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COERCIVE SOLVABILITY OF PARABOLIC DIFFERENTIAL
EQUATIONS WITH DEPENDENT OPERATORS

A. ASHYRALYEV!, A. HANALYEV? §

ABSTRACT. In the present paper the nonlocal-boundary value problem for the differential
equation of parabolic type

() + Av(t) = f(t) (0<t<T),v(0) =v(A)+¢,0<A<T
in an arbitrary Banach space with the linear positive operators A(¢) is considered. The
well-posedness of this problem is established in Banach spaces C’g” (E) of all continuous
functions E-valued functions ¢(t) on [0, 7] satisfying a Holder condition with a weight

(t+7)". New exact estimates in Holder norms for the solution of three nonlocal-boundary
value problems for parabolic equations are obtained.
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1. INTRODUCTION. A CAUCHY PROBLEM

It is known that (see, e.g., [1]- [5] and the references given therein) many applied prob-
lems in fluid mechanics, other areas of physics and mathematical biology were formulated
into nonlocal mathematical models. However, such problems were not well investigated in
general.

In the paper [6] the well-posedness in the spaces of smooth functions of the nonlocal
boundary value problem

v () + Av(t) = f(H)(0 <t <1),0(0) =v(\) + 1 (0 <A< 1)

for the differential equation in an arbitrary Banach space E with the strongly positive
operator A was established. The importance of coercive (well-posedness) inequalities is
well-known [10] and [32].
Finally, methods for numerical solutions of the evolution differential equations have been
studied extensively by many researchers (see [7]-[9], [11]- [32] and the references therein).
Before going to discuss well-posedness of nonlocal-boundary value problem, let us con-
sider the abstract Cauchy problem for the differential equation

V(t) + Alv(t) = f(t) (0<t <T),0(0) = vy (1)

in an arbitrary Banach space E with the linear (unbounded) operators A(t). Here v(t) and
f(t) are the unknown and the given functions, respectively, defined on [0, 7] with values
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in E. The derivative v/(t) is understood as the limit in the norm of E of the corresponding
ratio of differences. A(t) is a given, closed, linear operator in E with domain D(A(t)) = D,
independent of ¢t and dense in E. Finally, vy is a given element of F.

A function v(t) is called a solution of the problem (1.1) if the following conditions are

satisfied:

i. v(t) is continuously differentiable on the segment [0,7]. The derivative at the
endpoints of the segment are understood as the appropriate unilateral derivatives.
ii. The element v(t) belongs to D = D(A(t)) for all ¢t € [0,7T], and the function
A(t)v(t) is continuous on [0, 7.
iii. v(t) satisfies the equation and the initial condition (1.1).

A solution of problem (1.1) defined in this manner will from now on be referred to as
a solution of problem (1.1) in the space C(E) = C([0,T], E). Here C(E) stands for the
Banach space of all continuous functions ¢(t) defined on [0, 7] with values in E equipped
with the norm

lellew) = mas o]z

From the existence of the such solutions evidently follows that f(¢) € C(E) and vy € D.
We say that the problem (1.1) is well posed in C(E) if the following conditions are
satisfied:

1. Problem (1.1) is uniquely solvable for any f(¢) € C(F) and any vy € D. This
means that an additive and homogeneous operator v(t) = v(t; f(t),vo) is defined
which acts from C(E) x D to C(E) and gives the solution of problem (1.1) in
C(E).

2. v(t; f(t),v0), regarded as an operator from C(F) x D to C(E), is continuous. Here
C(FE) x D is understood as the normed space of the pairs (f(t),vg), f(t) € C(E)
and vy € D, equipped with the norm

I[(f(#),vo)llcmyxp = |IfllcE) + [lvollp-
By Banach’s theorem in C(F) and these properties one has coercive inequality

1/l oy + 1A ey < MellF o + lvolp), (2)

where Mo (1 < Mg < +00) does not depend on vy and f(t).

The inequality (2) is called the coercivity inequality in C(F) for (1.1). If A(t)
then the coercivity inequality implies the analyticity of the semigroup exp{—sA}(s
i.e. the following estimates

lexp (=s M) g g, lsAexp(=sA)llpp < M(s > 0)

= A,
> 0),

hold for some M € [1,400). Thus, the analyticity of the semigroup exp{—sA}(s > 0) is a
necessary for the well-posedness of problem (1.1) in C'(E). Unfortunately, the analyticity
of the semigroup exp{—sA} (s > 0) is not a sufficient for the well-posedness of problem
(1.1) in C(E).

Suppose that for each t €[0,T] the operator —A(t) generates an analytic semigroup
exp{—sA(t)} (s > 0) with exponentially decreasing norm, when s — +o0, i.e. the
following estimates

lexp (=AM g+ |A(E) exp(—=sA®E) | gy < Me™*(s > 0) 3)
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hold for some M € [1,+00), § € (0,+00). From this inequality it follows the operator
A~Y(t) exists and bounded, and hence A(t) is closed in C(E).

Suppose that the operator A(t)A~1(s) is Hélder continuous in ¢ in the uniform operator
topology for each fixed s, that is,

1[A() = A(MIA ()| pop < M|t — 75,0 <e <1, (4)
where M and e are positive constants independent of ¢, s and 7 for 0 < t,s,7 < T.
If the function f(¢) is not only continuous, but also continuously differentiable on [0, 77,
and vy € D, it is easy to show that the formula
t

v(t) = v(t,0)vg + /v(t, s)f(s)ds (5)
0
gives a solution of problem (1.1). Here v(¢, s) is the fundamental solution of (1.1).
Now we will give lemmas and estimates from [13] concerning the semigroup exp{—sA(¢)}
(s > 0) and the fundamental solution v(t, s) of (1.1) and theorem on well-posedness of
(1.1) which will be useful in the sequel.

Lemma 1.1. Forany0<s<s+7<T,0<t<T and 0 < a <1 one has the inequality

TOZ

lexp (—sA(t)) — exp (—(s+T)AD))pp < MW’ (6)
where M does not depend on «, t, s, and T.
Lemma 1.2. Forany 0 <s, 7,t <T and 0 < e <1 the following estimates hold:
[[ezp (—tA(r)) — ezp (—sA(T)JAT(T)|| g, < Mt — 5| mim s, (7)

|A(t)[exp (—tA(7)) = exp (=sA(T)]A(7)| p_yp < Mt —sle™® ™ 1051 (8)
where M >0 and 6 > 0 do not depend on ¢, t, s, and T.

Lemma 1.3. For any 0 < s <t <T and u €D the following identities hold:
olt, s)u = eap{~(t — 5)A(s)}u (9)
t
—i—/v(t, 2)[A(s) — A(2)] A7 (s)exp {—(2 — 5)A(s)} A(s)udz,

v(t, s)u = exp{—(t — s)A(t) }u (10)
+/ exp {—(t — 2)A(t) }HA(z) — A(t)]v(z, s)udz.

Lemma 1.4. Forany 0 < s<t<t+r<T,0<a<1and0 <e <1 the following
estimates hold:

lo(t, $)ll g g < M, (11)
[At)o(t, ) A~ ()| 5 < M, (12)
M

1A ) g < (13)

where M > 0 does not depend on €, t and s.
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With the help of A(t) we introduce the fractional spaces E,(E,A(t)), 0 < o < 1,
consisting of all v eE for which the following norms are finite:

v le.= s 27| A()eap{—zAD)}v || -

From (1.3) and (1.4) it follows that FE,(E, A(t)) = Eu(F,A(0)) for all 0 < o < 1 and
0<t<T.
A function v(t) is said to be a solution of problem (1.1) in F(F) if it is a solution of
this problem in C(FE) and the function v'(¢) and A(¢)v(t) belong to F(E).
As in the case of the space C(E), we say that the problem (1.1) is well-posed in F(E),
if the following two conditions are satisfied:
1. For any f € F(E) and vy € D there exists the unique solution v(t) = v(t; f(¢),vo)
in F(E) of problem (1.1).This means that an additive and homogeneous operator
v(t; f(t),vo) is defined which acts from F(E) x D to F(FE) and gives the solution
of (1.1) in F(E).
2. v(t; f(t),vp), regarded as an operator from F(F) x D to F(FE), is continuous.Here
F(E) x D is understood as the normed space of the pairs (f(t),vo), f(t) € F(E)
and vg € D, equipped with the norm

I #), vo)llpeyxp = [1fllF(e) + [lvollD-

We set F(F) equal to an(E), (0 <~ < pB,0< B < 1) space, obtained by completion
of the set of all smooth E-valued functions ¢(¢) on [0,7] with respect to the norm
E+7)" [ et+7) =) e

I logrim= max lle®lle+ _sup 5

Let us give, the following theorem on well-posedness of (1.1) in C’g 7(E) from [13].

Theorem 1.1. Suppose vy € Eg_., f(t) € Cg’V(E)(O <~v<B,0<pB<1). Suppose that
the assumptions (1.3) and (1.4) hold and 0 < < e < 1. Then for the solution v(t) in

Cg’W(E) of the Cauchy problem (1.1) the coercive inequalities
10" ey < Ml v llgs—, +871 1= B) I £ llgporm)s
19 g + 1 AQY g,
< Mo+ 870 B)7 [ g

hold, where M does not depend on [3,7,vy and f(t). Here, \w|€’AY denotes norm of the

Banach space Eﬁ’7 consists of those w € E for which the norm

]w|’87: max |le” ZA(t)wHE—i- sup T (z—i-T) l|(e —(z+7)A) e_ZA(t))wHE
0<z<T 0<z<2+7<T

s finite.

In the present paper the nonlocal-boundary value problem for differential equation of
parabolic type

V() + A u(t) = f(t) (0<t<T),v(0) =v(A)+¢,0<ALT (14)
in an arbitrary Banach space with the linear positive operators A(t) is considered. The

well-posedness of problem (14) in C(? V(E) spaces is established. New exact estimates in
Holder norms for the solution of three nonlocal-boundary value problems for parabolic
equations are obtained.
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2. NONLOCAL BOUNDARY VALUE PROBLEM. WELL-POSEDNESS

Now we will give lemmas on the fundamental solution v(¢, s) of (1).

Lemma 2.1. Assume that A(t)A(p)™t = At +N)A(p) "L, p € [0,T] for any 0 < t <t + A
Then, for any 0 < s <t <t+ X and u €D the following identity holds

v(t, s)u =v(t + A, s)u. (15)
The proof of Lemma 2.1 is based on identities (9) and (10).

Lemma 2.2. Under the assumption of Lemma 2.1 there exists the inverse of the operator
I —v(X,0) in E and the following estimate holds

H(I—v()\,O))_lH < M\, (16)

HA(O) (I —v(),0) " A()\)_lu < M(N). (17)

The proof of Lemma 2.2 is based on identity (15).
A function v(t) is called a solution of the problem (14) if the following conditions are
satisfied:

i. v(t) is continuously differentiable on the segment [0, 7).
ii. The element v(t) belongs to D for all ¢ € [0,7], and the function A(t)v(t) is
continuous on [0, 7.
iii. v(t) satisfies the equation and the nonlocal boundary condition (14).

We say that the problem (14) is well posed in C(E) if the following conditions are
satisfied:

1. Problem (14) is uniquely solvable for any f(¢) € C(F) and any ¢ € D. This means
that an additive and homogeneous operator v(t) = v(¢; f(t),¢) is defined which
acts from C(F) x D to C(E) and gives the solution of problem (1.1) in C'(E).

2. v(t; f(t), @), regarded as an operator from C(E) x D to C(E), is continuous. Here
C(FE) x D is understood as the normed space of the pairs (f(t), ), f(t) € C(E)
and ¢ € D, equipped with the norm

@), @llemxp = [ fllews) + el

By Banach’s theorem in C(E) and these properties one has coercive inequality

1l ey + 1Ay < Mellflow + llelo) (18)

where M¢c (1 < Mg < +o0) does not depend on ¢ and f(t).

The inequality (18) is called the coercivity inequality in C(E) for (14). If A(t) = A, then
the coercivity inequality implies the analyticity of the semigroup exp{—sA}(s > 0). Thus,
the analyticity of the semigroup exp{—sA}(s > 0) is a necessary for the well-posedness of
problem (14) in C'(E). Unfortunately, the analyticity of the semigroup exp{—sA} (s > 0)
is not a sufficient for the well-posedness of problem (14) in C(E).

A function v(t) is said to be a solution of problem (14) in F(F) if it is a solution of this
problem in C'(F) and the function v/(t) and A(t)v(t) belong to F(E).

As in the case of the space C'(FE), we say that the problem (14) is well-posed in F'(E),
if the following two conditions are satisfied:
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1. For any f € F(E) and ¢ € D there exists the unique solution v(t) = v(t; f(t), )
in F'(E) of problem (14).This means that an additive and homogeneous operator
v(t; f(t), ) is defined which acts from F(E) x D to F(FE) and gives the solution
of (14) in F(E).

2. v(t; f(t), ), regarded as an operator from F(E) x D to F(FE), is continuous.Here
F(FE) x D is understood as the normed space of the pairs (f(t),¢), f(t) € F(FE)
and ¢ € D, equipped with the norm

1@, Dlp@E)<p = 1fllp@E) + 1@l

The main result of present paper is the following theorem on well-posedness of (14) in
CO(E).

Theorem 2.1. Suppose A(0)p + f(X) — f(0) € Eg—, f(t) € Cg’W(E)(O < v <B,0<
B < 1). Suppose that the assumptions (1.3), (1.4) and (15) hold and 0 < < e < 1. Then
for the solution v(t) in C’g”y(E) of the nonlocal boundary value problem (14) the coercive
inequalities

10" Nz, )< MO A0 + f(A) = £(0) 55, +87H 1 =B I F o)
IV lepormy + 1 ACY llepa (s

< MOA©)e+ ) = FO7 + 87 A=) f llgpor )
hold, where M () does not depend on (3,7, and f(t).

Proof. If v(t) is a solution in Cg"y(E) of problem (14), then it is a solution in C'(E) of this
problem. Hence, by (5), we get the following representation for the solution of problem
(14)

o) = v(t,000(0) + / o(t, ) (s)ds, (19)
0
A
o) = (=000 (o ).

Using equation (14) and formula (19), we get

A
vy = v'(0) = —A(0)v(0) + f(0) = —A(0) (I — v(X,0)) ™" (/0 v(A, 5)f(s)ds + 90> + f(0)
(20)

A
= A(0)( —v(X,0))7 /U(A, s)(f(A) = f(s))ds



A. ASHYRALYEV, A. HANALYEV : COERCIVE SOLVABILITY OF PARABOLIC DIFFERENTIAL... 81

A

CAO)(I = v(1, 0)) 1/0 ()AL (\) f(\)ds
0

—A0)AT (N F(A) = AO)(I = v(A,0)) 1o+ £(0)
A

= I—v(A,0)) 1w ))ds
o

—AO)(I = v(A,0)” 1/ (A, AN = A()]ATH (V) F(N)ds
0
+A(0)(I = v(X,0) T ATH0) (—A(0)p — f(A) + £(0))

+A0)(I —v(2,0)7 v(X,0) (ATHA)F(N) = ATH0) (0
+A0)(I = v(X,0))"1o(A,0) A7HN) (A(X) = A(0)) A7H0) f(N)
=K1+ Ko+ K3+ Ky,

where

A
Ky = A(0)(I - v(x,0))7" /v(/\vs)(f(/\) — f(s))ds,
0

Ky = A(0)(I—v(X0)7" v(A0) (ATHN)F(N) = A7H0)£(0))
+A(0)(I — v(X,0)) 7 o(X,0) ATHA) (A(N) — A(0)) ATH0) F(N).
Then the proof of Theorem 2.1 is based on the Theorem 1.1 and the following estimates
I o 1, < MO (Il =A©)¢ = FON) + F(O) Iy, 87 A =B) " f o] - 2D

[ohl6 ™ < M) [| = AO)p = FN) + FOIT+ BT A=A fllgpoy| - (22)

Let us estimate K, for any m = 1,2,3,4 in Eg_, and ng’ separately. We start with
K. Applying the inequality (17), we get

A
1Kl < MO [[AQ) [0 O) = Fo)ds| (23)
0 E,B*v
A By
KT < MOV A [ o087 = (s))ds (24)
0 0
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Using estimates (3), (11), (12) and (15), we obtain
A

A7 AN exp{—2zA(N) FA(N) /v()\, s)(f(AN) = f(s))ds||e (25)

0

A
< 21 [11A20) exp (AN Vo)1) — 16
0

A
1 1
1B+ i B~
<Mz V/mln [22’()\—5)2] (A—s)"A VdSHfHng(E)

A
1=B+y
0

for all z > 0 . We will prove that

A

_ 5d 1

1,3+’Y S 8 <
/z+)\—s2)\’7_ﬁ(1—ﬁ) (26)
0

for any z > 0.If z < A, then

A

A
zl‘ﬁﬂ/ A 5)%ds <z15/ 5 < L
(z+A—5)2\ — z—i-/\—s B=1-p
0

0

If A <z, then

s [0y / S
) (z4+A—5)2\7 — 25 7)\’7 / =B Py " B
From these estimates it follows (26) . Applying (26), (23), (25), we get
il , < o0 sl o 1)
Using estimates (3), (11), (12) and (15), we obtain
A
I 6901){214()\)}14()\)/@()\7 s)(f(A) = f(s))ds]|e (28)
0

A
S/HA(A) exp{—zAN)}v(t, )|l g l[f(A) = f(5)l[pds
0

A
1 1
2 _ g\
_M/mm [z’ ()\—5)] (A—39)"A d8||f]|cgn(E)
0
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A A
<My [ S A= AT gy < M [ s A gy
0 0

i

< FAB_WHfHng 7 B ||f|\cﬂv

for any z > 0. If A <7+ 2z, then Using estimates (6) for a = 3, (11), (12) and (15), we
obtain

A
7z 4 1) ||(e"GFDAC) _ =20 () / o(A8)(F(N) — F(s))ds (20)
0 E
A
< Mr Bz 4 1) \) / o(A 8)(F() — £(s))ds
0 E
A
M ds 3 M, AP M.
< o [ e Wl < i W llogre < 51 g

0

forany 0 <z<z47<T.If 742 <X and 7 < z, then using estimates (12) and (3), we
obtain

Bz + 1) (30)

A
(ef(z+‘r)A()\) sz /’U )\ S f( ))dS
0

E

< M7z +1) / | A=A — =240, (£ () = £(5))||, ds

A
=hds | _ M, 718
o | e Wil < 1= legom < Tog Mg
0

forany0<z<z+7<T.If7+2 <X and 7 > z, then, using estimates (3), (11), (12)
and (8), we obtain

7Bz + 1) (31)

A
(ef(z+‘r)A()\) sz /'U )\ 8 f( ))ds
0

E

ds

A—T
<M ey [ A EAD A0 () - )

Y M Pz 4 1) / HA(A)(e—@”)A(A) — e AN, 8) (F(N) = f(s)) HE ds
A—T

A—T

B0y Tds
< A~
“(z+T1) / (z4+X—5)2F ”fHCg’W(E)
0
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Mo T

M,y ds
—y <
+(z + T)_V / ()\ _ 3)1—6)\ HfHCOBW(E) - (Z 4 7—)6 (1 _ 5) (Z —|—7-)1—5HfHC§’“’(E)

A—T

M M.
(Z—l—T)ﬁ 5 Hf”cﬁV = /8(1_35)’””05”7(}5)

for any 0 < z < z+ 7 < T. Applying (24), (28), (29), (30), (31), we get
M) -

= Ba-5)

Now, we estimate Ky. Applying the inequality (17), we get

_l’_

K1 11l (my

A

AN / o(A $)[AQ) — A(s)] A (N F(N)ds

0

)

1Kall, < M)

Ep—v
By

[Kalg? < M) |AN) [ v(\, 8)[AN) — A(s)]A7H(N) f(N)ds

0

= St~

Using estimates (3), (11), (12) and (15), we obtain

BN AN exp{—2A(N)} [ AN)w(A, 8)[AN) — A(s)]ATEHN) F(N)ds

Tt~

E

A
< leﬁﬂ/IAQO\) exp{—2AN)}o(X, )|l [I[[AQ) = ASIAT Vo sl f V)] o ds
0

A
1 1
1-8+ i
<700 i [ ] O sl gy <
0

227 (N —s)
A €d
_ s
< M2t B-l-’y/ . QHfHC,Bv (E)
0

for all z > 0. We will prove that

A

Zl_ﬁJw/ A —s)°ds M
zZ+A—s)? ﬂ(l—ﬁ)

0
for any z > 0. If z < A, then

A

(z4+X—5)2F 1-8 —1-8

A
B - 2
Z1—/3+7/ S1- 5)\7/ (z+ N "ds < 2)¢ ﬁ+7< 2T
z+A—82_
0

0
If A <z, then

(36)
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A A
5 € € 2
Zl_ﬂﬂ/ (A—s)ds _ 1 / ds X _ x _1°
(z4+A—9)2 = 287 ] (A=s)l=¢  eB=v "M T B
0 0

From these estimates it follows (36) . Applying (36), (33), (35), we get

[ (37)

Using estimates (3), (11), (12) and (15), we obtain

1Kallg, , <

A
I ewp{—zA(/\)}A(A)/v(% AN = A()]AT N F(N)dsl | (38)
0

A
S/IIA(A) exp{—2AN}v(t, 8)l| o [[[AN) = AG)IAT V)| g, g IF O] s
0

A
1 1
S M/mln |:z’()\—3):| ()\— S)EdSHf”CéB,V(E)
0

A A
<My [ O sl < My [ sl lego e
0 0
M M M
< N gy < T gy < 5 T Nl

for any z > 0. If A <7+ z, then Using estimates (3), (6) for a =/, (11), (12) and (15),
we obtain

A
778z + 7)Y |[(emGTAR) _ ¢=2AN) g(A) / v(\, $)[AN) — A(s)| AL ) f(N)ds (39)
0 E
A
<M P4 1) —— /v (A, 5) — A(s)JATY V) f(N)ds
z+7'
0 E
’ M MyT?
<= | oo e < i = legom < 5 fllegr

0

forany 0 < z<z4+7<T.If 7+ 2 <X and 7 < z, then using estimates (3), (11) and
(13), we obtain

T_B(Z +7)7

A
(e A0 — 2100400 [ o0 AR - AT (s
0

E

<Mr 0z +7) / A EFDAD) — =240 )[AR) = A AT VS| ds
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A
M, /(z—i—)\)gﬁlds MQT TEB

T (z4+T1)
0

forany 0 < z<z47<T.If74+2< X and 7 > z, then using estimates (12) and (3),
we obtain

A
(s 4 1) || (e GFIARN) _ =24y 4 / v ASAT ) FO)ds|| (41
0

>

—T

< Mr G +7)7 [ || A EFDAN — e ANy, AR - AIAT NS ds

yo\

+M7 B (2 4 7)) / [ A (AN — =AY, 9[AR) — AIATA S| ds

T

A

T’BMl A Prds

G+ ) G+A- 2ﬁ”f||0ﬁ”
0

e W lgn < T
(z4+71)77 (A —s)t—= Co ' (B) = 1-08)(z+71)1-8 Co (B

A—T

M- M.
i e Hfl!cﬂv < ga—g Moz

for any 0 < z < z+ 7 < T. Applying (38), (39), (40), (41),we get

_|_

M)\
Kl < o ey (42)

Applying the inequality (17), we get
K5l g,_, < MA)[A0)e + F(A) = FO)llg,_ » (43)

[Kslg™ < M) [A0)9 + F(N) = F(0)]g” - (44)
Finally, we estimate Kj4. Applying the inequality (17), we get

1Killg, < MO [AN(A,0)
< ((ATTNF) = ATH0)£(0)) + ATHN) (AN — A0)) A7H0) f(W) [, .+ (45)
[Kalg™ < MO)AN)u(A,0)
< (AT IO = A7) £(0)) + A1) (A — A0)) A71(0) FV)[ET. (46)
Applying the inequality (17), we get
1=(B=) HA2()\) exp{—zA(A)}v(A,0)

< ((ATTVF) = ATH0)£(0) + ATI ) (AN = 40) ATHO) FV)|[, (D)

< 2P ) exp{ AN Jo A 0 AT W (I + AN AT O], £
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HIAN) = AOIATH O ILF )

1_
< 5% i [ 2 fll gy < MES gy < 4N llggo e

for all z > 0. Applying (47), (45), we get
1Killg, . < MO g (48)
Using estimates (3), (11), (12) and (15), we obtain
lezp{=2A(N)}AA)v(A, 0)
< (((ATHF) = ATH0)£(0)) + ATHN) (A(N) = A(0)) ATH0) FON) | (49)
< [JAW) exp{ =2 AN}, 0) AT V)| o (IF N + AN ATH O (0]
HI[AX) = AO)JATH O s [1F V)] )

11 1
< amin |23 llg ey < M5 Ml

for any z > 0. If A <74 2z, then Using estimates (6) for a = /3, (11), (12) and (15), we
obtain

77 (AN — AN Ao (A, 0) (50)
x ( (A*(A)fm — ATH0)£(0) + ATH) (AR = A®©)) A7H(0) FO) |l
B
< M) g (A7) = AT 0)) + 4710 (A) — 40) A7) F)
< A(f)ﬁ (V42 1l ) < MOl

forany 0 <z<z+7<T. If r+2<X and 7 < z, then using estimates (12) and (3),
we obtain

7B+ 7)Y H ~(HDAN) =240 A(\)w(A, 0) (51)
x (AT F(A) = A7H0) £(0)) + A7HA) (A(N) — A(0)) A7H0) fF(N) ]|

Tliﬁ 7‘17/8

G w—e) 1Fllegcey < Moz e
forany 0 <z<z47<T.If74+2 <X and 7 > z, then using estimates (12) and (3),
we obtain

< M(z+7) (

Pz 4 1) [ (eI — AN AN (3, 0) (52)
< (A7) = ATH0)F(0)) + AT (AN = A(0)) A7H0) f(N)]|

<M = T )<
=G <(z TN T )\)25> 1 llega ) < M llogo )
for any 0 < z < z+7 < T. Applying (46), (49), (50), (51), (52),we get
[Kalg™ < MiNISfll g (53)

Combining the estimates (27), (37), (43), (48) and (32), (42), (44), (53), we get estimates
(21), (22). Theorem 2.1 is proved. O

I
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It is easy to show that

M
ulg <
B -7

Theorem 2.1 admit the following corollary.

lullgs_, (u € Eg—y). (54)

Theorem 2.2. Suppose A(0)p + f(\) — f(0) € Ez_, f(t) € COV(E)0 <~ < 5,0 <
B < 1). Suppose that the assumptions (1.3), (1.4) and (15) hold and 0 < < e < 1. Then
for the solution v(t) in C’g”y(E) of the nonlocal boundary value problem (14) the coercive
inequalities
10 g + I AQW s + 1 o)
1 _ _
< MG 140 + F(N) = FO)l]m,, + 5 =B o m)]

hold, where M () does not depend on (B,~,¢ and f(t).

3. APPLICATIONS

First, we consider the nonlocal boundary value problem for parabolic equation

0 0?
8—::—a(t,x)a—;;—l—éu:f(t,x),O<t<T,O<3c<1, (55)
u(0,2) = u(A, z) + p(x), 0 <z <1,
u(t,0) = u(t,1), ugy(t,0) =u,(t,1), 0<t<T,

where a(t,z), ¢(x) and f(t,x) are given sufficiently smooth functions and a(t, z) = a(t +
A, z) >0, § > 0 is a sufficiently large number.

We introduce the Banach spaces C4[0,1] (0 < 3 < 1) of all continuous functions ¢(z)
satisfying a Holder condition for which the following norms are finite

oz +7) — p(2)]

¢ llesioy=l ¢ llcp,y +  sup ’
H HC [0,1] H H [0,1] 0<z<z+7<1 ud

where C[0,1] is the space of the all continuous functions ¢(z) defined on [0, 1] with the
usual norm

I lle.n= max, [p(@).

It is known that the differential expression
ATy = —a(t, x)v" (t, ) + dv(t, )
define a positive operator A4* acting in C#[0, 1] with domain C#*2[0, 1] and satisfying the
conditions v(0) = v(1), v,(0) = v, (1).
Therefore, we can replace the nonlocal boundary value problem (55) by the abstract
nonlocal boundary value problem (14). We can obtain that

Theorem 3.1. For the solution of nonlocal boundary value problem (55) the following
coercive inequaly is valid:

H U HCSW»W(C;L[OJ]) + H u Hcg’“/(c2+u[071]) + | u ||c(c2(67w)+u[0,1])
< 301-5) | f Hcgmcu[o,l]) +ﬁ\|—a(0, ) 972 +00()+F (A )= (0, ) c2s-+u0,175
Here M (A, p) is independent of v, 5, f(t,z), p(z).
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The proof of Theorem 3.1 is based on the abstract Theorem 2.1 and on the following

theorem on the structure of the fractional spaces E,(C[0, 1], A%®).

Theorem 3.2. E,(C|0,1], A%®) = C2*[0,1] for all 0 < o < 5,0 <t < T [33].

Second, let 2 be the unit open cube in the n-dimensional Euclidean space R" (0 <
zp < 1,1 < k <n) with boundary S, Q=QUS. In [0,7] x  we consider the nonlocal
boundary value problem for the multidimensional parabolic equation

w(t,r) 2u(t. =
6)§;;)";E;C“(tv$>6)é£;é)-%5U(t~r)::11t7w), (56)

n 2
—z:ar(t,a:)a(,;o(2 z) +dp(z) + fN2) — f(0,2) =0,z = (21,...,7,) € Q0<t < T,
r=1 Tr
u(0,2) = u(\, z) + p(z), z € Q,
u(t,z) =0, z € S,
where o, (t,x), f(t,z) (t € [0,T], = € Q), p(z)(x € Q) are given smooth functions and
ar(t,z) = ap(t+ A\, z) >0, 6 > 0 is a sufficiently large number.

We introduce the Banach spaces Cgl(ﬁ) (B= B, 0n),0 <z < Lk=1,...,n)
of all continuous functions satisfying a H('jlder condition with the indicator § = (84, -
Bn), Bk € (0,1),1 < k < n and with weight x F(1—mxp —hg)P, 0 < < a2 +hp <1,1 <
k < n which equipped with the norm

” f ||Cé’1(§):H f ”C(ﬁ)

n
+ sup [f(@1, e an) = f@r b @+ b)) [ il (1= 2 — hi)
0<zp<zp+hip<1,1<k<n k1

where C(9)-is the space of the all continuous functions defined on €, equipped with the
norm

I £ o= max ()]

It is known that the differential expression
Zartx )+5v(t x)

defines a positive operator A acting on C’Ol(ﬁ) with domain D(A%*) C C2+6(Q) and
satisfying the condition v =0 on S.

Therefore, we can replace the nonlocal boundary value problem (56) by the abstract
nonlocal boundary value problem (14). We can obtain that

Theorem 3.3. For the solution of the nonlocal boundary value problem (56) the following
coercive inequality 1s valid:

H u HCH—,B’Y CH +Z || ox 2 Hc’ﬁ'Y C“ (Q))

M(p)
= Fa—pg ! e egm)
0<2(f—7)+p<1,0<y<p,
M:{Mlv"'uun}70</~’ék<1)1§k§na
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where M () is independent of B,y and f(t,x), p(x).

The proof of Theorem 3.3 is based on the abstract Theorems 2.1, the coercivity inequal-
ity for an elliptic operator A“* in C¥; ().
Third, we consider the nonlocal boundary value problem on the range {0 <t < T, x €
R™} for the 2m-th order multidimensional parabolic equation
ou ; olly
+ (17"( ’x)al‘;l '_‘awrﬁn

[r|=2m

+ ou(t,x) = f(t,x), (57)

0<t<T, l‘J‘ER”,|r|=ﬁ—|—~--+rn,
u(0,7) = u(\, x) + ¢(z), r € R",
where a,(t,x) = a,(t + A, z) and f(t,z), p(x) are given sufficiently smooth functions and

0 > 0 is the sufficiently large number .
Let us consider a differential operator with constant coefficients of the form

8T1+-~~+Tn
B = Z br O
|r|=2m ! oy

acting on functions defined on the entire space R"™. Here r € R" is a vector with nonnega-
tive integer components, |r|=ri+---+r. If o (y) (y = (y1,- - -, yn) € R™) is an infinitely
differentiable function that decays at infinity together with all its derivatives, then by
means of the Fourier transformation one establishes the equality

F(B,)(§) = B(&) F(#) (£)-

Here the Fourier transform operator is defined by the rule

F(9) (€) = (2m) "2 / exp {—i (1,6)} ¢ (4) dy.
R’VL

(¥:8) =y1&1 + - + Ynbn-
The function B (§) is called the symbol of the operator B and is given by

B (é‘) = Z b, (iél)” - (an)m )
|r|=2m
We will assume that the symbol
BY (€)= > ap(t,x) (&)™ - (i€)™ € = (&1, . 6n) € R"
[r|=2m
of the differential operator of the form

N olrl
Bt — E a,,(t,x)—m‘r1 T (58)
1 n

[r|=2m
acting on functions defined on the space R", satisfies the inequalities
0 < Myfg]™ < (=1)"B"*(€) < Ma¢]™ < oo

for £ # 0. The problem (57) has a unique smooth solution. This allows us to reduce the
nonlocal boundary value problem (57) by the abstract nonlocal boundary value problem
(14) in a Banach space E = CH(R™) of all continuous bounded functions defined on
R"satisfying a Holder condition with the indicator p € (0,1) with a strongly positive
operator A = B4 + §I defined by (58).
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Theorem 3.4. For the solution of the nonlocal boundary value problem (57) the following
coercivity inequality is satisfied

ol
H u HcéJFBW(Cu(Rn)) + Z H m HCOB’“’(C’#(R"))

|T|=2m

M\, p)
+ || uw ||C(C2(B*’Y)+M(Rn))§ m | f ”Cgﬁ(cu[o,l])

M), alml (-
P T a0, e 560 + 1) = O lca0en

[r|=2m
0<2(B-7)+p<l,0<y<B0<p<l
Here M (X, u) is independent of =, 5, f(t,x), ¢(x).

The proof of Theorem 3.4 is based on the abstract Theorems 2.1, the coercivity inequal-
ity for an elliptic operator A%* in C*(R") and on the following theorem on the structure
of the fractional spaces E,(CH(R™), Ab®).

Theorem 3.5. E,(CH(R"), Ab®) = C?MaFTH(R™) for all0 < a < 5= and 0 <t < T [10].
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