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NONOSCILLATORY SOLUTIONS OF CERTAIN NONLINEAR HIGHER
ORDER DIFFERENTIAL AND DELAY DIFFERENTIAL EQUATIONS
WITH FORCING TERM

T. CANDAN'*, §

ABSTRACT. There are some nonlinear higher order differential and delay equations with
forcing term that are taken into consideration. Using the Schauder fixed point theorem,
the sufficient conditions for the existence of nonoscillatory solutions to these equations
are derived. The application of theoretical findings is demonstrated by an example. Our
results generalize some known results in the references.
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1. INTRODUCTION

In this article, the authors aim to establish sufficient conditions for the existence of
nonoscillatory solutions to three types of higher-order differential and delay differential
equations with forcing term
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where « is a ratio of odd positive integers, n and m are integers with n > 2 and m > 1,
a € C([tg,00),(0,00)), f € C([ty,0) x R,R), g € C([tg,0),R), 7 > 0, p € [a1,b1] and
b1 > a1 > 0.
Studying oscillatory and nonoscillatory solutions in differential and delay differential
equations is important in both theory and practice. These solutions have the potential to
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bring stability, predictability, and practical benefits in various areas, including engineer-
ing, control systems, and physics. The nonoscillatory behavior of solutions to differential
and delay differential equations has been the subject of study by several authors in the
past. Specifically, Kusano and Naito [10, 11] investigated the existence of oscillatory and
nonoscillatory solutions to fourth-order differential equations of the form:

[r(t)y"r(t)]" + yF(y*,t) =0,

and their results based on whether the function F'(z, t) is nondecreasing or nonincreasing in
the variable z. Li and Fei [14] focused on the existence of positive solutions to higher-order
nonlinear delay differential equations:

(r(O)z ™D (@) + f(t,a(t —7)) =0

and they introduced conditions related to the behavior of f(¢,z)/z is nonincreasing or
nondecreading in x for x > 0. Meanwhile, Candan [5] examined the existence of positive
solutions to the specific case of equations (1)-(3) with v = 1. He imposed conditions on
the function f(¢,z), specifying whether it is a non-decreasing or non-increasing function
in the variable z.

In this paper, we extend the results reported in [5] to a more general case. Unlike
previous studies [5, 10, 11, 14], we impose mild conditions on the function f. Our approach
involves converting the differential or delay differential equations to integral equations and
applying the Schauder fixed point theorem.

Recently, there has been significant interest in the nonoscillatory behavior of solutions to
nonlinear differential, delay differential, and delay dynamic equations [3, 4, 6, 8, 15, 17, 18].
For further developments in this area, we refer readers to the books [1, 2, 7, 9, 12].

As usual, by a solution of (1) we mean a function y € C([t1,00),R), t; > t9, which has
the property y € C™([t1,00),R) and a(t) [y™ (t)]ﬂY € C™([t1,00),R) and such that (1) is
satisfied for ¢ > ¢;. By a solution of (2) we mean a function y € C([t; — 7,0),R), t; > to,
which has the property y € C"([t1,00),R) and a(t) [y(”)(t)]7 € C"([t1,00),R) and such
that (2) is satisfied for ¢ > ¢;. By a solution of (3) we mean a function y € C([t;—b1,0),R),
t1 > to, which has the property y € C"([t1,00),R) and a(t) [y(”)(t)]v € C™([t1,00),R)
and such that (3) is satisfied for t > ¢;.

The oscillatory character is considered in the usual sense; i.e., a solution of (1)-(3) is said
to be oscillatory if it has arbitrarily large zeros; otherwise, it is considered nonoscillatory.

2. MAIN RESULTS

Theorem 2.1. Suppose that there exists an interval [c1,co] C Rt such that
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Then, (1) has a bounded nonoscillatory solution.

1/~
dr] ds < 0. 4)

Proof. Due to (4), it can be chosen a t; > t( sufficiently large such that
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Let ¥ be the set of all continuous and bounded functions on [t1,00) with the supremum
norm. Then ¥ is a Banach space. We define a closed, bounded and convex subset M of
U as follows:

M={yeV:c <y(t) <cy t=>1t1}.

Consider the operator F': M — U defined by

(Fo(t) = 25
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ol [ [ [ e ey —sonar| s ez n

The operator F' is constructed by integrating equation (1) m times and then n times
from t to co. A fixed point y = F'y automatically satisfies the original equation when
differentiated back. In order to use Schauder fixed point theorem, we need to show the
following;:

i) F maps M into M. For t > t; and y € M, using (5) we have

(Fy)) < 452
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and
c1 + ¢
(Fo)) > 22
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Consequently, F' maps M into M.
ii) F' is continuous. Let {yx} C M and yx(t) — y(t) as k — oco. Because M is closed,
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ye M. Fort > t,
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Hence, we have lim Gj(s) = 0 and then hm 1 oo gn—1 s — 0 by e
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Lebesgue dominated convergence theorem ThlS implies that
lim [[(Fyx) — (Fy)| =0,
k—o0
and therefore F' is continuous.
iii) FM is relatively compact. It is shown that the family of functions {Fy : y € M} is

uniformly bounded and equicontinuous on [¢p, 00). For any given € > 0, and for all y € M,
in view of (4), we take T' > ¢; sufficiently large such that

S oo m—1 1/ .
(n_ll)l/T s a(ls)/S (m—1)! [ sup |f(r,¢)| + ‘g(r)] dr] ds < 3

c€lcr,c2]
For y € M and T > T, > T, we obtain

[(Ey)(T7) = (Fy)(T3))
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Observing that for U > Z > 0, we get

Ur—7"=U—-2) U '+ U2 Z+...4+UZ" 2+ 2" <nU - 2)U".  (6)
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For y € M and t; < T, < T* < T, because of (6) we have

[(Fy)(T*) — (Fy)(Ty)|
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Therefore, there exists a ¢ > 0 such that |(Fy)(T*) — (Fy)(T:)| < e if 0 < T* — T\, < 0.
Thus, it can be concluded that F'M is relatively compact, and therefore there exists a
y € M such that F'y =y by the Schauder fixed point theorem. O

Theorem 2.2. Suppose that (4) holds. Then, (2) has a bounded nonoscillatory solution.

Proof. Due to (4), a t; > to sufficiently large with t; > to + 7 can be chosen such that

0 0o 7,‘m—l 1/7
(n_ll)'/t g1 [a(ls) / (m — 1)! [ es[up | |f(7“, C)| + ‘Q(T)] dT] ds

t>1. (7)

Let ¥ be the set of all continuous and bounded functions on [tg,c0) with the supremum
norm. Then ¥ is a Banach space. We define a closed, bounded and convex subset M of
U as follows:

M={yeWV:c <y(t) <cy t>1o}.

Consider the operator F': M — ¥ defined by

c1tc —1)mtn oo n—
1-52_((5)_1)! ft (S—t) 1
1 oo (r—s)m~1! 1/y
= [ I G ey =) — gt ar] s, bz,
(F'y)(t1), to <t <t.

We need to show the following in order to use the Schauder Fixed Point Theorem:
i) F maps M into M. Due to (7), it can be shown that

(Fy)(t) < 2y (Fy)(t) = e,

where t > t; and y € M. Hence, it can be concluded that F' maps M into M.
ii) F'is continuous. Let {yx} C M and yx(t) — y(f) as k — oco. Because M is closed,
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ye M. Fort > t,
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Due to the similarity to the proof of Theorem 2.1, the remaining part of 4i) is omitted.
iii) F'M is relatively compact. It is shown that the family of functions {Fy : y € M} is
uniformly bounded and equicontinuous on [tg,c0). It is sufficient to show equicontinuity
because it is clear that {Fy : y € M} is uniformly bounded. For y € M and any € > 0, in
view of (4), we choose a T' > t; sufficiently large such that

1 & 1/7 €
n—1

—_— d d —.

(Tl - 1)' /T i T] o= 2

We follow the same lines of the proof of Theorem 2.1 when y € M and T* > T, > T,
ye M and t; < Ty, <T* <T. Finally, for y € M and ty < T, < T < t; there exists a
d > 0 such that |(Fy)(T*) — (Fy)(Ty)| < e if 0 < T* — T, < 6. Thus, it can be concluded
that F'M is relatively compact and therefore there exists a y € M such that F'y = y by
the Schauder fixed point theorem. O

0o Tm—l
1) / : [ sup |£(r, )| + g(r)|

a’(S m — 1)' CG[Cl,CQ]

Theorem 2.3. Suppose that there exists an interval [c1,co] C RY such that

00 1 o) T.m—l 1
/ [ A [(m—al) sup f(m)HHg(r)!] dr] ds <oc. (8)

CL(S m — 1)' c€ler,e2]

Then, (3) has a bounded nonoscillatory solution.

Proof. Suppose (8) holds. Hence, it can be chosen a t; > ty sufficiently large with ¢; >
to + by such that

; = n—1 1 > pm-l B 1/
(n— 1)!/t ’ [“(3)/5 (m —1)! [(bl al)ces[g]i?] o)l + |9(7“)|] dr] ds

Cc2 —C1
— 2 )
Let ¥ be the set as in the proof of Theorem 2.2. We define a closed, bounded and convex
subset M of ¥ as follows:

M={yeU:c <y(t) <cy t=>1to.}

t> . 9)
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Consider the operator F': M — W defined by

m+n

61—502 - (n ! ft s—t)" /
r—g)m— 1 1 o
(Fy)(t) = [a(ls) )& (( ) [fbl fry(r — p))dp — g(r)} dr] ds, t>t,
(Fo)len), to<t<t.

We show that F' meets the requirements of Schauder fixed point theorem.
i) F maps M into M. For t > t; and y € M, using (9) we obtain

c1+co 1
P <52 L
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o g1 1 o pm—l . . . ) ) )
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Hence, F' maps M into M.
ii) F' is continuous. Let {yx} C M and yx(t) — y(t) as k — oco. Because M is closed,
y€e M. Fort >ty

|(Fyi) (t) — (Fy)(t)]
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1
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GM@=W{£m““”””1[a“fvymr—myw—gwﬂdﬂuw

CE A
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According to the Lebesgue dominated convergence theorem, we have klim Gr(s) =0 and
—00

then
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: 1 o st .
klg)(r)lo = 1)l / TONE Gr(s)ds = 0. This implies that

kli}rglo [(Fyr) — (Fy)|l =

and therefore F' is continuous.

iii) FM is relatively compact. It is shown that the family of functions {Fy : y € M}
is uniformly bounded and equicontinuous on [tg,00). It suffices to show equicontinuity
because the uniformly boundedness of {Fy : y € M} is clear. For y € M and any € > 0,
in view of (9), take T' > ¢; sufficiently large such that

a7 e <n7;m—1>!

Due to the similarity to the proof of Theorem 2.2, the remaining part of the proof is
omitted. O

c€ler,c2] 2

1/~
(by —ay) sup |f(r,c)|+|g(r)|] dr] ds < <.

Example 2.1. Consider the equation

[e% [y(“) (t)} 3] v /1 2 ety (t — p)dp

3 1
= ie’?’t et — 2] + 3¢ H[e? — ] + ge*‘u [e® —¢?], (10)
and note that n =4, m = 5a() e?t 3a1—1 b1 =2, f(t,y) = e 'y? and
g(t) = 3e et — e +3e7H[e? —e] + ée“lt [e6 —e?]. Furthermore, we will now demonstrate

the Vahdlty of ( ) as follows:

o) 1 o0 Tm—l o}
Pl / by —ay) sup |f(r,o)l|+ |g(r)]| d ds:/ s3
/to a(s) Jo (m—1)! by ) c€ler,co] f [+ to
1
3

1/3
1 O07“4 —r 3 3—3r 4 or —4rr 6 3 !
o il s[up}|e C|+§€ [e* — ]+3€ [ —e|l+ e e’ —e’]| dr ds
S * 0601702

y , . 1/3
E |: _TC% + 6 3r[e4 o 62] + 36—2"“[62 _ 6] + ge_4r[e6 — 63]:| dT:| ds

S

where co > 0. The integral converges because, for large s, the exponential decay of the
integrand dominates polynomial growth, guaranteeing convergence of the integral. This
verifies that all conditions of Theorem 2.3 are satisfied. In fact, y(t) = 1 + e ! is a
nonoscillatory solution of (10).

3. CONCLUSIONS

In the present paper, we studied the existence of nonoscillatory solutions to the nonlinear
higher-order differential and delay differential equations with forcing term. We investigated
sufficient conditions for the existence of nonoscillatory solutions to these equations. Our
approach was based on converting the differential or delay differential equations to integral
equations and applying the Schauder fixed point theorem. An example was provided to
justify the main results.

When v = 1, our results reproduce the conclusions of [5], but under significantly milder
conditions on the function f. In the context of future research, this approach can be
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applied to explore the nonoscillatory behavior of neutral functional differential equations.
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