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FIXED POINTS ON 7p5-QPMS

YAE ULRICH GABA',§

ABSTRACT. In this paper, we proved some fixed point results for maps in quasi-pseudometric
spaces. The theorems are a generalization of the results presented in [3].
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1. INTRODUCTION

Our purpose is to generalise some known fixed point results in the context of an ”asym-
metric metric space”. Although the proofs follow closely the ones in the classical case,
the results require a different type of assumptions. The terminology ”asymmetric metric
space” could be confusing in the sense that metrics are symmetric, but it is just to empha-
size on the fact that we start from metric spaces and remove the ”symmetry property”.
The distance from a point x to a point y may be different from the distance from y to z.
Therefore, this could look like an orientation on the space. Theses ”oriented distances”
can be useful in practical application. For instance, in a hilly country, it makes a difference
whether an auto-mobile climbs from a locality A to a locality B or goes down from B to
A, considering the cost of transport.

2. PRELIMARIES

In this section, we recall some elementary definitions from the asymmetric topology which
are necessary for a good understanding of the work below.

Definition 2.1. Let X be a non empty set. A function d : X x X — [0,00) is called a
quasi-pseudometric on X if:

i) d(z,z) =0 VzelX,

i) d(z,z) <d(z,y) +d(y,z) Vuz,yz2z€X.
Moreover, if d(z,y) =0 = d(y,z) = © =y, then d is said to be a Ty-quasi-pseudometric.
The latter condition is referred to as the Ty-condition.
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Remark 2.1.

e Let d be a quasi-pseudometric on X, then the map d—' defined by d=(z,y) =
d(y, ) whenever x,y € X is also a quasi-pseudometric on X, called the conjugate
of d. In the literature, d=' is also denoted d* or d.

e It is easy to verify that the function d* defined by d* := dV d~!, i.e. d*(z,y) =
max{d(x,y),d(y,x)} defines a metric on X whenever d is a Ty-quasi-pseudometric.

Let (X, d) be a quasi-pseudometric space. Then for each x € X and € > 0, the set
Bi(z,e) ={y € X : d(z,y) < €}
denotes the open e-ball at x with respect to d. It should be noted that the collection
{Ba(z,€) 1z € X,e >0}
yields a base for the topology 7(d) induced by d on X. In a similar manner, for each
x € X and € > 0, we define
Ca(z,e) ={y € X : d(z,y) <€},

known as the closed e-ball at = with respect to d.
Also the collection

{Bg-1(z,€) :x € X,e >0}
yields a base for the topology 7(d~!) induced by d=! on X. The set Cy(z,¢) is 7(d~1)-
closed, but not 7(d)-closed in general.
The balls with respect to d are often called forward balls and the topology 7(d) is called
forward topology, while the balls with respect to d~! are often called backward balls and
the topology 7(d~!) is called backward topology.

Definition 2.2. Let (X,d) be a quasi-pseudometric space. The convergence of a sequence
(xn) to x with respect to 7(d), called d-convergence or left-convergence and denoted

by x, 4, x, 18 defined in the following way

2y L 7 = d(x,z,) — 0. (1)
Similarly, the convergence of a sequence () to x with respect to T(d™'), called d—-

-1
convergence or right-convergence and denoted by x,, a, x, is defined in the following
way
-1
on I = d(zp,z) — 0. (2)
Finally, in a quasi-pseudometric space (X,d), we shall say that a sequence (x,) d°-

converges to x if it is both left and right convergent to x, and we denote it as x,, g
or x, — x when there is no confusion. Hence

ds d a1t
T, —T < T, — 2T and T, —> .

Definition 2.3. A sequence () in a quasi-pseudometric (X, d) is called
(a) left K-Cauchy with respect to d if for every e > 0, there exists no € N such that
Vn,k:ing<k<n dagz,) <e€

(b) right K-Cauchy with respect to d if for every e > 0, there exists ny € N such
that
Vo, k:ng<k<n dz,z) <e
(¢) d*-Cauchy if for every e > 0, there exists ng € N such that

Y,k >ng  d(zp,xr) < e
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Remark 2.2.

o A sequence is left K-Cauchy with respect to d if and only if it is right K-Cauchy
with respect to d—1.
o A sequence is d°-Cauchy if and only if it is both left and right K-Cauchy.

Definition 2.4. A quasi-pseudometric space (X,d) is called

i) left-complete provided that any left K-Cauchy sequence is d-convergent.

ii) right-complete provided that any right K-Cauchy sequence is d-convergent.
Finally, a Ty-quasi-pseudometric space (X, d) is called bicomplete provided that the met-
ric d®* on X is complete.

Definition 2.5. Let T' be a self mapping on a quasi-pseudometric space (X,d). (X,d) is
said to be T-orbitally left-complete with respect to quasi-pseudometric d if and
only if every left K-Cauchy sequence which is contained in {a, Ta,T?a,T3a, ...} for some
a € X d-converges in X.

Definition 2.6. Let (X,d) be a quasi-pseudometric space, and x,y € X. A path from x
to y is a finite sequence of points of X starting at x and ending at y. Hence path from x
to y can be written as (xo,...,x,) where xy = x and x,, = y. In this case, n will be called
the degree of the path.

The quasi-pseudometric space (X, d) will be called e-chainable if for any two points x,y €
X, there is a path (xg,--- ,x,) such that d(z;,zi41) <€ fori=0,1,...,n— 1.

Definition 2.7. A self mapping T defined on a quasi-pseudometric space (X,d) is called
locally contractive if for every x € X, there exist e, and Ay € [0,1) such that d(Tu,Tv) <
Azd(u,v) whenever u,v € Cy(x,e,).

Definition 2.8. A self mapping T defined on a quasi-pseudometric space (X,d) is called
uniformly locally contractive if it is locally contractive at all points x € X, and &,
and A\, do not depend on x, i.e. Ay = X and e, = ¢ for all x € X and for some A\,e > 0.

3. SOME FIRST RESULTS

In this section, we give our first results. The conditions on the quasi-pseudometric space
are motivated by the fact that these spaces are not canonically separated, unlike wise
classical metric spaces.

Theorem 3.1. Let (X,d) be a Hausdorff left-complete Ty-quasi-pseudometric space and
T:X — X be a d-sequentially continuous function self mapping such that

d(T"z, T"y) < an[d(z,Tx) + d(y, Ty)]
for all z,y € X where a,(> 0) is independent of x,y and a1 + a, < 1 for n > 1. If the

series Y an is convergent, then T has a unique fized point in X.
n=1

Proof.
Let 9 € X. We consider the sequence {x,} of iterates z, = T"xog,n = 1,2,3,... . Then
for n € N we have

d(T"zo, T" a0) < an[d(zo, Txo) + d(Txo, T x0)].
Again d(Two, T?10) < a1[d(xo, Txo) + d(Tx, T?x0)], which gives

d@mj%wglm

ld(af(),Tl'o) (3)
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Hence
aj

1—a1

d(T"xo, T" M x0) < ay, [1 + } d(zo, Txo) (4)

By triangle inequality, we write

d(Tn, Tnym) = d(T"zg, T" " axg)
< d(T"xo, T ag) + d(T™Hag, T 2ag) + - - - + d(T™T™ Lag, TV M),

So using (4), we get

a
d(T"z, T"™2) < [an + any1 + - + Gnrm—1] [1 + 7 la ] d(xo, Tzg)
—a
o0
Now since ) a,, is convergent so each of an, ani1, ..., antm—1 tends to 0 as n — oo.
n=1
So
d(Xn, Tptm) > 0 as n — oo, (5)

This implies that {x,,} is a left K-Cauchy sequence in (X, d). Since (X, d) is left-complete

and T d-sequentially continuous, there exists x* such that x, 4y 2 and Tpt1 LNy oS
Since X is Hausdorff x* = Tx*.

For the uniqueness, assume by contradiction that there exists another fixed point z*. So,

d(z*,2*) =d(Tx*,Tz") < aq[d(z*, Tz*) + d(z*,Tz%)] = 0,
and

d(z*,2") =d(Tz*,Tx") < a1[d(z*,T=z") + d(z*, Tx*)] = 0.

Hence d(z*,2*) = 0 = d(z*,z*) and using the Tp-condition, we conclude that y* = z*.
This completes the proof.

Another version of the above theorem, which seems stronger can be given as follow:

Theorem 3.2. Let (X, d) be a Hausdorff Ty-quasi-pseudometric space and T : X — X be
self mapping such that T is a d-sequentially continuous function and

for all x,y € X where a,(> 0) is independent of x,y and a1 + an, < 1 forn > 1. If X
o
is T-orbitally left-complete with respect to quasi-pseudometric d and the series Y ay is

n=1
convergent, then T' has a unique fixed point in X.

Let ® be the class of continuous functions F : [0,00) — [0,00) such that F~1(0) = {0}.
We have this very interesting result which generalizes Theorem (3.1).

Theorem 3.3. Let S be a d-sequentially continuous self-mapping on a Hausdorff left-
complete Ty-quasi-pseudometric space (X,d) satisfying

F(d(S"z, S™y)) < an[F(d(x, Sz)) + F(d(y,Sy))]  (z,y € X) (6)
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for all z,y € X where a,(> 0) is independent of x,y, a1 + an, < 1 for n > 1 and for some

o0
F € . If the series > ay is convergent, then S has a unique fized point in X. Moreover,
n=1

for any arbitrary xy € X the orbit {S™xy,n > 1} d-converges to the fized point.

Proof.
Since F~1(0) = {0}, F(n) > 0 for any n > 0. Let zo be an arbitrary point in X. We
define the iterative sequence (zy,), by xn41 = Sxp, n=1,2,--- . Using (6), we have

F(d(2n, Tni1)) = F(d(Szy_1,S,)) = F(d(S"x9, S"x0))
< an[F(d(xo, Sxo)) + F(d(Szo, S%x0))].

Again F(d(Sxo, S%x0)) < a1[F(d(zo, Swo)) + F(d(Sxo, S%x0))], which gives

ay

F(d(Szg, S*x)) < i F(d(xo, Szo)). (7)

—
Hence
ay

ﬂammﬁ“%mgm{LF }ﬂﬂmﬁ%» (8)

Therefore, for every m,n € N such that m > n > 2 we have,
F(d(zp,zm)) = F(d(Szp-1,STm—-1))
< [F(d(zn-1,2n)) + F(d(Zm-1,7m))]

g[an_l <1+ l >+am_1 <1+ l ﬂF(d(wo,Sxo)).

1—ay 1—a

Letting n — oo, we obtain that F(d(xy,,zmy)) — 0. Since F' € ®, we conclude that (z,,) is
a left K-Cauchy and since (X, d) is left-complete, there exists u € X such that ), 5

S is d-sequentially continuous, so x,41 % Su. Since X Hausdorff u = Su.
For uniqueness, assume by contradiction that there exists another fixed point v. Then

F(d(Su, Sv)) = F(d(u,v)) < a1[F(d(u, Su)) + F(d(v, Sv))] = 0,
and
F(d(Sv, Su)) = F(d(v,u)) < a1[F(d(v, Sv)) + F(d(u, Su))] =0,

which entails that d(u,v) = 0 = d(v,u). Using the Tp-condition, we conclude that u = v.

Remark 3.1. If we set F' = Id|y o) in the above theorem, we obtain the result of Theorem
(3.1).

Corollary 3.1. Let (X,d) be a Hausdorff Ty-quasi-pseudometric space and T : X — X
be self mapping such that T is a d-sequentially continuous function and

F(d(T"z,T"y)) < an[F(d(z, Tz)) + F(d(y, Ty))]
for all x,y € X where a,(> 0) is independent of z,y and a1 + a, < 1 for n > 1 and for
some F' € ®. If X is T-orbitally left-complete with respect to quasi-pseudometric d and
oo

the series _ ay, is convergent, then T has a unique fized point in X .
n=1
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4. MORE RESUTLS

Theorem 4.1. If T is a (g,\) uniformly locally contractive mapping defined on a T-
orbitally left-complete, §-chainable and Hausdorff To-quasi-pseudometric space (X, d), then
T has a unique fixed point.

Proof.
Let x € X. Since X is §-chainable, there is a path (zo = z,21,...,2, = Txg) from z to
Tx such that d(z;,2;41) < § for i =0,1,...,n — 1. It is very clear that
d(z,Tz) < %
The result follows by the triangle inequality.
Since T is (g, ) uniformly locally contractive,
e €
d(TwZ’,TJ:‘Z'+1) < )\d(xi,xiﬂ) < 7 < 5 Vi = O, 1, , N — 1

Hence, by induction

d(Tm«Ti;mei-i-l) < )\d(a:i,xi_H) <

>
e

Moreover, by
A(T™z, T" ) < d(T™x, T"xy) + d(T"x1, T™2s) + - - + d(T™ 21, T™(Tx)),

and the above induction, we conclude that

AT, T ) < A 2”5 Vm € N. (9)

Next, we show that {T'z,} is a left K-Cauchy sequence in X. For any n,m € N,
d(T™z, T™ ) < d(T™x, T™z) + d(T™ e, T 22) + ..+ d(T™ T g, T y)

<()\m+)\m+1+“‘+)\m+n)%
L A ne
1—-X2°

This shows that {Tx,} is a left K-Cauchy sequence in X. Since X is T-orbitally left-

complete, there exists z* € X such that T™x %, 2*. Since (X,d) Hausdorff and T
d-sequentially continuous, T'(z*) = x*.
For uniqueness, let us assume that z* is another fixed point. Since X is £-chainable, we

-
can find §-chains

z* =x9,21,...,2p =2 and 2" = yo,y1,...,yp = .
We can easily establish that

A
45 (T™x*, TM2%) < 25, Vm € N,

where | = max{n, k}. This is easily by observing that

)\mn5<)\ml5
2 - 27

ATz, T™z") < Vm € N,
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and ke | AM
d(T™zr,TMz") < 5 < < 5 5, vm € N.
Hence
S/ % _% S (Mm% m % A"'ne
d*(x*,2") = d°(T™z*, T™2") < 5

which tends to 0 as m — oo, hence z* = z*.

This completes the proof.

We finish this section by an example.

Example 4.1. Let X = {0,1,2} and d : X x X — [0,00) be defined by d(0,1) = d(0,2) =
1=d(1,0) =d(1,2), d(2,1) =d(2,0) =2 and d(z,z) =0 forallx € X. Let T : X — X

be the mapping
1 ' 1
0 ,ifx=2.
It is easy to check that d is a Ty-quasi-pseudometric and that (X,d) is Hausdorff. It is

also easy to see that (X,d) is §-chainable where ¢ = 4. It can also be noticed that T is

a (e, \) uniformly locally contractive mapping with X = % and T has a unique fived point

2
z* = 1.
5. CONCLUSION

All the results we prove assumed a kind of continuity for the map T involved. This
condition is meant to guarantee that we can pass the limit under the function and keep
it. In [4], we will present more general fixed points results which do require any type of
continuity.
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