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TRIVIALLY EXTENDABLE GRAPHS

K.ANGALEESWARI', P.SUMATHI?, V.SWAMINATHAN?® §

ABSTRACT. Let G be a simple graph. Let k be a positive integer. G is said to be
k-extendable if every independent set of cardinality k is contained in a maximum in-
dependent set of G. G is said to be trivially extendable if G is not k-extendable for
1 <k < (Bo(G) —1). A well covered graph is one in which every maximal indepen-
dent set is maximum. Study of k-extendable graphs has been made in [7,8,9]. In this
paper a study of trivially extendable graphs is made. Characterization of graphs with
Bo(G) = (n — 3) and which is trivially extendable has been done. Similarly graphs with
Bo(G) = (n — 2) is also studied for trivial extensibility.
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1. INTRODUCTION

Extendable graphs are those for which all independent sets of some cardinality are
contained in maximum independent sets. The well covered graph is k-extendable for
every k. That is any independent set of cardinality k, 1 < k < [p(G) is contained
in maximum independent sets. There are graphs which are just the opposite of well
covered graphs. That is G is not k-extendable for any k& < fy(G), these graphs are called
trivially extendable graphs. In this paper, a study of trivially extendable graphs are made.
Characterization of graphs which are trivially extendable with specific values of 5y(G) are
done.

2. TRIVIALLY EXTENDABLE GRAPHS

Definition 2.1. Let G = (V, E) be a simple graph. Let k be a positive integer. G is said to
be k-extendable if every independent set of cardinality k in G is contained in a mazimum
independent set of G.
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Definition 2.2. G is said to be trivially extendable if G is k-extendable only for k = By(G).

Example 2.1. Let G :
Uug U3 ug

Uq Us

Bo(G) = 3. {ui,us,us} is the unique Syp-set of G. Clearly {ug}, {u2,us} are not
contained in fyp-set of G. So G is trivially extendable graph.

Theorem 2.1. Let G be a graph in which every vertex supports at least two pendent
vertices. Then G is trivially extendable.

Remark 2.1. There are graphs which are trivially extendable but do not contain pendent
vertices, for example the Wheel W7.

Theorem 2.2. Let G be a graph with Bo(G) = 2. G is trivially extendable if and only if
G has a full degree vertex (or) |V(G)| = 2.

Proof: Suppose 5y(G) = 2. Suppose |V(G)| = 2. Then G = K, and G is trivially
extendable. Suppose |[V(G)| > 3 and G is trivially extendable. Then there exists a vertex
u € V(G) such that u is adjacent to every vertex of G. Therefore u is a full degree vertex
of G. Conversely, suppose G has a full degree vertex say u. Then {u} is not extendable.
Therefore G is trivially extendable.

Theorem 2.3. Let G be a graph with 5o(G) = (n —2). Let S = {uy,ug,...,un—2} be a
Bo-set of G. Let V. — S = {up_1,un}.

(i).If up—1 and wu, are not adjacent, then G is trivially extendable if and only if both
Up—1 and u, are of degree less than 3 and either one of up—1, u, is of degree 2 with
N () = Ntn-1) # ¢, if deg(ttn1) =2 ((or) N(tn—1) = N(un) # 6, if deg(un) = 2) (o)
both are of degree 2.

(7). If up—1 and u, are adjacent, then G is trivially extendable if and only if un—1 and uy,
are adjacent to exactly 2 vertices from S.

Proof: (i).Let 5o(G) = (n —2). Let S = {uy,ug,...,up—2} be a fy-set of G. Let
V — S ={up-1,un}. up—1 and u, are not adjacent. Then G is bipartite.
Case(1): up—1 has degree 2 and N(u,) — N(up—1) # ¢. Without loss of generality, let
up—1 be adjacent to u; and ug. Let 1 < k < (n —3). Let S1 = {unp—1,u3,...,uxs1}-
Si is independent and |S1| = k. Suppose S; is contained in a maximum independent
set say 7. Then wuj,us ¢ T. Since (V — S1) = {un, u1, u2, ugy2, ..., un—2}, |V — 51| =
(n—2)—(k+1)+2+1=mn—k. Let u, be adjacent with some w;,j > 3.
Subcase(1): T contains u,_o.
Then u; ¢ T. Already ui,u2 ¢ T. Therefore |T'| < (n — 3), a contradiction.
Subcase(2): T does not contain .
Then wuy, ug, un—2 ¢ T. Therefore |T'| < (n—3), a contradiction. Hence S is not contained
in any maximum independent set of G. But S is independent and cardinality of k,
1 <k < (n—3). Therefore G is trivially extendable. Similar proof if u, has degree 2 and
N(un—1) = N(un) # ¢.
Case(2): up—1 (or) u, have degree are greater than (or) equal to 3.
Suppose u,—1 have degree> 3. Let T be an independent set of cardinality k,
1 <k < (n-—t), where |N(up—1)| = t. Then T is not extendable. Let Sy be an independent
set of cardinality (n—t)+1. Let up—1 (or) u, € So. Sa can contain at most (n—2)—t vertices
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from {ug,us,...,un—2}. Therefore |So| < (n—2) —t+2=n—t. But |S2| =(n—1t)+1,
a contradiction. Therefore there exists no independent set of cardinality (n — t) + 1
containing u,—1 (or) u,, which implies any independent set of cardinality (n —¢) + 1 is
contained in the maximum independent set {uy,us,...,u,—2}. Hence G is k-extendable
for all k > (n —t) + 1. Therefore G is k-extendable exactly for (n —¢) +1 < k < (n — 2),
which means G is not trivially extendable.

Conversely, suppose G is trivially extendable with Sy(G) = (n — 2). Then there exists
an independent set say T of cardinality k, 1 < k < (n — 3) which is not contained
in any (Bp-set of G. Since any set of (n — 3) elements in S is independent, T' contains
either u,—1 (or) u,. If up—1 and u, have degree 1, then every (n — 1) subset of G is
independent, a contradiction. Therefore deg(u,—1) (or) deg(uy) is greater than or equal
to 2. suppose deg(un—1) and deg(u,) are greater than or equal to 3. If deg(u,—1) (or)
deg(uy,) are greater than or equal to 4, then any (n — 3)-independent set is contained
in S and hence extendable, a contradiction. Therefore deg(u,—1) and deg(u,) are less
than or equal to 3. If deg(un—1) = deg(un) = 3 and N(uy) = N(up—1) then there exists
a (n — 3)-independent set containing wu,_; and u, which is not contained in Sy-set of
G. If deg(up—1) = deg(uyn) = 3 and N(up) # N(up—1) then any (n — 3)-independent set
cannot contain u,_; (or) u,. Therefore G is (n—3)-extendable, a contradiction. Therefore
deg(un—1) (or) deg(uy,) is less than 3. Therefore deg(u,—1) (or) deg(uy) = 2. If N(u,) =
N(up—1), then G is 1-extendable, a contradiction. Therefore N(u,) — N(up—1) # ¢ (or)
N(up—1) — N(u,) # ¢. That is if deg(up—1) = 2 then N(uy) — N(up—1) # ¢ and if
deg(up) = 2 then N(up—1) — N(up) # ¢.

(ii) is analogous to that of (i).

Remark 2.2. Let G be a graph for which By(G) = (n—2). Let S = {uy,uz,...,up—2} be a
Bo-set of G. Let (V —S) = {up—1,un}. Suppose u,_1 and u, are independent. Then G is
trivially extendable if and only if G is either PsU Ko U (n—5)K; (or) PsU(n—5)K; (or)
2P; U (TL — 6)K1

Remark 2.3. Let G be a graph and let Bo(G) = (n — 2). Let S = {uj,ug,...,up—2} be a
Bo-set of G. Let (V —8S) = {up—_1,un}. Suppose un_1 and u, are independent. If G is
connected then G is trivially extendable if and only if G = Ps.

Remark 2.4. Let G be a graph and let 5y(G) = (n —2). Let S = {uj,ug,...,un—2} be a
Bo-set of G. Let (V —S) = {un—1,un}. Suppose u,—1 and u, are not independent. Then
G is trivially extendable if and only if G is either (K4 —e) U (n —4)K; (or)
Dy5U(n—6)K; (or) GU(n—5)Ky, where G is

Remark 2.5.

Let G be a connected graph with Bo(G) = (n —2). Let S = {ui,ug,...,up—2} be a

Bo-set of G. Let V — S = {up—1,upn}. Suppose un—_1 and u, are not independent. Then G
is trivially extendable if and only if G is either (K4 —e€) (or) Do (or) G is
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Remark 2.6.
Let G be a graph. If Bo(G) = (n — 1), then G is k-extendable for all k, 2 < k < (n —1).

The following theorem gives a characterization of graphs which are trivially extendable
with So(G) = (n — 3). The proof is lengthy and hence omitted.

Theorem 2.4. Let G be a simple graph of order n > 7 with Bo(G) = (n —3). Let S =
{uy,ug, ..., un—3} be a fo-set of G, V.— S = {up—2,un—1,un}.

(i). If up—2,upn—1,un are independent then G is trivially extendable if and only if

|N (tup—2) UN(up—1) UN(uy)| = 4.

(ii).(a). Let un—2 and u,—1 be adjacent and u, be not adjacent with u,_o and u,—1 then G
is trivially extendable if and only if |( N (up—1) U N(uy,)) NS| (or) (N (up—2) U N(uy)) N S|
s equal to 8.

(b). Let the remaining un—2, un—1 and uy, form Ps with u, adjacent with u,—2 and w,_1.
Then G is trivially extendable if and only if either |N(uy) N S| =2 (or)

|(N(tup—2) UN(up—1))NS|=3.

(c). Let the remaining un—2, un—1 and u, form Ks. Then G is trivially extendable if and
only if at least [N (u,) N S|, IN(un—1) NS, |N(un—2) N S| is equal to 2.

Remark 2.7. Let G be a simple graph of order n > 7 with Bo(G) = (n — 3). Let S =
{u,ug, ..., un—3} be a Po-set of G, V. — S be independent. G is trivially extendable if and
only if G is PsU2KyU (n — 7)Kj.

Remark 2.8. Let G be a simple graph of order n > 6 with 5o(G) = (n — 3). Let S =
{uy,ug, ..., up—3} be a fo-set of G, V.— S = {up—o,un_1,un} Let (V —8) = Ko U Kj.
Then G is trivially extendable if and only if G is KsUP3U (n—6)K; (or) PsU(n—6)K;
(or) G is any one of the following graph

Up U2 U3 U4 Un—3 ur u2 U3 u.4 ’LLn:;g
o o ..o
/
(or) ! (or)
Up—Un—1 Up Up—Un—1 Up
Ul Ug Un—3
e - ---. @

Up—2 Un—1 Up

Proof: Since By(G) = (n—3). Fach of un—2,Un—1,u, has at least one neighbour in S. G
is trivially extendable if and only if |(N(up—1) U N(uy)) NS| =3 (or)

|(N(up—2) UN(up)) N S| =3. Therefore either u,—1 and u,—o have exactly one neighbour
each in S and u, has 2 neighbour in S (or) u,—1 and u, have one neighbour each in S and
Un—2 has 2 neighbours in S (or) u,—2 and u, have one neighbour each in S and u,—1 has
2 neighbours in S. Suppose u,_1 and u,_o have distinct neighbours in S. Then u, has
one of the neighbours coincident with the neighbour of u,—1 (or) the neighbour of u,—s.
In this case G = PsU (n — 6)K;. Suppose un—1 and u,—o have the same neighbour in S.
Then u, has 2 neighbours in S which are distinct from the neighbour of up—1. In this case
G = KsUP3U (n—6)Ky. Suppose un—1 has 2 neighbours in S. Then either u, has a
neighbour distinct from the 2 neighbour of un—1 in S (or) u, has a neighbour in S which
1s also a neighbour of uy,—1. In the former case, either the neighbour of u,_o is coincident
with a neighbour of un—1 (or) coincident with the neighbour of u, in S. Therefore G is
one of the following graph
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U, Up,—
up Uz U3 Ug up Uz us Ui T3

? [ ]
Up—2Un—1 Up
In the latter case, un—o has a neighbour distinct from the neighbour of u,—1. Therefore G

Un—3

NS

« @ ---
/ (or)
° Up—2Un—1 Up

Uq U uz U4 Un—3
. ®

18

Up—2 un—l Un,
=(n-—238). Let S =

Remark 2.9. Let G be a simple graph of order n > 6 with 5y(G)
S Up—3} be a PBo-set of G,V — S = {up—9,Un—1,Un}. Let up—o,up,un_1 form a

{u1,us, ..
P; with u, being adjacent to both u,_1 and u,_o. Then G is trivially extendable if and

only if G is one of the following graphs
Un—3
u1l u2 U3 Ug U5 . e

° °
{

(i) "

? /
/

—
Up—92 Up  Up—1 Up—3
(51 u9 us Uy us . ®
° ° °
(iii),
o
Un—2 Un  Un-—1
Up—3
us . . @
°
(v)
us
° - e
(vii)

Up  Un—1

Up—2
Proof follows from the fact that G is trivially extendable if and only if
|IN(un) N S| =2 (or) [(N(up—1)UN(up—2)) NS| =3 and up—2, Un—1, uy has at least one
(n—3). Let S =

neighbour in S.
Remark 2.10. Let G be a simple graph of order n > 6 with By(Q)
S Up—3} be a Po-set of G,V — S = {up—9,Un—1,un}. Let up_o,upn,un_1 form a

{u1,uq, ..
Ks. Then G is trivially extendable if and only if G is one of the following graphs
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Uy —
U U2 U3 U4 Us Un—3 ur U2 uz U4 n—3
[ ]

5o } ,\\ /\\
[

Up—2 U
U] U U3 ﬁ4 Up—3 "
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