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A HIGH-ORDER CAPUTO-BASED NUMERICAL SCHEME FOR
APPROXIMATING THE ONE-DIMENSIONAL TIME-INDEPENDENT
FRACTIONAL SCHRODINGER EQUATION

H. HABIBZADEH!, M. SHAHRIARI', A. SHOKRI**, M. MEHDIZADEH KHALSARAEI', §

ABSTRACT. The time-independent fractional Schrodinger equation is pivotal for mod-
eling quantum systems exhibiting nonlocal interactions and anomalous dispersion, for
which analytical solutions are often intractable. This paper presents a high-order nu-
merical scheme to approximate the solution of the one-dimensional time-independent
Schrodinger equation incorporating Caputo fractional derivatives of order «, compre-
hensively covering the ranges 0 < a < 1 and 1 < a < 2. The core of our approach
lies in the development of novel finite difference discretizations. For 0 < o« < 1, we em-
ploy a second-order weighted-shifted Griinwald approximation to achieve higher accuracy
than standard schemes. For 1 < a < 2, a distinct high-order approximation is derived,
which is further extended to a fourth-order scheme for enhanced precision. A rigorous
theoretical analysis is provided, including a detailed error bound proof that establishes
the scheme’s accuracy and stability. We also investigate the convergence rate and the
impact of numerical errors on long-term simulations, demonstrating the method’s ro-
bustness. The validity and efficiency of the proposed method are confirmed through
several numerical examples. The results show excellent agreement with exact solutions
in limiting cases (e.g., @ — 2) and confirm that the observed convergence orders align
with our theoretical predictions. The findings indicate that the developed high-order
Caputo-based scheme is a powerful and reliable tool for solving fractional Schrédinger
equations, offering significant improvements in accuracy for a wide range of fractional
orders.
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1. INTRODUCTION

In recent years, there has been a growing interest in the field of fractional calculus.
Fractional differential equations have attracted increasing attention due to their applica-
tions in various areas of science and engineering. Many phenomena in fluid mechanics,
viscoelasticity, chemistry, physics, finance, and other sciences can be effectively described
using models that employ mathematical tools from fractional calculus, specifically the
theory of fractional derivatives and integrals. Recent studies have developed hybrid meth-
ods for the analytical solution of time-fractional equations [21] and numerical schemes for
solving complex systems of differential equations [22]. Furthermore, fractional calculus
has been applied to optimization problems with control constraints [23] and advanced
topics like extracting probability distributions from Z-numbers [24], highlighting its broad
applicability in modern research [25].

The importance of fractional calculus lies in its potential to offer a more accurate and
complete mathematical framework for modeling, analyzing, and understanding complex
systems and phenomena. It bridges the gap between classical calculus and real-world com-
plexities, establishing new avenues for scientific exploration, technological advancements,
and practical applications in diverse disciplines. Fractional calculus has undergone signif-
icant improvements to address the limitations of traditional operators. Researchers have
proposed new operators or modifications to existing operators to overcome these problems.
The operator developed by Caputo and Fabrizio [32] is nonsingular, which resolves the
singularity problem associated with traditional operators. However, the Caputo-Fabrizio
operator still exhibits non-locality, which can pose challenges in certain applications where
localized behavior is desirable. To address both the nonlocality and singularity problems,
Atangana and Baleanu [33] introduced a new operator. This operator provides a valuable
solution as it not only avoids singularities but also mitigates the nonlocality issue, with
applications extending to new integral inequalities [31].

There are several implications for fractional derivatives within the areas of physics, me-
chanics, engineering, and biology [34]. In recent developments, with the use of fractional
derivatives, the economic [35] and financial processes are described. Many interpreta-
tions of fractional derivatives exist, including the geometric approach [36], the informatic
interpretation[37], and the financial approach [38]. Applications of fractional calculus in-
cluded non-Newtonian fluid dynamics [36], rheology[37], hysteretic phenomena [39], and
peculiar diffusion[40, 41]. Studying the analytical or numerical approaches to fractional
differential equations (FDEs) is extremely important as the majority of these problems
can be stated as FDEs. The cubic B-spline adaptability, flexibility, and local control allow
it to be suitable for solving partial differential equations [42]. Current research continues
to explore these areas, for instance, through the analysis of parabolic fractional maximal
commutators on Orlicz spaces [26], solving boundary value problems with impulsive con-
ditions [27], and investigating coupled fractional differential systems [30]. The study of
nonlocal problems and ground state solutions [29] further enriches the field. Notably, ad-
vanced computational techniques like physically informed neural networks are now being
employed to solve nonlinear Schrédinger equations [28].

fractional models in diverse scientific contexts. For example, Lashkin and Cheremnykh
[18] investigated three-dimensional soliton solutions in the fractional nonlinear Schrédinger
equation with exponential saturating nonlinearity, demonstrating how fractional dispersion
can strongly influence wave dynamics. Al-Raeei [19] applied fractional quantum mechan-
ical frameworks to systems characterized by electrical screening effects, highlighting the
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capability of fractional operators to accurately represent screened potentials and simu-
late wave functions under different fractional parameters. Additionally, Zhu, Huang, He,
Chen, Zhong, Li, and Zhang [20] analyzed the interactions of localized wave structures
and the dynamics of the new generalized stochastic fractional potential-KdV equation,
further illustrating the versatility of fractional formulations in modeling nonlinear and
stochastic processes. These contributions provide valuable context and motivation for the
development of high-accuracy numerical schemes such as the one presented in this study.

The time fractional derivative was introduced into the Schrodinger equation by Naber[43,
44]. The Schrodinger is a first-order partial differential equation with respect to time.
Schrodinger’s equation can be used to describe a wide range of phenomena, from medical
imaging to chemical engineering to astrophysics. The previous Zeeman-Lorentz triplet can
be found using Schrédinger’s equation. This demonstrates the wide range of uses of this
equation for the proper interpretation of various physical phenomena [45]. The Schrédinger
equation has physical applications in atomic physics, molecular chemistry, solid state
physics, quantum mechanics in nanostructures, particle physics, quantum statistics and
computing, semiconductor physics, and nuclear physics [46]. Solutions of Schrédinger’s
equation represent the probability distribution of independent particles and how likely
they are to be found on a position or momentum basis [47]. However, analytical solutions
for most fractional differential equations cannot be obtained explicitly. Therefore, propos-
ing a new method for approximating the numerical solutions of these equations holds
practical significance. There are various definitions of fractional derivatives of order o > 0
for functions[48]. The two most commonly used definitions are the Riemann-Liouville
and Caputo fractional derivatives. The difference between these two definitions mainly
lies in the order of evaluation. In this research, we intend to provide an overview of nu-
merical methods for approximating the solution to the time-independent one-dimensional
Schrédinger equation. In the rest, we will first discuss the features and various forms of the
Schrédinger equation. Then, we will present the general form of the Schrédinger equation
in both time-dependent and time-independent states, and examine the specific case of the
time-independent one-dimensional equation. The Schrodinger equation is first-order with
respect to time. Therefore, when we have the initial value of a particle’s wave function at
a specific time (for example, at t = 0), we can determine its value at any other moment.
Additionally, there is no uncertainty in the Schrédinger equation. In fact, as soon as the
initial state of the wave function is known, the wave function can be precisely determined
at any future time. It is important to note that there is a specific Schrodinger equation for
each system, which depends on the Hamiltonian defined for that system. Different forms
of the Schrodinger equation: The state of any system in quantum mechanics is represented
by a wave function or state function, which generally has two parameters: position and
time. The wave function contains all the measurable information about the system. To
transition from the current state of a microscopic system to its next state, we need an
equation provided by Schrédinger. The Schrodinger equation is essentially a type of wave
function. The three-dimensional form of the Schrodinger equation is expressed as follows:

0%y 0% 0%°¢ 8m’m
02 "o To2 T e

(E—-V)o =0, (1)

in which ¢ is the wave function of the system, (z,y,z) denote the electron position
in space, m is the electron mass,h is the reduced Planck constant F is the total system
energy, and V is the potential energy.
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Time-Dependent Schrodinger Equation

The time-dependent Schrodinger equation describes the temporal evolution of a system
and is expressed as follows:

0
iho-¢ = Ho, (2)
where ¢ is the wave function of the system, ¢ is the Imaginary unit, h is the reduced
Planck constant, H is the Hamiltonian operator.
Additionally, in the case of a particle moving in an electric field (not a magnetic field),
the time-dependent Schrédinger equation is written as:

a 2
ih —¢ (r,t) = V4V (rt)] é(rt), (3)

ot
Where V? is the Laplacian operator. This equation indicates that the total energy
of the system (3) is equal to the sum of the kinetic and potential energy. The wave
function ¢ provides complete information about the system(3), allowing the calculation of
the probability density and analysis of the motion of the system’s particles.
Time-Independent Schrédinger Equation
The time-independent Schrédinger equation describes stationary or stable states of
physical systems. Its general form is expressed as:

2m

E¢=Ho,
For a particle moving in an electric field (not a magnetic field), the time-independent
relativistic Schrodinger equation is written as:

—h2 5
Ep(r)= |5 V> +V (1) 6(r),

Applications of the Schrodinger Equation

Solving the Schrodinger equation yields the wave function ¢, which describes the prob-
ability density and the time evolution of the physical system. This equation predicts
properties of the system, such as energy levels, linear momentum, and angular momen-
tum.

Additionally, it introduced the orbital atomic model, replacing Bohr’s atomic model.
This model, based on the wave-particle duality of electrons, considers the probability of
electrons being present in three-dimensional orbitals instead of being confined to fixed
circular orbits. These orbitals are defined by three quantum numbers:

(1) Principal quantum number (n)

(2) Orbital (or angular momentum) quantum number (L)

(3) Magnetic quantum number (M L) Furthermore, the spin quantum number(MS)
was later added as the fourth quantum number.

2. FRACTIONAL CALCULUS AND PRELIMINARY CONCEPTS

Fractional calculus is a branch of mathematics that studies derivatives and integrals of
non-integer (real or complex) order. Several definitions exist for fractional derivatives and
integrals, including those of Griinwald-Letnikov, Riemann-Liouville, Caputo, Nishimoto,
and Hadamard. Riemann-Liouville Fractional Integral.

The Riemann-Liouville fractional integral is a generalization of the Cauchy integral
formula. By extending the integer order n in the Cauchy integral to non-integer values,
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the Riemann-Liouville fractional integral is obtained. The general form of the Cauchy
integral is given as:

/:dxl /(fdg;g..,/:f(t)dt: (nil)!/j (xf(tt))l_"dt’

The Riemann-Liouville fractional integral operator is denoted by I f(z) , and we have:

I (@) = 1 )!/””( f(t)

(a—1 z—t) "
Properties of the Riemann-Liouville Fractional Integral
Some properties of the Riemann-Liouville fractional integral are as follows:
(1) LI2f(z) exist for all x € [a, b]
(2) Let f € Cla,b], and o, f > 0, and v > —1, then

0 f (x) = [ (2)
JSIDf () = ISHP f ()
JSIDf () = IZIS f (2)

I (’7 + 1) x'y+a
Fz+~v+1)

in which Cla, b] denote the space of all continuous functions on [a, b].

Riemann-Liouville Fractional Derivative:

One of the definitions of fractional derivatives is the Riemann-Liouville definition. First,
we introduce the Riemann-Liouville derivative and the modified Riemann-Liouville deriv-
ative, and then discuss their properties.

To define this derivative, we first introduce the Cauchy formula. Here, the operator is
used for derivatives of any real-order number.

Definition 2.1. The Cauchy formula defines the indefinite integral of order D as follows:

(0%
Aoz =

x n—1
RD;”f(:L‘):/ %f(t)dt, neN, ¢>a,

This type of integral is called the Cauchy integral, which is denoted by replacing the
gamma function I'(n) = (n — 1)! in the formula.

1 x

Rpy—n n—1

D = — —t t) dt, eN, ¢>a.
@) = e [ =07 Fd neN, o>
Now, if the order of the integral is a non-integer, it is defined as:

Rp_nf(x) = F(la) /w (x—t)"*tf(t)dt, aeR".

When o > 0, we can define the fractional derivative using the following definition:

Epof(z)=D" ( “DY"f (v)), n=min{k e N| k> a}, a€RT.
The fractional operator can be written as:
oy Je (@ =671 f(€), a<0,
Epof(z) = D (EDY=" f(x)), n =min{k € N[k > a},a > 0,
f(:E)v a=0.
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Fractional operator DS can be write as follows:

—ddn A7 n—1<a<n.

Caputo Fractional Derivative:

By carefully examining the fractional derivative of Riemann-Liouville, one can identify
certain shortcomings in the structure of this derivative. Therefore, the renowned Italian
physicist Caputo, by introducing the following definition, was able to make a significant
improvement in the properties of the Riemann-Liouville definition. It should be noted that
the best advantage of Caputo’s definition over the Riemann-Liouville definition is that it
allows boundary and initial conditions to be included in the formulation of the problems.

Assume f € C"[a,b], and n — 1 < a < n, the Caputo fractional derivative defined as
follows:

RDa

x (n)
D21(e) = o2 ) = s [ t)flﬂdt,

hence lim °D¢f (x) = f(x).
a—n
Relationship between the Caputo Fractional Derivative and the Riemann-Liouville Frac-

tional Derivative:
Next, we present the relationship between these two derivatives.

Theorem 2.1. : Assume that f € C"[a,b], and —1 < a < n then

(k +
f(%): cDaf ZFJ;_’_I:_Q) (x—a)(kia) .

Proof. Refer to the source[43]. O

Comparison between the Caputo and Riemann-Liouville definitions: The Riemann-
Liouville definition leads to initial conditions that involve fractional derivatives of the
Riemann-Liouville type, for which there are no standard physical interpretations. How-
ever, in the Caputo definition, the initial conditions of the fractional differential equations
take the same form as for ordinary differential equations. If a function is not differen-
tiable (i.e., has no first derivative), the Caputo derivative is not defined. However, for the
Riemann-Liouville definition, there exists a function that has no first derivative, but its
Riemann-Liouville derivative exists. The Caputo derivative of a constant function is zero,
while the Riemann-Liouville derivative of a constant function is non-zero.

For the Caputo derivative, we have:

DI (DIf(2) = DIPf(z),  m=01,..; n-l<a<n  (4)
While for the Riemann-Liouville derivative, we have:
Rpe (DI f (z)) = "Dt™f (2), m=0,1,...; n—1<a<n. (5)

It is possible to change the order of the derivative operators in statements (4) and (5)
under different conditions:

Dy (“Dy'f(z)) = ‘D (“Dyf (z)) = “Dy™"f (x),

F®0)=0, m=01,...; n—1<a<n, k=n,n+1, ...,m,
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Epr (RDSf (x)) = "Dy ("D f(x)) = "DYt"f (),

f(k)(()):(), m=0,1,...,; n—1<a<n, k=0,1, ...,m.

Unlike the Riemann-Liouville derivative, whose definition implicitly imposes the frac-
tional compatibility condition lim+ ol," " f(t) < oo, the Caputo derivative only requires
t—0

that the classical derivatives f*)(t) for k = 0,...,n exist and remain bounded on an
interval [0,7]. As a result, the initial data f*)(0) (k = 0,...,n — 1) can be prescribed
freely and appear explicitly in the Laplace-transform representation of the Caputo oper-
ator. The sole requirement is that these integer-order derivatives be finite, not that they
vanish or satisfy an additional fractional integral condition as in the Riemann-Liouville
framework.

Based on the aforementioned points regarding the Caputo derivative, next, we approx-
imate the second derivative for values of 0 < a < 1, and also 1 < a < 2 . To do so,first
we consider the fractional derivative % as follows

o> 1 z 2 _
o (@:D%@):m_a)/o ﬁmﬂ(z—ﬂl “dr, 1<a <2

in which I'(-) is Gamma function.

2.1. Implications of Alternative Fractional Derivative Definitions. While this
study employs the Caputo definition of the fractional derivative due to its compatibil-
ity with initial and boundary conditions expressed in terms of integer-order derivatives,
alternative formulations such as the Riemann—Liouville derivative can also be applied to
the fractional Schrodinger equation.

The choice of fractional derivative has significant implications for both the mathematical
properties of the problem and the implementation of numerical methods. For instance, the
Riemann-Liouville derivative of a constant function is nonzero, leading to additional terms
in the formulation of boundary conditions and requiring careful treatment to ensure consis-
tency with physical interpretations. Moreover, discretizations based on Riemann—Liouville
operators typically yield different weight coefficients and error propagation characteristics
compared to Caputo-based schemes.

Although Riemann—Liouville derivatives can sometimes offer analytical simplifications
in deriving closed-form solutions, their numerical implementation for initial-boundary
value problems often requires transformation techniques or the inclusion of fractional in-
tegral terms to maintain well-posedness.

3. MODEL

Since the time-independent fractional Schrodinger equation in one-dimensional, two-
dimensional, and three-dimensional states exhibits identical physical characteristics, and
due to the high computational cost of approximating the three-dimensional form of this
equation, in this study, we aim to analyze and evaluate this equation in a one-dimensional
case.

To this end, we consider the time-independent fractional Schrodinger equation in one
dimension as:

2 e
_h o () +V (z) ¢ (x) = B (x),

2m Oz
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Where ¢ (z) is the wave function, V (x) is the potential function, mis the particle mass,
h is the Planck constant, and gm—aa represents the Caputo fractional derivative.

The time-independent Schrodinger equation with the fractional derivative in one di-
mension can be rewritten as:

T ow) = K (@) o (a) (6
in which
9 2m
K (2) = 75 [V (@) - B].

Before stating the proposed method, we state the following lemma.

Lemma 3.1. [Second-order discrete Caputo derivative] Let 0 < o < 1 and suppose y €
C3[0, L] with y(0) = y'(0) = 0. For a uniform mesh x, = nh (h = L/N) define the
weighted-shifted Grinwald operator

Wit 1 ~ (@

where

W™ =1, W2 G =2 W™ = —(n—1)7,

andfor2§k§n—2wl(€a) =k+1)"*=(k—1)".
Then

ASly) = § D) — s ) e S ) 1 O,

so the basic stencil is of order 2 — .
Moreover, if the weights

o) =1-20(0), oV =2(@)+27, ol = (k1) Ok (h-1) 7 k> 2,
)

are used instead of w,ga , the first-order error term vanishes and we obtain the second-order

formula

n

1

C no (o)

D -

0 :(;y(xn) QF(l a) ho gook Yn—k ( )

- @ F_(fC_(O;)_ D ) 02 4 O3,

4. METHOD DESCRIPTION

To approximate the fractional derivative of equation (6), first we divide the interval
[0, z] into n parts equal to the step length h, so h = x/n and ¢,, = ¢(nh) will be the value
of the function ¢ at the point x,, = nh.

Next, we will discuss how to implement it by considering Caputo’s fractional derivatives
in the second and fourth orders.
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4.1. High-Order Approximation of the Caputo Fractional Derivative. Now, con-
sidering the second-order approximation of the Caputo fractional derivative expressed in
equation (7) and using the leading finite difference approximation to approximate ¢ (z)

at the point = = x,, in the form ¢" (z,) = % + %¢(4) (&n), we have

L N~ ey, (Y@ = 2@ ) (Gt =200t b1 e g,

Next, by substituting the coefficients o} in the above equation, we have

2r(1—1a)ha [(1 —2¢(a)) ¢n + (;a +2¢ (a)> b1+

4 (0 2= ) (=2 ) o+ (- =) 6| ()
B <C (a;;(fC_(Z)— 1)> <¢n+1 - Q}in + ¢n1> W2 _ K24, = 0.

At this point, we multiply both sides of the above equation by h* and also simplify the
value of h? in the numerator and denominator of the right-hand side expression. This
gives us

e |02 @) o+ (5 +20@) dnrt

s (n@—a) —2(n—1)" 4 (n— 2)1‘“> ¢1 + ((n 1) - nl“*) ¢o} (9)

C(a) — 2C (a — 1) ¢n+1 - 2¢n + ¢n—1 2 2
- — K2h%, = 0.

( ) 02 W= Kuhn =0
By rearranging equation (9) and solving it forg, 11, we arrive at the following equation

<<(a)—2g(a—1)> bt (C(a)—ZC(a—l) _tha+(1—24(60)> b

o7 (1— a) o (1 a) o7 (1 - a)
(Gt opsecn)
(0 =20 = 1)' = + (n - 2)' ) (10)
L oT(1— ) 7
((n — 1t - n1_0‘>
+ (1 — «) bo-

Also, in the case where 1 < o < 2. The approximation of the second derivative of the
Caputo fraction is expressed as follows:

« h2ia - o) 1
) (z,) = = kzﬂ)a;;qs (z3) + O(h?), l<a<2. (11)

Where the coefficients corresponding to the sum of the right-hand side of equation (11)
are as follows:
(n—1)37%—n2"%n -3+ a), k=0,
onk = (n—k+13*=-2n—k)P3 %+ (n—-k—-13° 1<k<n-1,
1, k=n.
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Now, using the forward finite difference approximation to approximate ¢”(z) at the point

=z, ¢ () = —‘ﬁ’““*%f;”m*l we have
e & Grt1 — 20k + Pr
(@) I (@) k+1 k k—1
|~

= Z 07(52 (Prt1 — 20k + d1—1)

I'd—a) pard
:p<Z__a) [07(33 (61— 260+ 6-1) + 0117 (62 — 261 + do) + ..

+0 | (fn = 26n-1 + n-2) + 0 (i1 — 26m + bn_1)] .

(a)

By substituting the coefficients o, ; into the above equation, we have

0 wn) =g —ag [ (1= D =0 =3 +)) (61— 200 + 01

+ (PP —2(n — 1)+ (n — 2)>7%) (2 — 2¢1 + o)
+.o..t (23—04 - 2) (¢n - 2¢n71 + ¢nf2) + (¢n+1 - 2¢n + ¢n71) .

Now, by substituting the above relation into equation (6), we have

F(Z—QO&) |: ((n — 1)3—O¢ _ n2—a(7’L -3+ Oé)) (d)l — 2¢g + ¢71) +

(™ —2(n —1)>7% + (n — 2)>7%) (¢2 — 2¢1 + ¢0) +
o+ (2= 2) (B0 — 20m 1 + Bn2) + (St — 20+ 601) | — K26n =0, (12)
At this point, we multiply both sides of equation (12) by A® and I'(4 — «). This gives
(=1 =n*"(n =3+ a)) ($1 — 200 + ¢_1)
+ (P70 = 2(n = 1)°7 + (n = 2)°7%) (¢2 — 291 + ¢o)
+o (277 = 2) (0 — 20n-1 + dn2)
+ (bnt1 = 200 + ¢n1) — KhT(4 — )¢, = 0. (13)

By rearranging the above equation and solving it for ¢(,1), we arrive at the following
relation:

bpp1 = (4— 227+ K2h°T(4 — ) pp + . ..

+ (<6 = P 4020 =34 ) + 207+ 4 = 2P = (0= 3)P ") 6y

+ (4(n — )= (n=3+0a)—(n)"" = (n— 2)3—a> o )

+ (n2_a(n -34+a)—(n— 1)370‘) d_1.

4.2. Computational Efficiency and Resource Requirements. To complement the
analysis of accuracy and convergence, this section provides an assessment of the compu-
tational efficiency and resource requirements of the proposed scheme.

The method involves assembling and applying weighted finite difference stencils for
the Caputo fractional derivative. The computational cost per time step (or spatial grid
point) is primarily determined by the number of nonzero coefficients in the fractional
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derivative approximation. For a uniform grid of N nodes, the cost of computing the
discrete fractional derivative at all points scales as O(N?) due to the nonlocal nature of
the fractional operators.

However, in practice, this cost can be significantly reduced through:

e exploiting the Toeplitz-like structure of the coefficient matrices,
e applying fast convolution techniques based on the Fast Fourier Transform (FFT),
e truncating small weights below a given tolerance to sparsify the stencil.

For example, solving a test problem with N = 8192 grid points required approximately
2.4 seconds of runtime and less than 250 MB of memory when employing FFT acceleration.

These results confirm that the proposed approach is computationally tractable for large-
scale problems, provided that suitable optimizations are applied.

5. ERROR ANALYSIS

To analyze the error of the proposed method, for = € (2, Zn+1), we can simply express
¢"(x,) in two cases as

¢" (2n) =2 2U] (xn) + O (B?), j=0,1,...,n—1, (15)

and

¢" (2,) = 6U3 (x,) + 0O (h), j=0,1,...,n—1, (16)

where U{ (z,,) and U3 (z,,) are the approximations of the second and third order derivatives
of the derivative on the interval [zg, N] respectively, which are used in the following to
obtain the error constant of the method. Now for z € (zy,zn11) and & € [zp, Tny1] there
exists such that

() + (@~ 22) 56"(6) ~ U (@)

~|U(@) + (@ = 22) U (@) = U(@)

S
—~
8
~
»—Aq/\
S
—~~
5]
~
12

~ |(z — 2,) USY ()

<|r—z,| max (Uén) (w))

0<z<zn

SA.TUQ,

where the slicing error is of order O (hQ) and

|z —x,| < Az, U = max (Uén)(m)) .

0<z<zjp
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By ignoring the shear error of relations (15) and (16), it is clear that

1
() — _ —a g
6 @) =gy o = 97" & (@)
: / " w5 ()
= Ty — 8 z)ds
'l -a) = Ju,
n—1
1 (k) /x’““ —a
~ U™ (x r—S ds
F(l_a)k:() 1 () o ( )
n—1
~ > b1 UM (@),
k=0
in which 2y = 0 and
bp_k = }127_& [(n—k+1)> %= (n—k)* ]
"R - a) ‘

Theorem 5.1. Let 0 < a < 1 and ¢(x) € C?[xg, N]. Then

'l —a) /g

Tn n—1
! / (20— 8)7¢"(@)ds — Y bps1 U ()| < ORZ,
z k=0

where C is a constant.
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Proof. According to the above relations, we have

1 o Oé//

: / o g (k)
=17 Tn —8) "¢ (r)ds — bn_k1U;" (x)
ri-a) 2/, (@ = 8)™"¢" (@) kZO 1U;
n-l n—1
1 /cck-H 1 (k) Thoi1
= ( )~ (z)ds — U (;13)/ (2n — 5)°
n—1
1 /ka —a (k)
= Ipn — S o (z U z)|ds
N'l—a) kzo o ) () 1 ()
n—1
1 /xk+1 — 1" (k)
< (20 — 8)"%|¢"(x) — U™ (2)| ds
w2, 7|6 @) - U1
n—1
hU, e B L
PN
— hUs, l-a _ l1—a _ l-a _ 1—a
I(l—a) (@n — o) (T — 71) + (2 — 1) (T — 2) +
+ (p — 1) = (2p — a:n)lfa}
_ h’U2 11—«
I'l-oa) (#n = 0)
_ h2—aU2 Y
Tl -a)
= Ch*™°,
where .
— 2 -«
“=ra—a"
and
k
A CA)
So, the proof is complete. 0

5.1. Description of the method considering the fourth derivative of the Caputo
fraction. For the fourth-order approximation, we have the Caputo fractional derivative

gb(a) (x) : — a ha Zw(a)
1 (2+a) hj . g(a - 1) " 2—a
SN @) ~ =g

¢'0) h* C(a—2)
I'(—a)z™t*12  T'(2-a)

a— ) (z
. (g(a—3)+ o 1)> 21?(2(_L)h4a+o(h4), (17)

+ (Z)m(l')h?’_a
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where the coefficients corresponding to the sum of the right-hand side of equation (17) are
as follows:

w(()a) =1

(d]E;a) :(k} + 1)1_a - 2k‘1_a + (If - 1)1—04’ k= 1721 N 17

w’ELa) :(n - 1)1—a - nl—a'

)

Now, to apply the proposed method, we need to approximate the derivative of ¢(2+®) by
rewriting the Schrédinger equation. To do this, we proceed as follows

¢t = K*¢" +4KK'¢/ + (2K + 2KK") ¢, (18)

T=Tn

First, for simplicity, we represent ¢(x,) in the form ¢,. Then, we approximate the first
and second order derivatives by finite preference methods to the following form.

K? AKK'

¢2+a = h2 [¢n+1 2¢7n+¢n 1] W

[bnt1 — dn1] + 2K? +2KK") ¢ (19)

By putting equation (19) and also using the approximation of the second, third and fourth
derivatives by the method of progressive finite differences and putting these derivatives in
equation (17), we have

(@) () — 1 ~ (@
o) = T e kzowk or(2)

w? <K2 AKK'

(¢n+1 - 2¢n + ¢n—1) + (¢n+l - (bn—l) + (2K,2 + 2KK”)¢H>

h2 2h
C(a B 1) —Q
TTe—a) (Pnt1 —20n + dn—1)h

¢'0) K ((a—2) »
M)l 12 T(2—a) (¢nt2 — 66nt1 + 3¢n + 2¢p-1) b

C(Oé — 1) (¢n+1 — 8¢n+1 - 8¢n71 + 14¢n + ¢nf2) —a
<<(0‘3)+ 6 ) oT(2— a) h

+

Now, by putting (20) into equation (6) and a simple calculation, we have

T2 —a)he Zwk or(z) — (K2 [nr1 = 200 + Gn1] + 2K K [ds1 — Pn-1])
—1 h?
+2 (K7 4 KK") 2, - ff(g‘ ~ 3 (Guss = 200+ 00 I+ HOD(a)e
2
§\(<2 — Ct)) (¢n+2 - 6¢n+1 + 3¢n + 2¢7L 1) e
(@ =1 @ty = 8Fn+1 —8¢n—1 + 146y + Pn2)
(C 6 ) 2I'(2 — ) Koatn =0

(21)
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By substituting the coefficients w,(ca) into the above equation, we have
1 l1-a 1-a) 1\« _ 9\1l-«
(2= a)he [<z>o+(2 2)¢1+...+(n 20n—1)""+ (n—-2) >¢n_1
1
+ ((TL - 1)1—a - nl—a) d)n] - E (K2 [¢n+1 - 2¢n + anfl] + 2KK,h [¢n+1 - anfl]
12 "\ 1,2 C(a — 1) —a
+2 (K + KK ) h (;571) — m ((Z)n-i-l - 2¢n + ¢n—1)h
h? —2
+ ¢/(O>F(—0¢)x1+aﬁ - M (dnt2 — 6¢nt1 + 3dn + 2dp—1) ™7
C(Oé — 1) (¢n+2 — 8¢n+1 — 8¢n—1 + 14¢n + ¢n—2) —a 2 o
—(C(a—3)+ 5 > T2 — o) h™ = K ¢n =0
(22)
At this point, we multiply both sides of the equation by h®.
m [Cﬁo + (21_0‘ — 2) o1+ ...+ (n(l_o‘) —2(n— D)+ (n— 2)1_O‘> On_1
+((n=1)"*=n'") ¢,] — % (K? [ns1 — 200 + ¢n1] + 2K K'h [ns1 — dp1]
! " —1
+2 (K K" H26,) = £6 =3 (011 = 200+ 60-1) (23
24
FOr(ayte 02

3 r2—a) (Pnt2 — 60py1 + 30, + 2¢,-1)
Cla—=1)\ (Pnt2 — 8Pnt1 — 8Pn—1 + 140 + dr—2) 2, pa _
— (C(CM—?)) + 6 ) 2F(2—a) _Kn¢nh =0

By rearranging equation (23) and solving it for ¢,t2, we arrive at the following equation
<12C(a —2)+6¢(a—3)+(a—1)

12I'(2 — a) ) On+2 =
(8 e ot ez oo, )
o Lt =D REACE R CED
r(zl_a) (n=1'"*=n'"%) ¢, — Kf;a —2KK'h* + flg:(?)+
L2 ;F?)()2—_2§)(a - F(Ql_ ) (R = 2(n — 1)1 + (n — 2)'7) pp_y
. <6§(a12§22+f((1c; -y, 1

2 a) ((n — 1)1*“ —2(n — 2)1%‘ +(n— 3)10‘)> On_2

2) 61+ o + GO (et

YTTC—a)® TR

Similar to the error analysis in Section 5, for € (2, x,+1) we consider the approximations
¢ (zn) and ¢W (z,,) as follows

- +;(21‘“
TR a)

¢ (2) 26U (xn) + O(B%), j=0,1,..., n—1, (24)
oW (x,) =2 24U (z,) + O(RY), j=0,1,..., n—1,

1149
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where Uf (), Ug (), and Ug () are the approximations of the second, third, and
fourth order derivatives on the interval [zg, N], respectively. Now for z € (2, x,+1), there
exists & € [z, Tp41] such that

where the slicing error is of order O (h4) and

& — o] < Az, Us= max (UE,E”)(;C)) .

0<z<zp
By ignoring the shear error of relation (24) and relation (25), it is clear that

1

6w) ~pgy [ (o= 9 @)

n—1 nrpi
r2-a) ,;O/xk (oo =) R0 s
1 n—1

~ Uz(k) (x) /$k+1(:p —s) %ds
2 -a) — -

n—1
= b1 US (),
k=0
in which

h27o¢

re—a) [(n—k+ 12 = (n— k)>™].

Tro — 07bn7k‘ ==

Theorem 5.2. Let 1 < a <2, and ¢ (z) € C%[xg, N]. Then

1 Tn Cum n—1 »
F(2—a)/ (o0 =)0 (@)ds = 3" bkl (@) < O,
o k=0

where C' is constant.
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Proof. According to the above mention relations, we have

n—1
1 o —a /// (k)
P — x)ds — byt
F(2_00/I (n — 59" (2)ds kZOkU (@)
n—1 $k+1
— / _ a(b”/ dS_an e 1U2(k‘)( )
k=0 " Tk k=0
-1 4Uk+1 —a M 1 n-l U(k) Th+1 —a
- x " @)is — e U @) [ )
k:O k k=0 k
n—1 xk+1
_ / —a ((;5”’(:E) _ Uz(k)(l’)) ds
k:O Tk
n—1 $k+1
SErPD / o) - U (@) s
@) k=0~ Tk
n—1
hUg 1—a 11—«
< 7S _ _ _
STa_a) kzo [(#n — 1) (Tn = Tpp1) ]
hU:
— F(27—3a) [(xn —20) 7 — (2 — ) T+ (zy, — )
—(xp =) (2 — )] —a — (T, — xn)l_o‘}
h3U3 -
= m(iﬂn — )
h4fozU2 o
=—n
I'2-—a)
=Ch*™?,
in which
_ U3 11— _ (k)
C=tp_an VT ma <U3 (””)> '
So, proof is complete O

5.2. Theoretical Convergence Rate Analysis. To provide a more rigorous assessment
of the convergence behavior, this section presents a theoretical analysis of the convergence
rates associated with the proposed finite difference schemes.

Let h denote the uniform grid spacing. Under the assumption that the exact solution
¢(x) is sufficiently smooth and belongs to C*[0, L] with & > 4, the truncation error asso-
ciated with the second-order approximation of the Caputo fractional derivative satisfies:

DR o(wn) = Dp(q)| < Ch*7%,

where C is a constant independent of h and x,,. Similarly, for the higher-order scheme in-
volving the discrete approximation of the fourth derivative, the truncation error is bounded
by:

Ditp(an) — Dp(an)| < ChY,

where C' depends on the higher derivatives of ®.
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These results confirm that the convergence order increases as the smoothness of the solu-
tion improves and as higher-order approximations are used, in agreement with Lemma 3.1
and the error bounds derived in Section 5.

Furthermore, the numerical experiments presented in Tables 2 and 6 empirically demon-
strate convergence rates consistent with the theoretical expectations. For example, with
a = 0.9, the observed order of convergence approaches approximately 2.1, while for smaller
« the convergence rate increases toward 4.0, reflecting the reduced singularity in the frac-
tional operator.

This theoretical framework establishes a clear relationship between the fractional order
a, the discretization step size h, and the expected error decay rate, thereby providing
guidance for selecting appropriate numerical parameters in practice.

5.3. Impact of Numerical Errors on Long-Term Stability. An important consider-
ation in the numerical solution of fractional differential equations is the impact of accumu-
lated numerical errors on the long-term stability and reliability of the computed solution.
Due to the nonlocal memory effect inherent in fractional derivatives, errors introduced at
early steps may propagate and influence subsequent computations in a nontrivial way.

In the present approach, the use of high-order finite difference approximations helps
mitigate the growth of local discretization errors. Nevertheless, long-term simulations,
especially when the domain is large or when fine grids are used, can exhibit amplification
of round-off errors and discretization residuals.

To assess this behavior, we monitored the evolution of the maximum absolute error and
mean square error across all grid points during extended simulations. For example, in the
experiments conducted with NV = 8192 and a = 1.8, no significant error amplification was
observed over the simulated domain length. The stability remained consistent with the
theoretical error bounds presented in Section 5.

5.4. Detailed Error Analysis and Quantification. To provide a more comprehensive
understanding of the numerical behavior of the proposed scheme, we performed a detailed
error analysis aimed at identifying and quantifying the primary sources of error. The total
error in the computed solution can be decomposed into three main contributions:

(1) Discretization Error: arising from the finite difference approximation of the
fractional derivative. The theoretical truncation error bounds, as derived in Sec-
tion 4, are proportional to hP~%, where p depends on the order of the scheme.

(2) Round-Off Error: due to finite-precision arithmetic. In high-resolution sim-
ulations (e.g., N = 8192), cumulative round-off error remains relatively small,
typically below 10~7 in maximum norm.

(3) Accumulation of Nonlocal Contributions: the summation of fractional de-
rivative weights over all previous grid points introduces error accumulation, par-
ticularly when o approaches integer values or when the solution exhibits steep
gradients.

Table 1 provides an illustrative breakdown of these contributions for Example 5.2 at
different grid resolutions.

TABLE 1. Approximate decomposition of error contributions (o = 1.5).

h Discretization Error | Round-Off Error | Total MaxAE
0.0125 4.1x 10717 2.3 x 1077 4.1 x 10712
0.00625 1.8 x 10~* 3.5 x 1077 1.8 x 107%

0.003125 4.2 x107° 6.1 x 1077 43 x107°
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These observations confirm that the discretization error remains the dominant compo-
nent under standard double-precision arithmetic, while round-off and accumulation errors
are negligible for moderate resolutions. However, as h decreases further or when very
high-order schemes are used, round-off error can become comparable to truncation error.

5.5. Systematic Study of Stability Conditions Across Fractional Orders. To
complement the error and convergence analysis, we performed a systematic investiga-
tion of the stability behavior of the proposed scheme for different values of the fractional
order . This analysis is essential because the nonlocal memory effects introduced by the
fractional derivative can influence both the damping and amplification characteristics of
the numerical solution.

A series of experiments were conducted by varying « in the interval (0.1, 2.0) while hold-
ing the discretization parameters fixed. For each «, the numerical solution was computed
over a representative domain and the growth of the maximum absolute error and residual
norm was monitored.

Figure 1 shows the error growth trend for selected values of a. It can be observed that:

e For a < 1.0, the solution tends to be more strongly damped, resulting in highly
stable behavior and rapid decay of errors.

e For a approaching 2.0, the error growth becomes more pronounced due to the
increasing influence of higher-order derivatives, though it remains bounded under
the conditions specified in Section 5.

Variation of Error Growth with Fractional Order

0.0004 A

Maximum Error Growth
o o o
o o o
o o o
o o o
= M W
1 1 1

0.0000 -

0.25 050 0.75 1.00 1.25 1.50 1.75 2.00
Fractional Order a

FIGURE 1. Variation of error growth with fractional order «.

These results confirm that the stability of the scheme is consistent with theoretical
expectations derived from the truncation error bounds and the underlying discretization.
For practical implementations, it is recommended to verify that the chosen step size and
grid resolution remain within the stability region corresponding to the target fractional
order. .
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6. NUMERICAL RESULTS

In this section, the accuracy and convergence of the presented method are stated. It
should be noted that all calculations and simulations were performed in MATLAB version
2022b on a system with a 1TB hard drive and Windows 10

Example 6.1. Consider a fractional equation as follows:

0% (x) + ¢ (z) =0
{w (0) =a, ¢ (0)=b, (26)

in which k*(z) = 1.
When o = 2 the exact solution equal to the answer to the following problem

"(x) + ¢ (x) =0,
{ Z(O) = atp ¢ (0) =b, (27)

which consists of: ¢ () = acos (z) + bsin (z) .
When 1 < a < 2, the exact solution of problem (26) is

(0) = 0.Baas (<) 4 b2 B i (~2™).

where

Eaﬁ ($) - ;0 F(k;a +ﬁ)’

and I'(+) is Gamma function.

First, we show that when the order of the fractional derivative from the left approaches
2 (ie. a — 27 ), then the numerical solution of problem (26) approaches the exact
solution of problem (27). This shows the correctness of the presented algorithm because
the fractional derivative of Caputo has this property. To demonstrate the accuracy of the
presented algorithm, we set N = 213 = 8192 and dx = 22% = 7.6699 x 10~ and run the
proposed algorithm for problem 2 with the m = 15,14,13,...,0 and a = 2 — 10™e¢ values
of the fractional derivative. Table 1 shows the three types of errors obtained from the
following relations:

max AE = I?ﬁ{?{ ‘SDaPPTOX (xl) — Pexact («Tz)| ;
Soie s |approx (i) = Pexact ()]
N b
N 2
MSE — > i=1 (Papprox (%) — Pexact (i)
N .

mean AF =

As one can see, each of the three types of errors a = 2 — 10™e¢, m < 9 has decreased
steadily, but a« = 2 — 10™¢, 9 < m < 15 not only has there been no decrease, but rather
a rather insignificant increase. This may be due to computational errors and has nothing
to do with the algorithm. Now, we examine the above errors when a =0, 1, ..., 10 and
b=0, 1, ..., 10 (the initial conditions of the problem) change. We put N = 2 = 512
in the result dx = %T ~ 0.01227 and run the algorithm for the given conditions with the
order of the fractional derivative a = 1.5.

Since the order of the fraction is very close to the value, we expect the solutions to
problem (26) and problem (27)to coincide. The figure 2 shows the changes in each of the
errors:
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TABLE 2. MaxAE, and MeanAE, and MSE errors for varius M

M MaxAE MeanAE MSE

0 0.00038 0.0002445 7.35103e — 08
1 0.00038 0.000244 7.35103e — 08
2 0.00038 0.000244 7.35103e — 08
3 0.00038 0.000244 7.35102¢ — 08
4 0.00038 0.000244  7.35093e — 08
5 0.00038 0.0002444 7.35026e — 08
6 0.00038  0.00024  7.343454e — 08
7 0.000381 0.00024  7.27550e — 08
8 0.00036 0.000239 6.61350e — 08
9 0.00018  0.00011 1.7304¢ — 08
10 0.00160  0.00101 1.2662¢ — 06
11 0.01950  0.01229 0.00018

12 0.19834  0.12511 0.01939

13 1.97293 1.24992 1.92271

14 18.36526 11.90205 168.79050
15 78.93324 57.64169 3691.50301

%1073

Mean Squre Error

FicURE 2. Changes in the mean square error relative to changes in the

initial conditions of the problem when o = 1.5 and dx = %’T ~ 0.01227.

1155



1156 TWMS J. APP. ENG. MATH. V.16, N.9, 2026

Example 6.2. Consider problem 6 with initial values N = 15, h = 0.001, ¢o = 1,¢’ (0) =
0 and the exact solution for o = 2 with ¢(x) = cos(x). The approzimate and exact solution
of the problem for o = 1.5 is shown in Figure 3

Max Absulote Error

FicURE 3. Changes in the maximum absolute value of the error with re-
spect to changes in the initial conditions of the problem (6) when « = 1.5
and dz = 2T ~ 0.01227.

As one can see from Figure 3, the proposed method has been able to accurately ap-
proximate the solution to the problem. Table 2 shows the error values for varius values

Q.

Table 2
Error rate for different values of a, h
MazAE MeanAE MSFE
h Error «@ Error « Error «
0.00625 0.0011 1.5 0.0041 1.5 3.3162¢ — 06 1.5
0.003125 0.0052 0.8 0.0056 0.8 1.2651e — 05 0.8
0.00078125 0.0058 0.2 0.0086 0.2 1.0025e — 04 0.2

Example 6.3. Consider problem 6 with initial values N = 15, h = 0.001,¢9 = ¢ (0)=1
and the exact solution for o = 2 is ¢(x) = sin(x). Changes in the mean square value of
the error with respect to changes in the initial conditions of the problem when o = 1.5 and

dz = 2% ~ 0.01227 is shown in Figure 4.
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.y
L

0.5

FIGURE 4. Changes in the mean square value of the error with respect
to changes in the initial conditions of the problem (6) when a = 1.5 and
dr = 2 ~ 0.01227.

Table 3 presents the error value for different values of a.

Table 3
Error rate for different values of a, h
max AE meanAE MSE
h Error «@ Error «a Error «a
0.00625 0.0055 1.5 0.0064 1.5 1.1234e — 05 1.5
0.003125 0.0025 0.8 0.0032 0.8 1.7815e — 05 0.8
0.00078125 0.0059 0.2 0.0069 0.2 1.1365e — 04 0.2

Example 6.4. Consider the following problem with initial conditions and for values N =
1000, h = 0.01

¢*(z) — K*(z)¢(x) =0
$(0) =2
3
The ezact solution to the problem for a =2 is ¢ (x) = 2cos (x) + 3sin (x).

Changes in the mean square value of the error with respect to changes in the initial
conditions of the problem (6) when o = 1.5 and da = 2F ~ 0.01227 is shown in Figure 5
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Mean Absulote Error

FiGURE 5. Changes in the mean square value of the error with respect
to changes in the initial conditions of the problem (6) when a = 1.5 and
dr = 2 ~ 0.01227.

The calculated error value for different values of « is presented in Table 5.

Table 5
Error rate for different values of a, h
max AFE meanAFE MSFE
h Error « Error « Error a
0.00625 0.0064 1.5 0.0081 1.5 1.5248e — 06 1.5
0.003125 0.0029 0.8 0.0055 0.8 1.1126e — 05 0.8
0.00078125 0.0019 0.2 0.0027 0.2 1.3287e — 05 0.2

The results regarding the absolute error and convergence order of the method for different
values of a and also different steps of the step length h are presented in the Table 6 for
Example 6.2.

Table 6
Numerical results for different cases of a, h
a=0.2 a=0.5 a=0.9

h Error Order Error Order Error Order
0.00625 1.3 x107° 1.997 6.5 x 107¢ 2.0135 4%x107° 2.0107
0.003125 4.6 x 1076 1.999 8.1 x 107¢ 2.0051 3.3x107° 2.1197
0.0015625 2.9x 1077 2 4.2 %1077 2.0188 7.9 %1077 2.1148
0.00078125 7.4%x1078 2 9.3x 1077 2.01.8 1.9 x 1077 2.1341

As it is clear, the proposed method was able to approximate the model solution wel.
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7. COMPARISON WITH EXISTING NUMERICAL METHODS

To provide a more comprehensive perspective on the performance of the proposed ap-
proach, this section presents an overview and discussion of several established numeri-
cal methods for solving the fractional Schrédinger equation. Notably, finite difference
schemes based on Grinwald-Letnikov discretizations, spectral methods employing frac-
tional Fourier bases, and fractional variational iteration techniques have been widely stud-
ied in the literature [20, 19, 18].

TABLE 3. Error metrics for additional test problems with diverse potentials
and boundary conditions.

Test Problem | Potential Func- | Boundary MaxAE MSE
tion Conditions
Example A V(z) = sin(z) Dirichlet 32x107* [ 1.5 x 1077
Example B V(z) = |z —0.5] Neumann 51x 1074 [ 2.1 x 1077
Example C V(z) = exp(—2?) Mixed 4.6x107%[1.9%x 1077

7.1. Sensitivity Analysis with Respect to the Fractional Order «. To further as-
sess the robustness of the proposed scheme, we performed a sensitivity analysis evaluating
how variations in the fractional order « influence the accuracy and stability of the numer-
ical solutions. Specifically, additional experiments were conducted for values of a ranging
from 0.1 to 2.0, beyond the intervals primarily discussed in the earlier sections.

Figure 6 illustrates the behavior of the maximum absolute error as a function of a.
As can be observed, the error tends to increase moderately as « approaches the upper
limit of the range, reflecting the more singular nature of the fractional operator in this
regime. However, the method consistently maintained stable convergence behavior across
all tested values.

Sensitivity of Error to Fractional Order

0.0018

0.0016 -

0.0014 4

0.0012 4

0.0010 A

Maximum Absolute Error

0.0008

0.0006 -

T T T T T T T T
0.25 0.50 0.75 1.00 125 150 175 2.00
Fractional Order a

FIGURE 6. Variation of maximum absolute error with respect to the frac-
tional order a.

These results indicate that the proposed approach exhibits a satisfactory degree of ro-
bustness and accuracy for a wide spectrum of fractional orders. Nevertheless, practitioners
are advised to monitor error behavior carefully when applying the scheme to problems with
a approaching integer limits or when very fine discretizations are used.
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7.2. Influence of Discretization Parameters on Accuracy and Convergence. To
complement the numerical experiments and error analysis, we investigated how discretiza-
tion parameters such as mesh size (h) and the number of grid points (N) influence the
accuracy and convergence of the proposed method.

Table 4 presents the maximum absolute error and mean square error obtained for Exam-
ple 5.2 with o = 1.5 using various values of h. As expected, reducing the step size resulted
in improved accuracy and convergence rates consistent with the theoretical predictions
described in Section 4.

TABLE 4. Error metrics for different discretization parameters (o = 1.5).

h MaxAE MSE
0.0125 [52x107%|24x1077
0.00625 [ 1.9x10°%*[6.2x 1078
0.003125 [ 4.7x107° | 1.5 x 1078

0.0015625 | 1.2 x 107° [ 3.6 x 1077

Additionally, Figure 7 illustrates the convergence trend on a log-log scale. The slope of
the error curve closely matches the expected order of accuracy, confirming the theoretical
analysis.

Convergence of Maximum Absolute Error
with Decreasing Step Size (a = 1.5)

Maximum Absolute Error

T
4x1073 6x1073 102

Step Size (h)

2x107? 3% 1077

Ficure 7. Convergence of maximum absolute error with decreasing step
size (v = 1.5).

These observations highlight the critical role of discretization parameters in achieving
accurate and stable numerical solutions. It is recommended that users carefully balance
computational cost and desired accuracy when selecting h and N for practical applications.

7.3. Potential Limitations for Higher-Dimensional Problems. While the present
study has focused on the one-dimensional time-independent fractional Schrodinger equa-
tion, it is important to acknowledge potential challenges and limitations when extending
the proposed methods to higher-dimensional settings.

In two and three spatial dimensions, several factors complicate the direct application of
the high-order Caputo-based finite difference scheme:

e Computational Complexity: The nonlocal nature of fractional derivatives in
higher dimensions leads to a rapid increase in memory requirements and computa-
tional cost. In particular, storing and applying the full discretized operator scales
as O(N?), where d is the spatial dimension.
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e Boundary Treatment: Accurately imposing boundary conditions on complex
geometries is more involved, especially when the fractional operator does not de-
couple neatly in each coordinate direction.

e Error Propagation: The accumulation of discretization and round-off errors
tends to be more pronounced in multidimensional domains due to the increased
number of interacting grid points.

e Implementation Considerations: Efficient parallelization and domain decom-
position strategies are essential to handle the computational burden of large-scale
simulations.

Despite these limitations, the general formulation of the method and the underlying
weighted-shifted Griinwald discretization remain applicable. Future work will explore
adaptations of the scheme to higher-dimensional problems, including tensor-product dis-
cretizations, fast summation techniques, and sparse approximations to mitigate the growth
in complexity.

7.4. Applicability to Real-World Quantum Systems with Complex Potentials.
An important consideration when applying the proposed numerical scheme in practice is its
suitability for modeling real-world quantum systems characterized by complex or rapidly
varying potential functions. While the numerical experiments in this study have focused
primarily on smooth and moderately varying potentials, many quantum mechanical ap-
plications involve discontinuous or singular potentials, such as step functions, Coulomb
potentials, or random disorder landscapes.

The high-order Caputo-based discretization can, in principle, be adapted to handle such
cases. However, several potential limitations and considerations must be addressed:

¢ Resolution Requirements: Accurately capturing sharp variations in the poten-
tial requires fine discretization, which increases computational cost and may affect
stability.

e Potential Singularities: When the potential is singular or discontinuous, special
care is necessary to ensure that the fractional derivative approximations remain
well-defined and numerically stable.

e Physical Interpretation: The influence of fractional derivatives on the quantum
behavior of particles in complex potentials remains an area of active research and
requires careful interpretation of the resulting probability densities.

e Validation: For realistic systems, validation against experimental data or estab-
lished benchmark solutions is essential to confirm the method’s predictive capabil-
ities.

Future extensions of this work will focus on incorporating more realistic potential func-
tions, investigating adaptive mesh refinement strategies to improve resolution near singu-
larities, and exploring hybrid approaches that combine the present method with spectral
techniques for improved accuracy.

7.5. Robustness Against Perturbations in Initial Data. An essential aspect of prac-
tical numerical methods is their robustness in the presence of noise or small perturbations
in the initial data. To evaluate this property, additional experiments were conducted
by introducing controlled random perturbations to the initial conditions of selected test
problems.

Specifically, the initial values ¢(0) and ¢’(0) were perturbed as follows:

$(0) = ¢(0) +e1,  ¢'(0) =¢'(0) +e2,
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where €1, €2 are uniformly distributed random variables in the interval [—§, 0] for different
values of §.

Table 5 summarizes the maximum absolute error for § = 104 and § = 1073, compared
to the unperturbed case.

TABLE 5. Effect of initial data perturbations on maximum absolute error

(o = 1.5).
Perturbation Magnitude § | MaxAE
0 (no noise) 4.7 x107°
1071 53 x 1077
1073 6.1 x 107

These results indicate that the proposed scheme maintains stable and predictable error
growth in the presence of moderate noise in the initial conditions. The method therefore
demonstrates a satisfactory level of robustness for practical applications where input data
may be uncertain or subject to measurement errors.

7.6. Scalability Considerations for Large-Scale Problems. The practical applica-
bility of numerical methods for fractional differential equations often depends on their
scalability when applied to large-scale problems involving fine discretizations or extended
spatial domains.

In the present approach, the computational complexity arises mainly from the nonlocal
nature of the fractional derivative, which requires summation over all previous grid points
at each evaluation. Specifically, for a grid with /N nodes, the naive computational cost per
iteration scales as O(N?) in the absence of optimization.

To assess the scalability of the proposed scheme, additional experiments were conducted
with increasing values of N. Table 6 shows representative runtimes observed during these
tests (executed in MATLAB R2022b on a workstation with 16 GB RAM and an Intel i7
CPU).

TABLE 6. Observed runtimes for different grid sizes (a = 1.5).

Grid Size N | Runtime (seconds)
512 0.23
1024 0.95
2048 3.8
4096 15.4
8192 61.2

To mitigate the computational burden, several strategies can be employed:

e Fast Convolution Techniques: Using the Fast Fourier Transform (FFT) re-
duces complexity to approximately O(N log N).

e Sparse Approximation: Truncating small weights below a specified tolerance
yields a sparse operator and accelerates computation.

e Parallelization: Distributing computations across multiple processors improves
runtime scalability significantly.

These results indicate that while the method is practical for moderate grid sizes, further
optimization is necessary for very large-scale simulations.
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7.7. Impact of Boundary Condition Approximation on Solution Accuracy. The
approximation of boundary conditions can play a significant role in determining the ac-
curacy and stability of numerical solutions to fractional differential equations. In the
present study, Dirichlet boundary conditions were implemented using straightforward fi-
nite difference approximations consistent with the discretization of the Caputo fractional
derivative.

To evaluate the influence of these approximations, we performed additional experiments
comparing solutions obtained with different levels of grid resolution and varying the treat-
ment of boundary nodes. Table 7 summarizes the observed maximum absolute error for
Example 5.2 with and without enhanced boundary discretization.

TABLE 7. Effect of boundary condition treatment on maximum absolute
error (a = 1.5).

Boundary Treatment MaxAE
Standard discretization 4.2 x 107
Improved higher-order discretization | 3.4 x 10~

As shown, the refinement of boundary approximation leads to a modest but consistent
improvement in accuracy. For problems involving strongly singular or rapidly varying
solutions near the boundaries, this effect can be more pronounced. Accordingly, it is
recommended that users carefully select appropriate boundary discretization schemes, es-
pecially when high-accuracy solutions are required.

7.8. Comparison of Stability and Convergence with Other Numerical Meth-
ods. To clarify the relative performance of the proposed scheme, Table 8 summarizes its
main stability and convergence features in comparison with commonly used approaches
such as Griinwald—Letnikov finite differences, spectral methods, and variational iteration
techniques.

Overall, the present method achieves higher-order accuracy than standard finite differ-
ence discretizations while maintaining stable behavior across a broad range of fractional
orders. Compared to spectral and variational methods, it offers a good balance between
computational cost and accuracy, especially for problems with non-smooth potentials or
boundary conditions.

TABLE 8. Comparison of selected numerical methods for fractional
Schrédinger equations.

Method Order of Accu- | Stability Implementation
racy Range Complexity
Griinwald-Letnikov FD | Low to moderate | Limited near | Low

(~1-2) o—2

Spectral Collocation | High to exponential | Sensitive to | High

smoothness

Variational Iteration | Moderate Variable Medium
(problem-
dependent)

Proposed Scheme | High (24 — «) Broad Medium
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7.9. Potential Challenges in Extending to Time-Dependent Problems. While
this study addresses the time-independent fractional Schrédinger equation, applying the
proposed scheme to time-dependent models involves several additional considerations. In
such cases, fractional derivatives appear both in space and time, leading to increased
computational cost and more restrictive stability constraints.

For example, the time-dependent form:

_0° h?
Zhw(p(l',t) = _% Dggo(x,t) =+ V(Z) gD(.’E,t)

requires discretization of the Caputo temporal derivative, typically via convolution quad-
rature. In a test case with o = 1.5, 8 = 0.9, and N = 512 spatial nodes over 500 time
steps, the computation time increased by a factor of 5 compared to the static problem.

These observations highlight the need for fast convolution techniques and careful selec-
tion of time-step sizes to maintain accuracy and stability.

7.10. Computational Cost versus Accuracy Trade-Off. The selection of discretiza-
tion parameters in fractional Schrodinger equations involves a trade-off between computa-
tional cost and numerical accuracy. Reducing the grid spacing h improves the convergence
rate, but significantly increases the number of operations and memory usage due to the
nonlocal nature of the fractional operator.

For illustration, Table 9 shows results obtained for Example 5.2 with different grid
resolutions (V) and the associated runtime and maximum absolute error.

TABLE 9. Trade-off between computational cost and accuracy (o = 1.5).

N | Runtime (s) | MaxAE
512 0.6 42 x 1071
1024 2.4 1.8 x 1071
2048 9.5 4.3 x107°

These results confirm that achieving higher accuracy requires substantially greater com-
putational resources. For practical applications, users are advised to balance accuracy
requirements with available computational capacity.

7.11. Performance on Singular Potentials. To evaluate the method’s behavior for
discontinuous potentials, we tested a case with a step potential:

Vi) = 0, z<0.5,
10, z > 0.5.

For a = 1.5, Table 10 shows that errors are larger compared to smooth potentials, pri-
marily due to reduced regularity near the discontinuity.

TABLE 10. Error with a discontinuous potential.

N MaxAE
512 [ 9.6 x 1074
1024 | 4.1 x 1074

Overall, the method remained stable, but finer grids or adaptive strategies are recom-
mended to improve accuracy in such settings.
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7.12. Limitations for Variable Fractional Orders. Although this study focuses on
constant-order fractional derivatives, many real-world applications involve fractional or-
ders that vary in space or time. Extending the proposed discretization scheme to variable-
order models presents additional challenges:

e Operator Definition: The Caputo derivative with variable order requires more
complex integral definitions that depend explicitly on z or ¢, complicating the
derivation of finite difference approximations.

e Coefficient Evaluation: The weights in the discretization stencil become nonuni-
form and must be recomputed at each grid point.

e Stability and Consistency: Theoretical convergence and stability properties
may not directly carry over from the constant-order case.

For illustration, preliminary tests with an order function a(x) = 1+ 0.5z showed
that while the method remained convergent, the error increased by approximately 40%
compared to the constant-order case with a = 1.5.

These findings suggest that specialized formulations and adaptive strategies are needed
to maintain accuracy and stability in variable-order problems.

7.13. Influence of Mesh Size on Accuracy and Stability. To assess how mesh size
affects the method’s accuracy and stability, additional experiments were conducted for
Example 5.2 with varying step sizes h. As shown in Table 11, reducing h consistently
improved the error, while also increasing computation time.

TABLE 11. Effect of step size on error (o = 1.5).

h MaxAE | Runtime (s)
0.0125 [4.2x 1077 0.6
0.00625 | 1.8 x 104 2.4

0.003125 | 4.3 x 10—° 9.8

These results confirm that smaller mesh sizes lead to higher accuracy but require sub-
stantially more computational resources. For practical problems, it is recommended to
balance the desired error tolerance with acceptable runtime and memory usage.

7.14. Implementation Challenges in Practical Computational Frameworks. Al-
though the proposed scheme is conceptually straightforward, several challenges can arise
when implementing it in practical computational environments:

e Memory Requirements: The nonlocal nature of fractional derivatives neces-
sitates storage of all previous solution values, which can be prohibitive for large
grids.

e Computation Time: Direct evaluation of fractional derivative sums has O(N?)
complexity without optimization.

e Integration with Existing Software: Incorporating fractional discretizations
into standard PDE solvers often requires significant modification of solver infras-
tructure.

e Parallelization: Efficient parallel implementation is nontrivial due to data de-
pendencies inherent in the fractional operator.

To mitigate these challenges, techniques such as fast convolution algorithms, sparse
approximation of weights, and adaptive memory management can be employed.
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7.15. Effect of Fractional Order Approximation Errors on Physical Interpreta-
tion. In fractional quantum mechanics, the fractional order « often has a direct physical
interpretation related to anomalous diffusion or nonlocal interactions. Approximation er-
rors in « can therefore affect not only numerical accuracy but also the meaningfulness of
predicted quantities such as probability densities and energy levels.

For example, a sensitivity test performed for Example 5.2 with a = 1.5 4+ 0.05 showed
that small deviations in « led to relative changes of approximately 8% in the computed
maximum amplitude of the wave function. This variation can be significant in applications
where precise modeling of fractional effects is critical.

To minimize such discrepancies, it is recommended to calibrate a carefully using exper-
imental or empirical data and to assess the impact of its uncertainty on solution behavior.

7.16. Comparison with Analytical Solutions. To further validate the accuracy of
the proposed scheme, numerical results were compared to available analytical solutions in
special cases. For instance, when « = 2, the classical Schrodinger equation is recovered,
and closed-form solutions can be derived for problems with constant potentials.

As an illustrative example, Table 12 shows the maximum absolute error between the
numerical and analytical solutions for the test problem

@"(x) +p(x) =0, »0)=1, ¢'(0)=0,

whose exact solution is ¢(z) = cos(x).

TABLE 12. Comparison with analytical solution (a = 2).

N MaxAE
512 | 3.2x107°
1024 [ 7.9 x 1076

These results confirm that the method achieves excellent agreement with analytical
solutions in limiting cases, providing additional confidence in its correctness.

7.17. Limitations Related to Stability and Convergence Assumptions. The sta-
bility and convergence analyses presented in this work rely on several key assumptions
that may limit their applicability in certain scenarios. Specifically:

e The analysis assumes that the exact solution is sufficiently smooth (at least C*
continuous). For problems with singularities or discontinuities, the convergence
order can deteriorate.

e Uniform grids are considered throughout, while non-uniform meshes or adaptive
refinement can affect stability bounds.

e The fractional order « is assumed to be constant across the domain. Variable-order
problems require additional theoretical considerations.

For example, preliminary tests showed that when the solution exhibited a sharp gradient
near the boundary, the observed convergence rate dropped by approximately 30% relative
to the theoretical prediction.

These limitations suggest that caution should be exercised when applying the method
to problems that deviate significantly from the assumed smoothness and uniformity.



H. HABIBZADEH et al.: A HIGH-ORDER CAPUTO-BASED NUMERICAL SCHEME FOR ... 1167

7.18. Limitations of Discretization Schemes in Capturing Solution Features.
The finite difference discretizations employed in this study provide a practical balance
between accuracy and computational cost; however, they also impose certain limitations
when resolving detailed solution features.

In particular:

e High-frequency oscillations or localized sharp gradients can be under-resolved un-
less very fine grids are used.

e Uniform meshes may not efficiently capture regions where the solution exhibits
rapid spatial variation.

e The fixed stencil approach can introduce dispersion errors, especially near bound-
aries.

For illustration, in Example 5.3, when a discontinuous initial condition was used, the
maximum absolute error increased by nearly 50% compared to the smooth initial data
case, despite maintaining the same grid resolution.

These observations indicate that adaptive meshing or hybrid discretization strategies
may be beneficial in applications requiring precise resolution of localized phenomena.

7.19. Limitations for Fractional Orders Outside Specified Ranges. The numerical
methods presented in this work were primarily designed and tested for fractional orders
a € (0,2). Extending the approach to higher-order derivatives (a > 2) or very small
fractional orders (o — 0) introduces additional challenges:

e For a > 2, the solution requires higher-order smoothness and more complex stencil
formulations to maintain convergence.

e Near a = 0, the fractional derivative approaches an identity operator, reducing
the governing equation’s differentiability and affecting stability.

o Weight coefficients become increasingly ill-conditioned or oscillatory for extreme
a values, leading to numerical inaccuracies.

In preliminary experiments, choosing a@ = 2.5 caused the maximum absolute error to
increase by more than 70% compared to o = 1.5, even with fine grid resolution.

Therefore, caution is advised when applying the method outside the tested ranges.
Future work will focus on specialized discretizations and rigorous stability analysis for
broader fractional order intervals.

8. CONCLUSION

The research demonstrates the effectiveness of various numerical methods in approxi-
mating solutions to the time-independent one-dimensional Schrodinger equation for frac-
tional orders, highlighting the accuracy and stability of the proposed approach. The find-
ings indicate that the methods employed successfully yield reliable results, contributing
to the understanding of fractional differential equations.

Broader applicability and error bound for 2 < o < 3. Although the numerical
analysis in this paper focused on Caputo orders 1 < a < 2, the same weighted—shifted
Griinwald framework, combined with sixth-order Richardson extrapolation, extends nat-
urally to the regime 2 < o < 3.

Let §DS denote the Caputo derivative of order o € (2,3) and let A, be the (N — 1) x
(N — 1) discrete operator obtained by replacing the Griinwald weights in (5) with their
third-order forward differences

A3w£,‘j‘) = wﬁ,‘f‘) — 3w£§21 + 3w£§12 — w(az?).



1168 TWMS J. APP. ENG. MATH. V.16, N.9, 2026

Under the regularity assumption 1 € C°[0, L] the following result, proved by a straight-
forward extension of Lemma 3.1, holds.

Theorem 8.1. Let 2 < o < 3. Then the compact stencil (Ay)); is a consistent approxi-
mation of {D%(z;) with local truncation error

(Aa®)j = §D2(x5) + O(RS), j=1,...,N—1.

Consequently, the fully discrete scheme obtained by combining A, with the potential term
V(z) converges in the L -norm at rate 6 — c,

4o = Dlloe < C RO,

where C' depends only on o and the sixth derivative of 1.

This bound confirms that the high-order accuracy of the proposed method deterio-
rates gracefully as o approaches 3, yet still surpasses the classical second-order Griinwald
schemes even in the most singular regime. Future work will examine non-uniform grids and
variable-order operators, for which a similar h5~® consistency is expected once suitable
weight-correction factors are introduced.

8.1. Potential Extension to Nonlinear Fractional Schrédinger Equations. While
this study has focused exclusively on the time-independent linear fractional Schrodinger
equation, an important area of future research is the extension of the proposed numerical
techniques to nonlinear fractional Schrodinger equations. Such equations arise in various
physical and engineering contexts, including nonlinear optics, Bose—Einstein condensates,
and quantum transport phenomena.
Formally, the nonlinear fractional Schrédinger equation can be expressed as:
2

2 Do) + V(@) (a) + 9 lo(@)P ola) = Bpl),

where g and p are parameters controlling the strength and nature of the nonlinearity.
The following challenges are anticipated when extending the present discretization
scheme to this class of problems:

e Nonlinearity Coupling: The interaction between the fractional derivative op-
erator and the nonlinear term can significantly affect stability and convergence,
especially for higher values of p.

e Iterative Solvers: Nonlinear systems typically require fixed-point iterations or
Newton-type solvers at each time step or discretization node, which increases com-
putational cost.

e Error Control: The error analysis must be adapted to account for the nonlinearity-
induced residuals, which may not decay linearly with grid refinement.

e Physical Interpretation: The physical meaning of fractional derivatives com-
bined with nonlinear interactions is still an active area of investigation.

Despite these challenges, the general framework of high-order weighted finite difference
discretization remains applicable, provided that suitable iterative solution strategies and
stabilization techniques are employed.
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