex-edge join. Also, we compute the ϵ-energy
of specific graphs. These findings allow us to construct new families of ϵ-cospectral graphs
and non ϵ-cospectral ϵ-equienergetic graphs. Additionally, we estimate certain upper and
lower bounds for the eccentricity Wiener index of graphs and an upper bound for the
eccentricity energy of self-centered graphs.
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Introduction

All graphs considered in this paper are undirected, finite, and simple. Let G =
(V (G), E(G)) be a (p, q) graph with vertex set V (G) = {v1, . . . , vp} and edge set E(G) =

{e1, . . . , eq}. The adjacency matrix A(G) = (aij) of G is a p× p matrix whose (ij)th entry

aij is 1 if the ith vertex is adjacent to the jth vertex (i.e, vi ∼ vj) of G and 0 otherwise. The
eigenvalues of A(G) are called the A-eigenvalues of G. The collection of all A-eigenvalues
of G together with their multiplicities is called the A-spectrum. The sum of absolute val-
ues of A-eigenvalues of G is the adjacency energy of G, denoted as EA(G). The incidence
matrix R(G) = (rij) of G is a p × q matrix whose (ij)th entry rij is 1 if the ith vertex of

G is incident with the jth edge of G and 0 otherwise. The distance matrix D(G) = (dij)

of a graph G is a p× p matrix whose (ij)th entry dij is the distance between the vertices
vi and vj . The distance between the vertices vi and vj is denoted by d(vi, vj). The degree
of a vertex vi, denoted by deg(vi), is the number of edges incident with vertex vi. The
eccentricity of a vertex vi is defined as e(vi) = max{d(vi, vj) : vj ∈ V (G)}. The vertex vk
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is an eccentric vertex of vi if d(vi, vk) = e(vi). The minimum and maximum eccentricities
of all vertices of G are called radius (r(G)) and diameter (diam(G)) of G, respectively.
A graph G is self-centered if r(G) and diam(G) are the same. The total eccentricity of
a graph G is defined as ε∗(G) =

∑p
i=1 e(vi), and the eccentric connectivity index of G is,

ζ(G) =
∑p

i=1 deg(vi)e(vi).
The eccentricity matrix ϵ(G) of a graph G is a p× p matrix whose entries are defined as

ϵ(G) = (ϵij) =

{
d(vi, vj) if d(vi, vj) = min{e(vi), e(vj)},
0 otherwise.

A graph G is ϵ-regular if ϵ(i) = k (say), i = 1, 2, . . . p where ϵ(i) =
∑p

j=1 ϵij [20]. Note

that ϵ(G) is a real symmetric matrix. The eigenvalues of ϵ(G) are called the ϵ-eigenvalues
of G. Let ϵ1, ϵ2, . . . , ϵk be the distinct eigenvalues of ϵ(G), arranged in non-increasing order,
that is, ϵ1 > ϵ2 > . . . > ϵk. Then, the ϵ-spectrum of ϵ(G) is defined as

specϵ(G) =

(
ϵ1 ϵ2 · · · ϵk
m1 m2 · · · mk

)
,

where mi denotes the algebraic multiplicity of the eigenvalue ϵi, for each i = 1, 2, . . . k.
Let J and I represent the all-one matrix and the identity matrix of appropriate order,
respectively, and Q represent the equitable quotient matrix [1]. A square matrix M is
reducible, if there is a permutation matrix P such that

M = P T

(
N11 N12

0 N22

)
P,

where N11 and N22 are square block matrices. Otherwise, M is irreducible. Unlike ad-
jacency and distance matrices, the eccentricity matrix is not always irreducible. Certain
classes of graphs are discussed with respect to whether their eccentricity matrices are
irreducible or reducible in [9, 13, 14, 21, 23].

The concept of eccentricity matrix was introduced and studied in [21], which is also
known as the DMAX matrix [16]. The ϵ-spectral radius, ρϵ(G) of G is the largest absolute
value among the ϵ-eigenvalues, while the ϵ-energy, Eϵ(G) of G is the sum of the absolute
values of the ϵ-eigenvalues.

Two nonisomorphic graphs with the same order and the same ϵ-spectrum are called
the ϵ-cospectral graphs. Otherwise, they are non ϵ-cospectral. Two graphs are said to
be ϵ-equienergetic if they have the same ϵ-energy. Clearly, all ϵ-cospectral graphs are
ϵ-equienergetic, but the converse need not be true. Construction of non ϵ-cospectral ϵ-
equienergetic graphs is an interesting problem in spectral graph theory. In this article, we
explore several families of non ϵ-cospectral ϵ-equienergetic graphs.

The Wiener index of a graph is an important and well studied topological index in
mathematical chemistry. It is defined as W (G) = 1

2

∑
u,v∈V (G) d(u, v). In a similar way,

in [11], the eccentricity Wiener index (ϵ-Wiener index) of G is defined. The eccentricity
Wiener index of a graph G is defined as Wϵ(G) = 1

2

∑
ij ϵij . The inertia of the eccentricity

matrices for a few graphs has been discussed in the literature, see [4, 9, 10, 12, 14]. In this
work, we study the eccentricity inertia of various graphs.

In graph theory, operations on graphs play a significant role in constructing new graphs
from existing ones. The studies on the eccentricity spectra of some graph operations can
be found in [13, 14].

Jahfar and Chithra [8] defined the central vertex (edge) join operation on two graphs
and examined the adjacency spectra of the resulting graphs when they are regular. In
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[7], Haritha and Chithra computed the distance spectra of the central vertex join and the
central edge join of two graphs, where the first graph is a triangle-free regular graph and
the second is a regular graph. A new graph operation, the central vertex-edge join, was
introduced in [5], and its distance spectrum was estimated. Motivated by these studies,
we investigate the ϵ-spectrum of central graphs, central vertex joins, central edge joins,
and central vertex-edge joins of graphs.

Darabi et al. [3] established the relationship between the Wiener index and the total
eccentricity of a graph. In[11, 17], the authors have found lower bounds for the eccentricity
spectral radius and the eccentricity spectral spread of a graph G using the ϵ-Wiener index
of G. The ϵ-Wiener index of a graph, derived from the eccentricity matrix, is a relatively
less studied topological index. In this paper, we focus on estimating some bounds for the
ϵ-Wiener index of a graph in terms of its total eccentricity, and its eccentric connectivity
index.

This article is organized as follows: Section 2 covers preliminary results. In Section 3,
we explore the ϵ-spectrum, irreducibility, and ϵ-spectral radius of the central graph of a
graph. Also, we estimate the ϵ-spectrum and ϵ-energy of the complement of the central
graph. Furthermore, we determine the ϵ-spectrum, irreducibility and ϵ-Wiener index of
the central vertex (edge) join of graphs, where the first graph is a triangle free regular
graph and the second is a regular graph. Additionally, we compute the ϵ-spectrum of
the central vertex-edge join operation of a triangle-free regular graph with regular graphs.
Using these graph operations, we construct new families of ϵ-cospectral graphs and non
ϵ-cospectral ϵ-equienergetic graphs. Section 4 presents lower and upper bounds for the
ϵ-Wiener index of G, as well as a Nordhus-Guddum type upper bound for the ϵ-Wiener
index. Moreover, we present an upper bound for the ϵ-Wiener index for trees and the
ϵ-energy of a self-centered graph.

1. Preliminaries

This section contains some definitions and results that will be used in the next sections.

Definition 1.1. [2] The line graph L(G) of a graph G is a graph whose vertex set is same
as the edge set of G, and two vertices in L(G) are adjacent if the corresponding edges in
G share a common endpoint.

The line graph of L(G) is denoted as L2(G).The adjacency matrix of L(G) is represented
as B(G).

Definition 1.2. [2] Let G be a graph on p vertices and q edges. The central graph of G is
a graph C[G], is obtained by subdividing each edge of G exactly once (named as subdivision
vertex, denoted by I(G)) and joining all the non-adjacent vertices in G.

Lemma 1.1. [2] Let G be an r-regular, (p, q) graph with the adjacency matrix A(G) and the
incidence matrix R(G). Let L(G) be the line graph of G. Then R(G)R(G)T = A(G)+ rI,
R(G)TR(G) = B(G) + 2I, where B(G) is the adjacency matrix of L(G). Also, if J is an
all-one matrix of appropriate order, then JR(G) = 2J = R(G)TJ and JR(G)T = rJ =
R(G)J.

Lemma 1.2. [2] Let G be an r-regular, (p, q) graph with spec(G) = {r, λ2, . . . , λp}. Then

spec(L(G)) =

(
2r − 2 λ2 + r − 2 · · · λp + r − 2 −2

1 1 · · · 1 q − p

)
.

Also, Z is an eigenvector corresponding to the eigenvalue −2 if and only if RZ = 0.
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Definition 1.3. [8] Let G1 and G2 be any two graphs on p1, p2 vertices and q1, q2 edges
respectively. The central vertex join of G1 and G2 is the graph C[G1]∨̇G2, is obtained from
C[G1] and G2 by joining each vertex of G1 with every vertex of G2.

Definition 1.4. [8] Let G1 and G2 be any two graphs on p1, p2 vertices and q1, q2 edges
respectively. The central edge join of G1 and G2 is the graph C[G1] ⊻G2 is obtained from
C[G1] and G2 by joining each vertex corresponding to the edges of G1 (I(G1)) with every
vertex of G2.

Lemma 1.3. [8] Let G be an r-regular graph on p vertices and r = λ1 > λ2 ≥ . . . ≥ λp be
the adjacency eigenvalues of G. Then,

spec(C[G]) =

(
0

(p−1−r)±
√

(p−1−r)2+8r

2

−1−λi±
√

(1+λi)2+4(λi+r)

2
p(r−2)

2 1 1

)
,

i = 2, . . . , p.

Definition 1.5. [5] Let G1, G2, G3 be any three graphs of orders p1, p2, p3 and sizes
q1, q2, q3, respectively. The central vertex-edge join of G1 with G2 and G3 is the graph
C[G1] ∨ (GV

2 ∪ GE
3 ), which is obtained from C[G1], G2 and G3 by joining each vertex of

G1 with every vertex of G2 and each vertex corresponding to the edges of G1 with every
vertex of G3.

Lemma 1.4. [15] Let G be a connected graph on p ≥ 3 vertices. Then diam(L(G)) = 1 if
and only if G = K3 or G = K1,p−1.

Lemma 1.5. [15] Let G be a connected graph, none of the three graphs F1, F2 and F3

(see FIGURE 1) are an induced subgraph of G if and only if diam(L(G)) ≤ 2.

Figure 1. F1, F2 and F3

The complement G of a graph G has V (G) as its vertex set and two vertices are adjacent
in G if and only if they are nonadjacent in G.

Lemma 1.6. [18] If for any two adjacent vertices u and v of a graph G, there is a third
vertex w that is not adjacent to either u or v (Property(†)), then,

(1) G is connected,
(2) diam(G) = 2.

For any connected graph G, the eccentric graph, Ge, is defined as the graph with
V (Ge) = V (G) and any two vertices u, v ∈ V (Ge) are adjacent if and only if the dis-
tance detween them is min{e(u), e(v)} in G.

Theorem 1.1. [19] Let G be a (p, q) graph. Then the matrix ϵ(G) is irreducible if and
only if Ge is a connected graph.

Lemma 1.7. [22] Let G be a connected graph on p vertices. If diam(G) = 2 and the
maximum degree of G, denoted as ∆(G), satisfies ∆(G) < p− 1, then A(G) = 1

2ϵ(G).
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Lemma 1.8. [22] Let G be an r-regular (p, q) graph with diam(G) = 2 and e(vi) > 1, for
every vertex vi ∈ V (G), then

specϵ(G) =

(
2(p− r − 1) −2(1 + λ2) · · · −2(1 + λp)

1 1 · · · 1

)
,

where r = λ1 > λ2 ≥ . . . ≥ λp are the A-eigenvalues of G.

Lemma 1.9. [11] Let G be a connected (p, q) graph. Then ρϵ(ϵ(G)) ≥ 2Wϵ
p . Moreover,

the equality holds if and only if G is ϵ-regular.

Lemma 1.10. [24] Let N be the equitable quotient matrix of M. If N is irreducible and
nonnegative matrix, then M and N have the same spectral radius.

2. Eccentricity spectrum of central graph operations of graphs

This section investigates the ϵ-spectral properties of the central graph and its comple-
ment. In addition, we discuss the ϵ-spectral properties of certain central graph operations
such as the central vertex join, the central edge join, and the central vertex-edge join.
Additionally, we apply these concepts to construct new families of ϵ-cospectral and non
ϵ-cospectral ϵ-equienergetic graphs.

Theorem 2.1. Let G be a triangle-free, r-regular(r ≥ 2), (p, q) graph. Then the ϵ-spectrum
of ϵ(C[G]) consists of

(1) 3 with multiplicity q − p,

(2)
(3−(3r+λi)±

√
(5λi+3(r−1))2+16(λi+r)

2 , i = 2, . . . , p,

(3)
(3q−4r+3)±

√
(3q−8r+3)2+16(p−2)(q−r)

2 ,

where r = λ1 > λ2 ≥ . . . ≥ λp are the eigenvalues of A(G).

Proof. Let V (C[G]) = V (G) ∪ I(G). Then we have,

e(ui) =2, for every ui ∈ V (G),

and e(u′j) =3, for every u′j ∈ I(G).

Now, by suitable labeling of vertices, the eccentricity matrix of C[G] is of the form,

ϵ(C[G]) =

(
2A(G) 2(J −R(G))

2(J −R(G))T 3(J − I −B(G)

)
.

Let Ui(G), i = 2, . . . , p andWj(G), j = 1, . . . , q−p be the eigenvectors of A(G) and B(G)
corresponding to the eigenvalues λi and −2, respectively. Using Lemma 1.1, R(G)TUi(G)
is an eigenvector of B(G) corresponding to the eigenvalue λi + r − 2.

Let ζ be an eigenvalue of ϵ(C[G]). Then, find a real number s such that ϵ(C[G])χi(G) =

ζχi(G), where χi(G) =

(
sUi(G)

R(G)TUi(G)

)
. From the equation ϵ(C[G])χi(G) = ζχi(G), we

get

2sλi − 2(λi + r) = ζs,

−2s− 3(λi + r − 1) = ζ, (1)

2s2 + s(λi + 3(λi + r − 1))− 2(λi + r) = 0.
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Therefore, s =
−(5λi+3(r−1))±

√
(5λi+3(r−1))2+16(λi+r)

4 .
Hence from (1),

ζ =
(3− (3r + λi))±

√
(5λi + 3(r − 1))2 + 16(λi + r)

2
, i = 2, . . . , p.

Thus, we get 2(p− 1) number of eigenvalues of ϵ(C[G]).

Since ϵ(C[G])

(
0

Wj(G)

)
= 3

(
0

Wj(G)

)
, we get 3 is an eigenvalue of ϵ(C[G]) with mul-

tiplicity q − p. The remaining two eigenvalues of ϵ(C[G]) is obtained from the equitable

quotient matrix Q =

(
2r 2(q − r)

2(p− 2) 3(q − 2r + 1)

)
of ϵ(C[G]), which are

(3q − 4r + 3)±
√
(3q − 8r + 3)2 + 16(p− 2)(q − r)

2
.

□

The following corollary is an immediate consequence of Theorem 2.1 and Lemma 1.10.

Corollary 2.1. Let G be a triangle-free, r-regular (r ≥ 2), (p, q) graph. Then the ϵ-spectral
radius of C[G] is

ρϵ(C[G]) =
(3q − 4r + 3) +

√
(3q − 8r + 3)2 + 16(p− 2)(q − r)

2
.

The subsequent Lemma indicates that the graph C[G] holds the property(†). To deter-

mine the eccentricity spectrum of C[G], we use the following Lemma.

Lemma 2.1. Let G be a connected graph on p (p ≥ 3) vertices. If u and v are two adjacent
vertices in C[G], then there will be a third vertex w in C[G] that is not adjacent to both u
and v.

Proof. Let V (C[G]) = V (G) ∪ I(G), u and v be two adjacent vertices in C[G].
Case 1: Let u, v ∈ V (G). Since u and v are adjacent in C[G], then they are not adjacent

in G. Let P be a u− v path in G. If P is of length 2, then the internal vertex of P is the
required vertex. If the length of P greater than 2, then a subdivision vertex in between
any two internal vertices of P is the required vertex.

Case 2: Let u ∈ V (G) and v ∈ I(G). If u is a pendant vertex in G, consider the
vertex u1 adjacent to u in G, and then choose an adjacent vertex u2 of u1 in G. Then
the subdivision vertex corresponding to the edge u1u2 is the required vertex. If u is not
a pendant vertex in G, then there exists at least two vertices u3 and u4 in V (G) such
that they are adjacent to u in G. Without loss of generality, if we consider v to be the
subdivision vertex of the edge uu3 then u4 is the required vertex. □

From Lemmas 1.7, 1.6, 1.3 and 2.1 we obtain the following Corollaries.

Corollary 2.2. Let G be an r-regular graph on p vertices and r = λ1 > λ2 ≥ . . . ≥ λp be

the adjacency eigenvalues of G. Then, specϵ(C[G]) is(
0 (p− 1− r)±

√
(p− 1− r)2 + 8r (−1− λi)±

√
(1 + λi)2 + 4(λi + r)

p(r−2)
2 1 1

)
,

i = 2, . . . , p.

Let M be a symmetric matrix. The inertia of M, In(M) = (n+(M), n−(M), n0(M)),
describes the number of positive, negative, and zero eigenvalues of M , respectively.
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Corollary 2.3. Let G be an r-regular graph on p vertices. Then,

(1) In(C[G]) = (p, p, p(r−2)
2 ),

(2) Eϵ(C[G]) = 2EA(C[G]).

Theorem 2.2. Let G be a (p, q) graph and V (Tr′) be the collection of all vertices in G
that are not part of any triangle in G. Then,

(1) ϵ(C[G]) is irreducible if G is triangle-free,
(2) ϵ(C[G]) is irreducible if G is not triangle-free and V (Tr′) ̸= ∅.

Proof. Case 1: Let G be a triangle-free graph. If G ∼= K1, K2, then clearly (C[G])e is
connected. If G ≇ K1, K2, consider C[G], with V (C[G]) = V (G) ∪ I(G). Let ui and u′j
denote the vertices in V (G) and I(G), respectively.
In C[G],

e(ui) = 2, for every ui ∈ V (G),

2 ≤ e(u′j) ≤ 3 for every u′j ∈ I(G).

If ui ∼ uk in G, then d(ui, uk) = 2 = min{e(ui), e(uk)} in C[G]. Therefore, ui is adjacent
to uk in (C[G])e. Since G is a connected graph, any two vertices which are adjacent in G
is also adjacent in (C[G])e.
Also, since G is a triangle free graph, without loss of generality, there exists a vertex ul
such that ui ∼ ul and uk ≁ ul. Then, ul ∼ uk in C[G]. If u′j is the subdivision vertex of the

edge (ui, uk), then d(ul, u
′
j) = 2 = min{e(ul), e(u′j)}in C[G].This implies that every vertex

u′j in I(G) is adjacent to ul in V (G). Hence (C[G])e is connected. Therefore, ϵ(C[G]) is
irreducible.

Case 2: Let V (Tr) be the collection of vertices of K3’s in G, V (Tr′) = V (G) \ V (Tr) ,
V (I(Tr)) be the collection of all newly added vertices of K3’s in C[G], and V (I(Tr′)) =
V (I(G)) \ V (I(Tr)). If V (Tr′) ̸= ∅, then

e(vj) = 2 for every vj ∈ V (Tr′),

e(ui) = 3 for every ui ∈ V (Tr),

3 ≤ e(u′l) ≤ 4 for every u′l ∈ V (I(Tr)),

e(v′k) = 3 for every v′k ∈ V (I(Tr′)).

In order to prove that, ϵ(C[G]) is irreducible, it is enough to show that (C[G])e is connected.
Let vj be an arbitrary vertex in V (Tr′). Since every vertex u′l ∈ V (I(Tr)) is an eccentric
vertex of vj , we have e(vj) = d(vj , u

′
l) = 2. Moreover, since min{e(vj), e(u′l)} = 2, it

follows that vj and u′l are adjacent in (C[G])e. Hence, every vertex in V (Tr′) is adjacent
to every vertex in V (I(Tr)). Next, we prove that every vertex in V (Tr) is adjacent to
atleast one vertex in V (I(Tr)). For any vertex ui ∈ V (Tr), the vertex u′l ∈ V (I(Tr))
which lies on edge of K3 not incident to vertex ui, implies that d(ui, u

′
l) = 3. Clearly,

for each ui in V (Tr), there exists at least one vertex u′l in V (I(Tr)) such that d(ui, u
′
l) =

min{e(ui), e(u′l)}. Therefore, ui ∼ u′l in (C[G])e. Using a similar argument, for any vertex
in V (I(Tr′)), there exists a vertex in V (I(Tr)) to which it is adjacent. Thus, (C[G])e is
connected.

□
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Theorem 2.3. For i = 1, 2, let Gi be an ri-regular, (pi, qi) graph, where G1 is triangle-free.
If {r1, λ2, . . . , λp1} and {r2, β2, . . . , βp2} are the A-eigenvalues of G1 and G2 respectively.
Then the ϵ-spectrum of C[G1]∨̇G2 consists of

(1) 3 with multiplicity q1 − p1,
(2) −2(1 + βj), j = 2, . . . , p2,

(3) −(2t1 +3(λi + r1 − 1)), t1 =
−(3(r1−1)+5λi)+

√
(3(r1−1)+5λi)2+16(λi+r1)

4 , i = 2, . . . , p1,

(4) −(2t2 +3(λi + r1 − 1)), t2 =
−(3(r1−1)+5λi)−

√
(3(r1−1)+5λi)2+16(λi+r1)

4 , i = 2, . . . , p1,
(5) the eigenvalues of the equitable quotient matrix of C[G1]∨̇G2,

Q =

 2r1 2(q1 − r1) 0
2(p1 − 2) 3(q1 − 2r1 + 1) 2p2

0 2q1 2(p2 − 1− r2)

 .

Proof. By a proper labeling of vertices of C[G1]∨̇G2,

ϵ(C[G1]∨̇G2) =

 2A(G1) 2(J −R(G1)) 0
2(J −R(G1)

T ) 3(J − I −B(G1)) 2J
0 2J 2(J − I −A(G2))

 .

Let Wj(G1), j = 1, 2, . . . , q1 − p1 be an eigenvector of B(G1) corresponding to the
eigenvalue −2 with multiplicity q1 − p1. Then,

ϵ(C[G1]∨̇G2)

 0
Wj(G1)

0

 = 3

 0
Wj(G1)

0

 .

Thus, 3 is an eigenvalue of ϵ(C[G1]∨̇G2) with multiplicity q1 − p1.
Let Xk(G2) be an eigenvector of A(G2) corresponding to the eigenvalue βk, for k =

2, . . . , p2. Then, ϵ(C[G1]∨̇G2)

 0
0

Xk(G2)

 = −2(1 + βk)

 0
0

Xk(G2)

 . Thus, −2(1 + βk),

for k = 2, . . . , p2 is an eigenvalue of ϵ(C[G1]∨̇G2).
Let Ul(G1) be an eigenvector of A(G1) corresponding to the eigenvalue λl, for l =

2, . . . , p1. Using Lemma 1.1, R(G1)
TUl(G1) is an eigenvector of B(G1) corresponding to

the eigenvalue λl + r1 − 2. Thus, the vectors Ul(G1) and R(G1)
TUl(G1) are orthogonal to

the vector J.

Now, consider the vector ϕ =

 t Ul(G1)
R(G1)

TUl(G1)
0

 . Next, determine the conditions un-

der which ϕ is an eigenvector of ϵ(C[G1]∨̇G2). If µ is an eigenvalue of ϵ(C[G1]∨̇G2)
corresponding to the eigenvector ϕ, then

2tλi − 2(λi + r1) =µt,

−(2t+ 3(λi + r1 − 1)) =µ.

From this we get,

2t2 + t(3(λi + r1 − 1) + 2λi)− 2(λi + r1) = 0.

Therefore, µ = −(2t+3(λi+r1−1)), where t =
−(3(r1−1)+5λi)±

√
(3(r1−1)+5λi)2+16(λi+r1)

4 .
The remaining three eigenvalues are given by the equitable quotient matrix of ϵ(C[G1]∨̇G2),

Q =

 2r1 2(q1 − r1) 0
2(p1 − 2) 3(q1 − 2r1 + 1) 2p2

0 2q1 2(p2 − 1− r2)

 .
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□

Corollary 2.4. Let Gi be an ri-regular, (pi, qi) graph, i = 1, 2. Then the ϵ-Wiener index
of ϵ(C[G1]∨̇G2) is given by

Wϵ(C[G1]∨̇G2) = 2q1(p1 − 1) +
3

2
q1(q1 − 2r1 + 1) + p2(2q1 + p2 − r2 − 1).

Using Lemma 1.9 and Corollary 2.4, we get the following result.

Corollary 2.5. Let Gi be an ri-regular, (pi, qi) graph, i = 1, 2. Then,

ρϵ(C[G1]∨̇G2) >
4q1(p1 − 1) + 3q1(q1 − 2r1 + 1) + 2p2(2q1 + p2 − r2 − 1)

p1 + p2 + q1
.

Proposition 2.1. Let G1 and G2 be any two graphs, then ϵ(C[G1]∨̇G2) is always irre-
ducible.

Proof. Let G = C[G1]∨̇G2 and V (G) = V (G1) ∪ I(G1) ∪ V (G2). Let ui, vj and wk denote
the vertices in V (G1), I(G1) and V (G2) respectively. Then,

2 ≤ e(ui) ≤ 3, for every ui ∈ V (G1),

3 ≤ e(vj) ≤ 4, for every vj ∈ I(G1),

e(wk) = 2, for every wk ∈ V (G2).

In Ge, every vertex in V (G2) is adjacent to every vertex in I(G1), since d(wk, vj) =
2 = min{e(wk), e(vj)}. Also, for each vertex ui there is a vertex vj such that d(ui, vj) =
e(ui) = min{e(ui), e(vj)}. Therefore, every vertex in V (G1) will be adjacent to at least
one vertex of I(G1) in Ge. Hence, Ge is connected. Thus, by Theorem 1.1, ϵ(C[G1]∨̇G2)
is irreducible. □

Theorem 2.4. Let Gi be an ri-regular, i = 1, 2, (pi, qi) graph where G1 is triangle-free.
If {r1, λ2, . . . , λp1} and {r2, β2, . . . , βp2} are the A-eigenvalues of G1 and G2 respectively,
then the ϵ-spectrum of C[G1] ⊻G2 consists of

(1) −2 with multiplicity q1 − p1,
(2) −2(1 + βj), j = 2, . . . , p2,

(3) (λi − 1)±
√

(λi + 1)2 + 4(λi + r1), i = 2, . . . , p1,
(4) the eigenvalues of the equitable quotient matrix of C[G1] ⊻G2,

Q =

 2r1 2(q1 − r1) 2p2
2(p1 − 2) 2(q1 − 1) 0

2p1 0 2(p2 − 1− r2)

 .

Proof. By a proper labeling of vertices of C[G1] ⊻G2 we get

ϵ(C[G1] ⊻G2) =

 2A(G1) 2(J −R(G1)) 2J
2(J −R(G1))

T 2(J − I) 0
2J 0 2(J − I −A(G2))

 .

Let Zl(G1), l = 1, 2 . . . , q1−p1 be an eigenvector of B(G1) corresponding to the eigenvalue
−2 with multiplicity q1 − p1. Then,

ϵ(C[G1] ⊻G2)

 0
Zl(G1)

0

 = −2

 0
Zl(G1)

0

 .

Thus, −2 is an eigenvalue of ϵ(C[G1] ⊻G2)with multiplicity q1 − p1.



734 TWMS J. APP. ENG. MATH. V.16, N.6, 2026

LetXj(G2) be an eigenvector ofA(G2) corresponding to the eigenvalue βj (j = 2, . . . , p2).

Then, ϵ(C[G1] ⊻G2)

 0
0

Xj(G2)

 = −2(1 + βj)

 0
0

Xj(G2)

 . Thus, −2(1 + βj) is an eigen-

value of ϵ(C[G1] ⊻G2).
Let Uk(G1) be an eigenvector of A(G1) corresponding to the eigenvalue λk, k = 2, . . . , p1.

Then, R(G1)
TUk(G1) is an eigenvector of B(G1) corresponding to the eigenvalue λk+r1−2.

Consider the vector ϕ =

 t Uk(G1)
R(G1)

TUk(G1)
0

. Next, examine the conditions under which

ϕ is an eigenvector of ϵ(C[G1] ⊻ G2). Let µ be an eigenvalue of ϵ(C[G1] ⊻ G2) such that
ϵ(C[G1] ⊻G2)ϕ = µϕ. Solving this equation yields two possible values for t,

t =
−(1 + λi)±

√
(1 + λi)2 + 4(r1 + λi)

2
.

Therefore,

µ = (λi − 1)±
√

(λi + 1)2 + 4(λi + r1).

The remaining three eigenvalues are obtained from the equitable quotient matrix of
ϵ(C[G1] ⊻G2),

Q =

 2r1 2(q1 − r1) 2p2
2(p1 − 2) 2(q1 − 1) 0

2p1 0 2(p2 − 1− r2)

 .

□

Corollary 2.6. Let Gi be an ri-regular, (pi, qi) graph for i = 1, 2, where G1 is triangle-free.
Then, the ϵ-Wiener index of ϵ(C[G1] ⊻G2) is,

Wϵ(C[G1] ⊻G2) = q1(2p1 + q1 − 3) + p2(2p1 + p2 − 1− r2).

Corollary 2.7. Let Gi be an ri-regular, (pi, qi) graph for i = 1, 2, where G1 is triangle-free.
Then,

ρϵ(C[G1] ⊻G2) >
2q1(2p1 + q1 − 3) + 2p2(2p1 + p2 − 1− r2)

p1 + p2 + q1
.

Proposition 2.2. Let G1 and G2 be two graphs, then ϵ(C[G1]⊻G2) is always irreducible.

The following Corollaries are consequences of Theorems 2.3 and 2.4 which describe the
construction of ϵ-cospectral graphs and non ϵ- cospectral ϵ-equienergetic graphs.

Corollary 2.8. Let G be a regular triangle-free graph and S1, S2 be two cospectral graphs.
Then,

(1) C[G]∨̇S1 and C[G]∨̇S2 are ϵ-cospectral,
(2) C[G] ⊻ S1 and C[G] ⊻ S2 are ϵ-cospectral.

Corollary 2.9. Let G1 = L2(H1) and G2 = L2(H2), where H1 and H2 are two non-
cospectral, 3-regular, (2t, 3t) graphs such that t ≥ 3. Let G be a regular triangle-free graph.
Then,

(1) C[G]∨̇G1 and C[G]∨̇G2 are non ϵ-cospectral ϵ-equienergetic,
(2) C[G] ⊻G1 and C[G] ⊻G2 are non ϵ-cospectral ϵ-equienergetic.

Theorem 2.5. For i = 1, 2, 3, let ri = λi1 ≥ λi2 ≥ . . . ≥ λipi be the A-eigenvalues of the
ri-regular graphs Gi, on pi vertices and qi edges, where G1 is a triangle-free graph. Then,
the ϵ-spectrum of C[G1] ∨ (GV

2 ∪GE
3 ) consists of,
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(1) (−1 + λ1j)±
√

(1 + λ1j)2 + 4(λ1j + r1), j = 2, 3, . . . , p1,
(2) −2 with multiplicity q1 − p1,
(3) 0 with multiplicity p2 − p3 − 2,
(4) the eigenvalues of the equitable quotient matrix of C[G1] ∨ (GV

2 ∪GE
3 ),

Q =


2r1 2(q1 − r1) 0 2p3

2(p1 − 2) 2(q1 − 1) 2p2 0
0 2q1 0 3p3
2p1 0 3p2 0

 .

Proof. By a proper labeling of vertices,

ϵ(C[G1] ∨ (GV
2 ∪GE

3 )) =


2A(G1) 2(J −R(G1)) 0 2J

2(J − (R(G1))
T ) 2(J − I) 2J 0

0 2J 0 J
2J 0 3J 0

 .

The rest of the proof follows a similar approach to that of Theorem 2.3.
□

Corollary 2.10. Let G be a triangle-free, regular graph and Gi, i = 2, 3, 4, 5 be an r-
regular graph with p vertices. Then, the graphs C[G1]∨ (GV

2 ∪GE
3 ) and C[G1]∨ (GV

4 ∪GE
5 )

are ϵ-cospectral.

Proposition 2.3. Let Gi, i = 1, 2, 3 be any three graphs, where G1 is triangle-free. Then
ϵ(C[G1] ∨ (GV

2 ∪GE
3 )) is irreducible.

Proposition 2.4. Let G be an r-regular graph on p (p ≥ 4) vertices such that none of the
three graphs F1, F2 and F3 are induced subgraph of G. If the smallest A-eigenvalue of G is
greater than or equal to 1− r, then

Eϵ(L(G)) = 4p(r − 1) + 4(1− 2r).

Proof. Using Lemmas 1.4 and 1.5, diam(L(G)) = 2. Hence by Lemma 1.8

specϵ(L(G)) =

(
pr − 4r + 2 −2(λi + r − 1) 2

1 1 p(r−2)
2

)
,

where r ≥ λ2 ≥ · · · ≥ λp are the adjacency eigenvalues of G. □

Example 2.1. Let Kp be the complete graph on p vertices, Kp,p be the complete bipartite
graph on 2p vertices, and CP (k) be the cocktail party graph (with regularity r = 2k − 2
and number of vertices p = 2k). The smallest A-eigenvalue for Kp and CP (k) (k ≥ 3)
is at least 1 − r. In addition, none of the three graphs F1, F2, and F3 in Figure 1 is an
induced subgraph of these graphs. From Proposition 2.4,

(1) Eϵ(L(Kp)) = 4(p− 1)(p− 3), p ≥ 3
(2) Eϵ(L(CP (k))) = 6k(2k − 3), k ≥ 3
(3) Eϵ(L(Kp,p)) = 8(p− 1)2.

Corollary 2.11. Let G and H (G1, G2 ̸= K3)be two r-regular graphs on p vertices such
that none of the three graphs F1, F2 and F3 is an induced subgraph of G and H. Then, G
and H are cospectral if and only if L(G) and L(H) are ϵ-cospectral.

Corollary 2.12. Let G and H be r-regula, non-complete, non-cospectral graphs on p
vertices such that none of the three graphs F1 F2 and F3 is an induced subgraph of G and
H. If the smallest A-eigenvalue of Gi, i = 1, 2 greater than or equal to 1 − r, then L(G)
and L(H) are non ϵ-cospectral ϵ-equienergetic.
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The following Theorem is a consequence of Lemmas 1.2, 1.7 and 1.6.

Theorem 2.6. Let G be an r-regular graph on p vertices and L(G) be the line graph of G.
If the smallest A-eigenvalue of G is greater than or equal to 2− r and L(G) hold property
(†), then

Eϵ(L(G)) = 4p(r − 2).

Example 2.2. The graphs CP (3) and CP (4) have the smallest A-eigenvalue greater
than or equal to 2 − r, and their corresponding line graphs satisfy property (†). Thus,

Eϵ(L(CP (3))) = 96 and Eϵ(L(CP (4))) = 128.

3. Some bounds for eccentricity Wiener index of graphs

This section is devoted to determining the lower and upper bounds of the ϵ- Wiener
index of graphs. Let G be a (p, q) graph with diameter 2. If G is self-centered, then the
number of entries equal to 2 in ϵ(G) is p2 − p − 2q. When G is not self-centered, ϵ(G)
contains l(p − 1) + (p − l)l entries equal to 1 and p2 − p − 2q entries equal to 2, where
l denotes the number of vertices vi satisfying e(vi) = 1. From the definition of ϵ-Wiener
index we have the following,

Wϵ(G) =

{
p(p− 1)− 2q + l

2(2p− l − 1), if G is not self centered,

p(p− 1)− 2q, if G is self centered.

Now, applying Lemma 1.9, we obtain the following proposition.

Proposition 3.1. Let G be a (p, q) graph of diameter 2. Then,

ρϵ(G) ≥


2(p(p− 1)− 2q + l

2(2p− l − 1))

p
, if G is not self centered,

2(p(p− 1)− 2q)

p
, if G is self centered,

where l is the number of vertices vi in G such that e(vi) = 1.

The following Proposition is obtained from Lemma 1.6.

Proposition 3.2. Let G be a (p, q) graph having property (†). Then, Wϵ(G) = 2q.

The following Corollary is a consequence of Proposition 3.2 and Lemma 1.9.

Corollary 3.1. Let G be a (p, q) graph with property (†) and girth g(≥ 5). Then,

ρϵ(G) ≥ 4q

p
.

Now, we consider the graphs with diameter greater than 2. Determining the bounds for
Wϵ(G) based on the number of vertices and edges of G is challenging. All upper bounds
of the Wiener index of G will also be upper bounds for Wϵ(G). Here, we obtain certain
bounds for Wϵ(G) that are tighter than the bounds of the Wiener index of G by using the
total eccentricity of G (ε∗(G)) and the eccentricity connectivity index ζ(G) of G.

Proposition 3.3. Let G be a graph, then Wϵ(G) ≥ ε∗(G)

2
. The equality holds if G is an

even cycle.

Proposition 3.4. Let G be a (p, q) graph with e(vi) > 1 for every vi ∈ V (G). Then,

Wϵ(G) ≤ (p− 1)ε∗(G)− ζ(G)

2
. (2)

The equality holds if and only if diam(G) = 2.
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Proof. From the definition of the eccentricity Wiener index, we get

2Wϵ(G) ≤
∑
vi

(p− 1− deg(vi))e(vi) = (p− 1)ε∗(G)− ζ(G).

□

Using Proposition 3.4 we provide a Nordhaus-Gaddum type upper bound for the ϵ-
Wiener index of G.

Proposition 3.5. Let G be a (p, q) graph with e(vi) > 1, vi ∈ V (G). If G is also connected,
then

Wϵ(G) +Wϵ(G) ≤ 1

2

(
(p− 1)(ε∗(G) + ε∗(G))− (ζ(G)− ζ(G))

)
.

Proposition 3.6. Let T be a tree on p vertices. Then,

Wϵ(T ) ≤
kε∗(T ) + dk(p− k − 1)− k(p− k)

2
,

where k and d represent the number of pendant vertices and the diameter of T , respectively.
Moreover, equality holds if T ∼= K1,p−1.

Proof. Let v1, . . . , vk be the pendant vertices of T and vk+1, . . . , vp be the non pendant
vertices of T. Then,

ϵ(vi) ≤ e(vi)(k − 1) + (e(vi)− 1)(p− k), for i = 1, 2, . . . , k. (3)

ϵ(vj) ≤ e(vj)k, for j = k, k + 1, . . . , n. (4)

Hence

2Wϵ(T ) ≤ kε∗(T ) + (p− k − 1)(e(v1) + e(v2) + . . .+ e(vk))− (p− k)k (5)

≤ kε∗(T ) + (p− k − 1)kd− (p− k)k. (6)

If T ∼= K1,p−1, then equality holds in equations (3), (4), (5) and (6).
□

Next, we provide an upper bound for the eccentricity energy of self-centered graphs in
terms of its ϵ-Wiener index.

Theorem 3.1. Let G be a self-centered graph on p vertices and diameter d. Then,

Eϵ(G) ≤ 2Wϵ(G)

p
+

√
2(p− 1)Wϵ(G)

(
d− 2Wϵ(G)

p2

)
. (7)

The equality holds in (7) if and only if G is a ϵ-regular graph with two distinct ϵ-eigenvalues

2Wϵ(G)
p and −

√
||ϵ(G)||22−

4Wϵ(G)2

p2

p−1 , or three distinct ϵ-eigenvalues 2Wϵ(G)
p , −

√
||ϵ(G)||22−

4Wϵ(G)2

p2

p−1

and

√
||ϵ(G)||22−

4Wϵ(G)2

p2

p−1 .

Proof. Let ϵ1 ≥ ϵ2 ≥ . . . ≥ ϵp be the ϵ-eigenvalues of G. Then, by using the Cauchy-
Schwarz inequality,

Eϵ(G) =

p∑
i=1

|ϵi| ≤ ϵ1 +

√√√√(p− 1)

p∑
i=2

|ϵi|2 (8)

= ϵ1 +
√
(p− 1)(||ϵ(G)||22 − |ϵ1|2).
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Now, consider the function h(x) = x +
√
(p− 1)(||ϵ(G)||22 − x2), is strictly decreasing in

the interval [ ||ϵ(G)||2√
p , ||ϵ(G)||2]. The following inequality is obtained from Lemma 1.9 and

G is self-centered,
||ϵ(G)||2√

p
≤ 2Wϵ(G)

p
≤ ϵ1 < ||ϵ(G)||2.

Therefore,

ϵ1 +
√

(p− 1)(||ϵ(G)||22 − ϵ21) ≤
2Wϵ(G)

p
+

√
(p− 1)

(
||ϵ(G)||22 −

4Wϵ(G)2

p2

)
. (9)

Hence,

Eϵ(G) ≤ 2Wϵ(G)

p
+

√
(p− 1)

(
||ϵ(G)||22 −

4Wϵ(G)2

p2

)

=
2Wϵ(G)

p
+

√
(p− 1)

(
2dWϵ(G)− 4Wϵ(G)2

p2

)
.

Now, we examine the equality in (7). If the equality in (8) holds, then |ϵ2| = |ϵ3| = . . . =

|ϵp| =

√
||ϵ(G)||22−

4Wϵ(G)2

p2

p−1 . The equality in (9) implies that ϵ1 = 2Wϵ(G)
p . Then, either G is

ϵ-regular with 2 distinct ϵ-eigenvalues or G is ϵ-regular with 3 distinct ϵ-eigenvalues. One
can easily verify the converse. This completes the proof. □

4. Conclusion

Graph operations such as the central graph of a graph, the central vertex join, the
central edge join, and the central vertex-edge join have been used to expand the collection
of existing graphs for which the ϵ-spectrum, irreducibility, the ϵ-inertia, and ϵ-energy are
known. In addition, the ϵ-energies of certain classes of graphs are estimated. These
results allow us to construct new families of ϵ-cospectral graphs and non ϵ-cospectral ϵ-
equienergetic graphs. Furthermore, the lower and upper bounds for the ϵ-Wiener index
are determined using the eccentricity connectivity index and the total eccentricity of a
graph. An upper bound for the ϵ-energy of self-centered graphs is also provided.
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[21] Wang, J., Lu, M., Belardo, F. and Randić, M., (2018), The anti-adjacency matrix of a graph: eccen-
tricity matrix, Discrete Appl. Math., 251, pp. 299–309.

[22] Wang, J., Lu, M., Brunetti, M., Lu, L. and Huang, X., (2022) Spectral determinations and eccentricity
matrix of graphs, Adv. in Appl. Math., 139, pp. 1–25.

[23] Wang, J., Lu, M., Lu, L. and Belardo, F., (2020), Spectral properties of the eccentricity matrix of
graphs, Discrete Appl. Math., 279, pp. 168–177.

[24] You, L., Yang, M., So, W. and Xi, W., (2019),On the spectrum of an equitable quotient matrix and
its application, Linear Algebra Appl., 577, pp. 21-40.

Anjitha Ashokan received her B.Sc. degree in 2016 and her M.Sc. de-
gree in 2018 from Mahatma Gandhi College, Iritty, Kerala. She is currently
a research scholar at the National Institute of Technology Calicut, Kerala, In-
dia. Her research interests include Spectral graph theory and Matrix the-
ory.

A. V. Chithra is currently working as a Professor of Mathematics at the Na-
tional Institute of Technology Calicut, Kerala, India. Her research interests include
Operator theory, Spectral graph theory, Algebraic graph theory and Matrix the-
ory.


