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HARMONIC MAPPINGS RELATED TO THE CONVEX FUNCTIONS

ARZU YEMISCI' AND YASAR POLATOGLU? §

ABSTRACT. The main purpose of this paper is to give the extent idea which was intro-
duced by R. M. Robinson [5]. One of the interesting application of this extent idea is an
investigation of the class of harmonic mappings related to the convex functions.
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1. INTRODUCTION

Let D = {z € C||z| < 1} be the open unit disc in the complex plane C. A complex-valued
harmonic function f : D — C has the representation

f=h(z)+9(2) (1)

where h(z) and g(z) are analytic in D and have the following power series expansions,
o
h(z) = Z anz",
n=0

o0
g(z) = anz”,z e D,
n=0

where a,,b, € C, n=0,1,2,.... Choose (i.e, by = 0) so the representation (1) is unique in
D and is called the canonical representation of f.

For the univalent and sense-preserving harmonic mappings f in I, it is convenient to make
further normalization (without loss of generality), h(0) = 0 (i.e. , ap = 0) and h'(0) = 1
(i.e. , a1 = 1). The family of such functions f is denoted by Sy [1] . The family of all
functions f € Sy with the additional property that ¢’(0) = 0 (i.e. , by = 0) is denoted by
59 [1] . Observe that the classical family of univalent functions S consists of all functions
f € S% such that g(z) = 0. Thus it is clear that S C S% C Sy [1] .

Let Q be the family of functions ¢(z) regular in the open unit disc D and satisfying the
conditions ¢(0) =0, |¢(2)| < 1 for every z € D.
Next, for arbitrary fixed real numbers A, B, —1 < B < A < 1, denoted by P(A, B), the
family of functions p(z) = 1+ p12+p22? +... regular in D and such that p(z) is in P(A, B)
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if and only if

1+ Ag(2)
- AN 2
for some function ¢(z) € Q and every z € D. This class was introduced by Janowski W.
[4].
Moreover, let S*(A, B) denote the family of functions h(z) = z + a22? + ... regular in D
and such that h(z) is in S*(A, B) if and only if

ZZ/((ZZ)) = p(2)

for some p(z) € P(A, B) and every z € D.

A set D in the plane is called convex if for every pair of points w; and ws in the interior
of D, the line segment joining wy and wy also in the interior of D. If a function h(z) maps
D onto a convex domain, then h(z) is called a convex function. The analytic statement of
the convex function h(z) is given by

3)

h//(z)
Re(1 0 4

o+ 2300) > (®)
and the class of such functions is denoted by C.
Finally, let F1(z) = 2z + a22? + a3z + ... and Fy(z) = 2 + (2% + B32° + ... be analytic
functions in D. If there exists a function ¢(z) € € such that Fi(z) = Fa(¢p(z)) for all
z € D, then we say that Fi(z) is subordinated to F(z) and we write F;(z) < Fa(z). We
also note that if F1(z) < F»(2), then F1(D) C F»(D).
Now we consider the following class of harmonic mappings,
9'(2) 1+ Agd(2)

bj———=,h C} 5

W) < T BaG) M) € )
In the present paper we will give some properties of the class of Sg(A, B).
For the aim of this paper we need the following theorem and lemma.

SG(A,B) = {f = h(=) + () | w(z) =

Lemma 1.1. (/3]) Let ¢(z) be regular in the open unit disc D with ¢(0) = 0 and |¢(z)| < 1.
If |¢(2)| attains its maximum value on the circle |z| = r at the point z1, then we have
21.0'(2) = kd(z1) for some k > 1.

Theorem 1.1. (/2]) Ifh( ) € C, then for |z|=7,0<r <1

i. Re(z};((z))) > 1

i, 1+T < [h(z)] < 1=
B
forall |z| =r < 1.

2. MAIN RESULTS
Theorem 2.1. Let f = (h(z) + g(z)) be an element of SG(A, B). Then

g(2) 1+ Az
h(z) B "1+ Bz’ (6)
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Proof. Since f = h(z) + g(z) be an element of S§ (A, B), then

1+ Az 1 g(2) 14 Ad(2)
4Bz bih(z) 1+ Bé(z)
14g'(x) 1 — ABr? - (A— B)r N
by h'(z) 1—B%*?|~ 1— B??
1—Ar < J'(2)
1—Br ~— |W(z)
Therefore the relations (7) shows that the values of (gl(z)) are in the disc

h(z)

() |b1|(A—B)r .
{#9] < blesBrl, B o,
{g/(Z) |
h'(z)

Now we define a function ¢(z) by

92) _, 1+ A6(E)
h(z) 1+ Bo(z)

+
g (z
h/

)
) <b

|b1]

g (z) b (1—AB)r?
K (2) 1—BZr2

D,.(b) =

18 — b1 < Jbuf A}, B=0.

(9)

then ¢(z) is analytic in D and ¢(0) = 0. Now we need to show that |¢(z)| < 1. If we take

derivative from (9), we obtain
9 _ 1+ Ag(z) | (A= B)z¢'(2) h(z) ]
W) T+ Bo(z) T (14 Bo(2)? 2K ()
On the other hand since h(z) € C, using Theorem 1.1
h'(z) 1 B (z) 1 r h(z)
h(z))>7éZh(z)_l—r2 _1—r2ézh’(z)

2
this shows that the boundary value Z%?)). Taking derivative from (9) we get

=1+ re?

Re(z

b 14+A($2) A—B)z¢/(2) h(2)

( )
+ : , B#0;
g,(Z) 1+B¢(z) (1+B¢(2))2 zh (z))

h(z) bi[(1+ Ag(2)) + Az¢/ (2) 2], B =0.

In this step if we use the Jack’s Lemma then we obtain

1+A(¢z A— z i
b1 ( 1+B(¢>((z11)) + ’Z§+Bng1())12) (1+re?)] ¢ w(D,), B#0;

w(z1) = =

h/(Zl

~—

bi[(1+ Ag(21)) + kAd(21)(1 + re?)] ¢ w(D,), B =0.
because k > 1 and |¢’(z1)] = 1 .This contradiction with
J'(2) 1+ Az
<01
n(2) 1+ Bz

therefore |¢(z)| < 1 for all z € D.

Lemma 2.1. Let f = (h(2) + g(2)) be an element of SG(A, B), then

b1|(1—A b1|(1+A
B4 < Juy(z)) < IaflAn) B +0:

ba] (1= Ar) < Jw(=)| < [bi] (1 + Ar), B=0.

(10)

(11)

(12)
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Proof. Using Theorem 2.1, then we have

’ g'(2) b1 (1—ABr?)
R (2) 1—-B2r2

}%—bl‘g\bﬂflr, B =0.
After the simple calculations from (14) we get (13). O

Corollary 2.1. Let f = (h(z) + g(2)) be an element of SG(A, B), then
(1= 1b1]) + (B = [ba] A)r][(1 + |ba]) + (B + [b1] A)r]

(1+ Br)?
(1= [b1]) = (B = [ba] A)r][(1 + [b1]) — (B + |ba| A)r]

(1 — Br)?

< (1 |w(z)f") <

(L+[b1]) + (B + [b1]| A)r
1+ Br

(L+1b1]) = (B +[b1| A)r
1— Br

(L= b1]) + (B — b A)r (1 —b1]) = (B = |[ba] A)r
: 1+ Br : (1= fw()) < : 1— Br :

Proof. This corollary is a simple consequence of Lemma 2.1. O

< (I |w(z)]) <

IN

Theorem 2.2. Let f = (h(z) + g(z)) be an element of S§(A, B), then

’I"Fl(A,B,—’I")§|g(Z)| S’I“Fl(A,B,T), B#Ov

rG1(A, —r) < |g(2)| < rGi(A,r), B=0.

where
1 |1 (14 Ar)

1-r 14+ Br

Fi(A,B,r) = ,B#0

1
Gl(A,'I") = m |b1| (]. +AT),B =0

and

Fy(A, B, —1) < |¢/()| < Fa(A, B,r), B#0;

GQ(Aa —T) < |g/(2)| < G2(A7T)a B =0.
where
1 |b1] (1 4+ Ar)

Fz(A’B’T):(l—T)2 1+ Br ~’

B#0

1
GQ(A,T) = m ’bl‘ (1 +AT),B =0

Proof. Using the definition of the class S§ (A, B) and Theorem (1.1) we obtain

g'(2)
W (z)

< Ibil(1+an) B£0:

b1](1—-A
BUAZAD < Jw(z)| = < b,

1—

< |ba| (1 + Ar), B=0.

ba] (1= Ar) < Ju(z)| = |5
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1 ()] PHER < 19/ (2)] < I ()] P B #0;
(18)
()| [[ba]| (1 = Ar) < |g'(2)| < [W'(2)|[ba] (1 + Ar), B =0.
similarly we obtain
Ar Ar
()| P55 < 19(2)] < |h(z)] i, B #0;
(19)
[h(2)[|b1] (1 = Ar) < |g(2)| < [h(2)]|b1] (1 + A7), B =0.
Using Theorem 1.1 in inequalities (18) and (19) we get (15) and (16). O
Corollary 2.2. If f = (h(z) + g(2)) be an element of S5 (A, B), then
ﬁFfﬁ(AaBa’bl‘?_r |Jf(z)’— (1 ) F3(A B, |b1| )7 B#Oa
(20)
(1+T)4G3(A |b1| —7" ‘Jf(z)‘ S ﬁGg(A, |bl| ,r), B =0.
where
[(L = [b1]) = (B — [ba] A)r][(L + [b1]) — (B + [b1] A)r]
F3(A, B, |b =
3( 5 ,|1’,T) (1—B’I“)2
G3(A, [br],7) = (1 = [ba] + [bo] Ar)(1 + [ba] — |b2] Ar)
Proof. Since
/ 2 / 2 / 2 / 2
Jf:’h(z ‘ f|g z ‘ :’h z ‘ f|h(z)w(z)}
= W) (1= w(z)P),
then using Theorem 2.2 and Corollary 2.1 we get (20).
]
Corollary 2.3. Let f = (h(2) + g(2)) be an element of S% (A, B), then
_ B—1+|by|(1-A) [b11(B—A) _ I l(B=A)
Ine B-D0+) (147) B-D? (14 Br) G-07 <|f|
(B+1)+[b11(1+A4) [b1[(A—B) [b1[(B—A)
<lne GO0 (1 —r) G07 (14 Br) B07 B#0; (o1
lnew(l + )~ Albl < | f| < lnew(l — Al B =o.
Proof. Since
(IW'(2)] = |g'(2)]) |dz| < |df| < (|1 (2)] + |¢'(2)]) |dz| =
(IW'(2)] = [W (2)w(2)]) |dz] < |df| < ([I'(2)] + | (2)w(2)|) |dz] =
()] (1= [w(2)]) [dz] < |df| < |W(2)| (1 + w(2)]) |dz| (22)
Using Corollary 2.1 and Theorem 1.1 we obtain the following inequalities
1—|b1|)+(B—|b1]A)t r 1+]b1])+(B+|b1|A)t
fO (1+t)2( | 1D1—£Bt [b1]A)t 14 <|fl < fO (1—1t)2( | 1|)14£Bt b1]A) dt, B # 0;
(23)

Jo el = loul) = [ba| Atldt < |f] <[5 2z [(1+ [ba]) + [ba| At]dt, B =0.

and by calculating the integral we get (21). O
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Theorem 2.3. If f = (h(2) + g(2)) be an element of S5 (A, B), then

n n—1
> bk — bragl* < [ba] (A= B)? + ) |Abiay, — By (24)
k=1 k=1
Proof. Using Theorem 2.1 then we can write
9(2) 1+Az g(z) 1+ A¢p(z)

hz)  '"1+Bz  h(z) b1y + Bé(2)
5:9(2) 14 Ad(2)

W) 1+ Bol2)
b1z + b2z + ..) 1+ Ag(z
z+agz2+azzd3+... 1+ B¢
2+ 22+ B+ 1+ Ag
z+agz2 +azz3+... 1+ Bo(z
z4 a2 +azzd ... 14 Ad(z
Ztaz?+azd+.. 1+ Bo(z)
l+asz+az2z?2+... 1+A¢9(z) G(2)
1+asz+asz+... 1+ Bg(z) H(z)

=

G(z) =1+ az+ azz? + ...
H(z) =1+ asz +azz® + ..

o(z) =1z + c272% +c32% + ...
From

G(2) _ 1+ A¢(2)
()~ 1+ Bol)

then we get
G(2) — H(z) = ¢(2)(-BG(2) + AH(2)) (25)
From (25) we find

o0

Z(ak —ap)2" = (Z crz®)((A— B) +
k=1

k=1

(—=Bay, + Aay)2")

NE

e
Il

1
And from the calculations we get

D (ap—ap) = (O] ez®) + (O (—Bayg + Aay)2") = (26)
[ k=1 k=n

Doolar—ap) = (Y dZ( DY s2h)
k=n-+1 k=n+1 k=n+1

The inequality (26) can be written in the following form

F(z) = ¢(2)F1(2),[6(2)| < 1.

Therefore we have

[P =1o()Fu(2)]” = |6(2)* |1F1(2)° = [F)P < [F(2)* =

1 21 9 1 21
F(re’e)‘ df < /
27 Jo

12
Fl(rezg)‘ do

2 Jo s
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n 00 n—1
= Z lage — ag|* 72 + Z |di|? 1%F < |A — B> r?* + Z |Aay, — Bay|? r?* (27)
k=1 k=n+1 k=1
Since
o
(Y ldel*r*) >0
k=n+1
then the equality (27) can be written in the following form
n n—1
Z lag — ap* % <A — B*r? + Z |Aay, — Bay|* r?*
k=1 k=1
Taking » — 1 we obtain
n n—1
> lag —ar* < |A— B+ |Aay — Bay|? (28)
k=1 k=1

If we take ap = Z—’; then (2.23) can be written

| be ? - by |?
k=1 k=1
n n—1
> bk = bragl® < |ba] (A= B)® + > | Abiay, — Bby|”
k=1 k=1
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