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EXISTENCE AND MULTIPLE POSITIVE SOLUTIONS TO SYSTEMS
OF DIFFERENTIAL EQUATIONS OF FRACTIONAL ORDER
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ABSTRACT. We show under some conditions the existence and multiplicity of positive
solutions for a system of differential equations of fractional order, subject to two-point
boundary conditions by applying the fixed point index theory in cones.
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1. INTRODUCTION

Fractional calculus is a very old concept dating back to 17th century; it involves frac-
tional integration and fractional differentiation. At the first stage, fractional calculus
theory is mainly focused on pure mathematical fields. In the last few decades, fractional
differential equations and fractional integration equations have found many applications
in various fields, such as science and engineering, physics, chemistry, biology, economics,
and signal and image processing. In recent years, fractional differential equations have
attracted increasing interests for their extensive applications, which leads to intensive
development of the theory of fractional calculus.

Recently, much interest has been created in establishing positive solutions and mul-
tiple positive solutions for two-point and multi-point boundary value problems (BVPs)
associated with ordinary and fractional order differential equations by using different
methods such as fixed point theorems in cones, the Leray-Schauder continuation theo-
rem and its nonlinear alternatives and the coincidence degree theory. To mention the
related papers along these lines, we refer to Agarwal and O’regan [2], Henderson and
Luca [12, 14, 15|, Henderson and Ntouyas [16], Henderson, Ntouyas and Purnaras [17],
Prasasd, Kameswararao and Nageswararao [18], Zhou and Xu [27] for ordinary differential
equations. Agarwal, Zhou snd He [3], Ahmad and Ntouyas [4], Bai [5], Bai and Lu [6],
Henderson and Luca [13], Khan, Rehman and Henderson [18], Kauffman and Mboumi
[20], Liang and Zhang [22] for frcational order differential equations.

In this paper, we consider the existence and multiplicity of positive solutions to system
of nonlinear differential equations of fractional order having the form

Dult) + f(t,v(t)) =0,

1
D2 o(t) + glt,u(t)) =0, W
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where t € (0,1), v1,12 € (n — 1,n] for n > 3 and n € N, subject to a couple of boundary
conditions ‘ '
u®(0) =0 =vD(0), 0<i<n-2,
(D u(t)]i=1 =0 = [Dgrv(t)]i=1, 1 <a<n—2,

where f,g € C([0,1] x [0,00),[0,00)).

Under the sufficient conditions on functions f and g, we study the existence and
multiplicity of positive solutions of problem (1)-(2) by using the fixed point index the-
orems [1, 27]. By a positive solution of problem (1)-(2) we mean a pair of functions
(u,v) € C[0,1] x C[0, 1] satisfying (1) and (2) with u(t) > 0,v(t) > 0 for all ¢ € [0, 1] and
Sy, u(t) > 0, 5upyefoy v(F) > 0.

The rest of this paper is organized as follows. In Section 2, we present the necessary
definitions and properties from the fractional calculus theory and we give the Greens
function for the homogeneous BVP and estimate the bounds for the Greens function. In
Section 3, we shall prove some existence and multiplicity results for positive solutions with
respect to a cone for our problem (1)-(2), which are based on the three fixed point index
theorems. Finally, in Section 5, we shall provide some numerical examples which shall
explicate the applicability of our results.

(2)

2. PRELIMINARIES

For the convenience of the reader, we present here some definitions, lemmas, and basic
results that will be used in the proofs of our theorems.

Definition 2.1. Let v > 0 with v € R. Suppose that y : [a,+00) — R. Then the vth
Riemann-Liouville fractional integral is defined to be
I L
. _ v
D) = g [ wls)(e— 5
whenever the right-hand side is defined. Similarly, with v > 0 and v € R, we define the
vth Riemann-Liouville fractional derivative to be

1 dr [t y(s)
DV ylt) = =———— | ——"——ds
V) = Ty @ / (t — s)y+i—n®"
whenever n € N is the unique positive integer satisfyingn —1 <v <n andt > a.

Remark 2.1. In the sequel, we shall usually suppress the explicit dependence of D;f on
a. It will be clear from the context. In fact, in this paper a = 0 throughout.

Lemma 2.1. Let « € R. Then D"D(t) = D" y(t), for each n € Ny, where y(t) is
assumed to be sufficiently regular so that both sides of equality are well-defined. Moreover,
if B € (—00,0] and v € [0,+00), then DYDPy(t) = DY By(t).

Lemma 2.2. The general solution D"y(t) = 0, where n —1 < v < n and v > 0, is the
function y(t) = c1tV =t + otV "2 + - 4, tV ™™ where ¢; € R for each i.

Lemma 2.3. [9] Let h(t) € C™[0,1] be given. Then the unique solution to the problem
— DY, ult) = h(t) (3)
together with the boundary conditions

u®(0) = 0 = D u(t)]i=1 (4)
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where 1l <a<n—2and0<i<n-—21s

1
u(t):/o G1(t,s)h(s)ds, (5)

tufl(l_s)ufozfl_(t_s)ufl
Gl (t75) = { tu—l(l_s)uz‘((xci)l ’

(@) ’

where

(6)

1s the Green’s function for this problem.

Lemma 2.4. [9] Let G1(t,s) be as in the statement of Lemma 2.3. Then we find that:
(i) Gi(t,s) is a continuous function on the unit square [0, 1] x [0, 1];

(ii) Gi(t,s) >0, for each (t,s) € [0,1] x [0,1];

(i) maxyepo ) G1(t, s) = G1(1,5), for each s € [0,1].

Lemma 2.5. [9] Let Gi(t,s) be as given in the statement of Lemma 2.3. Then there exists
a constant y; € (0,1) such that

i Gy(t > G1(t,s) =11G1(1, s). 7

eflin | Gi(t5) > max Ga(t,s) = mGi(1,5) (7)

We can also formulate similar results as Lemma 2.4-2.5 above, for the fractional differ-
ential equation

—Dgrv(t) = h(t) (8)

v®(0) = 0 = [Dgv(t)]=1. (9)

We denote by G2 and ~» the corresponding Green’s function and constant for the problem
(8)-(9) defined in a similar manner as Gy and ~; respectively.

We present now the Fixed point index theorems [1, 27] that we will use in the proofs of
main results.
Fixed point index theorems: Let E be a real Banach space, P C E a cone, ” <” the
partial ordering defined by P and € the zero element in E. For p > 0, let B, = {u € E :
llu|| < p}. The proofs of our results are based upon on the application of the following
fixed point index theorems.

Theorem 2.1. [1] Let A : Ep NP — P be a completely continuous operator which has no
fized point on 0B, N P. If ||Au| < ||ul|, Yu € 0B, N P. Then i(A,B,N P, P) = 1.

Theorem 2.2. [1] Let A : Ep NP — P be a completely continuous operator. If there
exists ug € P\ {0} such that

u— Au # Mg, YA >0, u e 0B, N P.
Then i(A,B,N P,P) = 0.

Theorem 2.3. [27] Let A: B,N P — P be a completely continuous operator which has
no fized point on OB, N P. If there exists a linear operator L : P — P and uy € P\ {0}
such that

(1) uo < Lug, (#4) Lu < Au, Yu € 0B, N P.
Then i(A,B,N P,P) = 0.
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3. MAIN RESULTS

In this section, we shall investigate the existence and multiplicity of positive solutions
for our problem (1)-(2) under various assumptions on f and g.
We present the assumptions that we shall use in the sequel:

(A1) The functions f,g € C([0,1] x [0,00),[0,00)) and f(¢,0) = 0,¢(t,0) = 0 for all

te[0,1].
(A2) There exists a positive constant p € (0, 1] such that
N . [t u) PN o gt u)
=1 f € (0, 00]; =1 f =
(D) foo = Jim  inf o € (000l () g0 = lim | inf | = g5 =00
(A3) There exists a positive constant g € (0, 00) such that
N opr 1 f(t,u) (i s 1 g(t,u)
01.= i, i FL <0k 6056 = fiy, g k=0
(A4) There exists a positive constant r € (0,00) such that
t t
(1) f5 = lim supL’Tu) € [0,00); (i7) g5, = lim sup g(l’ w) =
U—00 [0,1] u U—>00 tefo,1] U /T
(A5) The following conditions are satisfied
. t . t
fo= lim  inf Sty € (0,00]; gp = lim  inf gt w) = 0.
u—0t te[(1/2),1] U u—0t te[(1/2),1] U

(A6) f(t,u), g(t,u) are all nondecreasing with respect to u and there exists a constant
N > 0 such that

1
N
f(t,mo/o g(s,N)dS) < g vt € [0,1],

where mg = max{ K1y, Ko}, K1 = maxco,1) G1(1, s)ds and Ky = max,c[o,1) Ga(1, s)ds.
A pair of functions (u,v) € C|0,1] x C|0, 1] is a solution of the problem (1)-(2) if and
only if (u,v) € C[0,1] x C[0,1] is a solution of the following system of nonlinear integral
equations:

1

u(t):/o Gi(t,s)f(s,v(s)ds,
1

olt) = [ Gatts)g(s.uls))ds.

Moreover, the above system can be written as the nonlinear integral equation
1 1
u(t) = / Gi(t, S)f<8,/ Ga(s,7)g(T, u(7))d¢> ds.
0 0

We consider the Banach space X = C[0, 1] with supremum norm || - || and define the
cone PC X by P = {u € X :u(t) >0,V € [0,1]}.
We also define the operator A : P — X by

1 1
<mm:4aww@ﬁcmwwmmwm
and B:P— X,C:P— X by

1 1
(Bu)(t) = /0 Gr(t, s)u(s)ds, (Cu)(t) = /0 Golt, 5)u(s)ds.
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Under the assumption (A1) and Lemmas 2.4 and 2.5, it is easy to see that A, B and C
are completely continuous from P to P. Thus, the existence and multiplicity of positive
solutions of the system (1)-(2) are equivalent to the existence and multiplicity of fixed
points of the operator A.

Theorem 3.1. Assume (A1)-(A3) hold. Then the problem (1)-(2) has at least one positive
solution (u(t),v(t)) with u(t) > 0,v(t) > 0, Vt € (0,1).
Proof. From assumption (i) of (A2), we know that there exist constants C; > 0,C2 > 0
such that

f(t,u) > ChuP — Co, Y(t,u) € [0,1] x [0, 00). (10)
Hence, for u € P, by using (10), the reverse form of Holder’s inequality and Lemma 2.5,
we have for p € (0, 1],

/ Gt s) s,/l Gia(s, T)g(r. u(r))dr ) ds
/ Gh(t, s [CI</ (s, 7)g(r u(r )m)pds—@]ds

> 01/ e s)[/ (Gals, )P (gl (T)))pdT}ds—oz/Ol Gr(t, 5)ds

0
e /0 Gite.o)| [ 1 (Ga(s,7)) gl u(r))Pir] ds . € 0.1

where C3 = () fol G1(1, s)ds. Therefore, for u € P, we have

1

1
()= 1 [ Gits)( [ (Galo ) (glru(r)Par)ds = Co, Ve o) ()
1/2 0

We define the cone

Py = P: inf t) >
p={ueP: int u(t)>nlull},

where v = {71,72}. From our assumptions and Lemma 2.5, it can be shown that for any
y € P, the functions u(t) = (By)(t) and v(t) = (Cy)(t) satisfy the inequalities

inf t) > > inf t) > > .
e u) =l = 5l nt | o(t) 2 sel] 2 Ao

So u= By € Py, v=Cy € Py. Therefore, we deduce that B(P) C Py, C(P) C Pp.
Now we consider the function ug(t),t € [0,1], the solution of problem (3)-(4) with

y = Yo, where yo(t) =1 for all ¢ € [0,1]. Then up(t) = fol G1(t,s)ds = (Byo)(t), t € [0,1].
Obliviously, we have ug(t) > 0 for all ¢ € [0, 1]. Let
M:{UEP:u:Au+)\uo, )\20}.

In the following we show that M C Py and M is a bounded subset of X. If w € M, then
there exists A > 0 such that u(t) = (Au)(t) + Aug(t),t € [0,1]. From the definition of ug,
we have

u(t) = (Au)(t) + A(Byo)(t) = B(Fu(t)) + N(Byo)(t) = B(Fu(t) + Ayo(t)) € Fo,
where F': P — P is defined by

(F®) = 1, [ Gttt u(s)s),
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hence, M C Py and from the definition of Py, we have

1
|lul] < =+ min wu(t), Yu € M. (12)
7 1(/2)1]
1/
From (ii) of assumption (A2), we conclude that for ¢y = (m) S 0, there exists
2
a constant Cy > 0 such that
(9(t,u))” > equ — Ca, Y(t,u) € [0,1] x [0,00), (13)
where
1 1
my = Gi(t,s)ds >0, mg = / (Ga(t, 7))Pdr > 0.
1/2 1/2

For u € M and t € [(1/2),1], by using Lemma 2.5 and the relations (11) and (12), it
follows that
u(t) = (Au)(t) + Auo(t) = (Au)(t)
1
> C Gi(t,s) [ (Ga(s,7))"(g(r, U(T)))pd’r] ds — C3

1/2 1/2
1 1
> O Gu(1, 3)(/ (72G2(1, 5))P (efu — C4)dT> ds —C3
1/2 1/2
1 1
> Cryry&’é( Gl(l,s)ds> </ (Gg(l,s))pu(T)dT) —C5
1/2 1/2
1 1 )
>C p€p< G 1,5ds></ Gs(l,s dT) inf  u(r)—C
IR 1/2 1(1:¢) 1/2( 2 )) T€[(1/2),1] ) °
=2 inf wu(r)— Cs,
T€[(1/2),1] ( ) >

where C5 = C3 + ClC4m1m271'yg > (0 is a constant. Since Bu € Py, we have
inf  w(t)>2 inf u(t) — Cs,

te[(1/2),1] te[(1/2),1]
and so
inf t) < Cs, Yue M. 14
te[(lf}z),l]u( ) < Cs, Yu (14)

Now the relation (12) and (14), it can be shown that

Jll <~ inf w(t) <
7 tel(1/2)1]
for all w € M, that is, M is a bounded subset of X.
Besides, there exists a sufficiently large L > 0 such that u(t) # (Au)(t) + Aug, Yu €
0B, NP, A\ > 0. From Theorem 2.2, we deduce that

Cs
")/ )

i(A,B,NP,P)=0. (15)
Next, from (i) of assumption (A3), we conclude that there exists My > 0 such that
f(t,u) < Mou?, ¥Y(t,u) € [0,1] x [0, 1]. (16)

From (ii) of assumption (A3) and (Al), it can be shown that for

1/q
€] = min {ﬁgv (W) } > 0, there exists d; € (0,1) such that

g(t,u) < eut9) Y(t,u) € [0,1] x [0, 8],
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where M; = fol G1(1,8)ds > 0, My = fol G2(1,s)ds > 0. Hence, we have

1 1
/ Ga(t, s)g(s,u(s))ds < 61/ Ga(t, s)(u(s))ds
0 0

< e My|lul|'/? <1, Yue Bs, NP, te[0,1].

(17)

Therefore, by (16) and (17) we deduce

()t = [ Gt o)1 (s / Gals,mg(ryu(r))dr ) ds
< My /01 G1(1,5)</01 GQ(S,T)Q(T,U(T))dT)qu
< Mot M2 u /01 Gi(1, 5)ds

1 _
= Moe! My M ul| < Slul, Yu € By, NP, t € 0,1,

This implies that [|Au| < |ju|l, Yu € Bs, N P. From Theorem 2.1, we have
i(A,Bs, N\ P,P) = 1. (18)
Combining (15) and (18), we have
i(A, (B \ Bs,) N P, P) = i(A, B, N P,P) —i(A, Bs, N P, P) = —1.

We conclude that A has at least one fixed point u1 € (B \ Bs, )N P, that is d1 < |Juy|| < L.
Let

1
vi(t) = /0 Ga(t, 5)g(s,ur (s))ds,

then (uj,v1) € P x P is a solution of the problem (1)-(2). In addition [jv1]] > 0. Indeed,
if we suppose that v;(¢t) = 0, for all ¢ € [0, 1], then by using (Al) we have f(s,vi(s)) =
f(s,0) =0, for all s € [0,1]. This implies that u;(t) = fol Gi(t,s)f(s,vi(s))ds = 0 for all
t € [0, 1], which contradicts ||u1]| > 0. The proof of Theorem 3.1 is completed. O

Theorem 3.2. Assume (A1), (A4) and (A5) hold. Then the problem (1)-(2) has at least
one positive solution (u(t),v(t)),t € [0,1].

Proof. From assumption (i) of (A4), we know that there exist constants Cg > 0,C7 > 0
such that

F(t,u) < Cou” + Cr, ¥(t,u) € 0,1] x [0, 00). (19)

1/r
From (ii) of (A4), we conclude that for e = (W) there exists Cg > 0 such that

g(t,u) < equ'’" + Cg, V(t,u) €[0,1] x [0, 00). (20)
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Hence, for u € P, by using (19) and (20), we obtain

0= [ Gt o)1 (s / Ga(s,m)g(r,u(r))dr ) ds
/ Gr(t, s {%(/ Gio(s, 7)g(r, u(r )m) —|—C7}ds

<Cﬁ/ GltS |:/ GQST 62 ())1/T+Cg>d7':| ds + MCy

1 T
§C6(62||U||1/T+C8 </0 Gl(l,s)d8> </0 GQ(l,T)dT) + M, C5.

Therefore, we have
(Au)(t) < CoMy M (eallul] /7 + Cs) "+ MiCs, Ve € [0,1], (21)
After some assumptions, it can be shown that

.
06M1M£<62||u”1/r+08) +MC;

]| =0 [l 2’

S0, there exists a sufficiently large R > 0 such that
" 3
CGMlMg |:62”uH1/r + 08:| + MC7 < ZHUH’ Yu € P with ||uH > R. (22)

Hence, from (21) and (22), we have ||Au|| < 2|ju|| < [lul|, V € 0BgN P, and from Theorem
2.1, we have

i(A,BRn P, P) =1. (23)

On the other hand, from (i) of assumption (A5), we know that there exist constants
Cy > 0 and u; > 0 such that

f(t,u) > Cou, V(t,u) € [0,1] x [0, 7]

From (ii) of assumption (A5), for e = Cy/Cy > (?Vwith Cy = m > 0 and m3g =
f11/2 Ga(1,7)dr > 0, we conclude that there exist u; > 0 such that g(t,u) > g—gu for all

(t,u) € [0,1] x [0,51]. We consider u; = min{ﬂl,ﬁl} and then we obtain
C
f(tau) > Cgu, g(tvu) > 601% V(t,u) € [07 1] X [O,UJ. (24)
9

From the fact g(¢,0) = 0 and the continuity of g(¢,u), we know that there exists a suffi-
ciently small d € (0, ;) such that

g(t,u) < ;\‘712 V(t,u) € [0,1] x [0, 8.

Hence,

1 1
/0 Ga(s,7)g(T,u(r))dr < /0 Go(1,8)g(r,u(T))dr <wuy, Yu € Bs, NP, s €[0,1]. (25)
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From (24), (25) and Lemma 2.5, we have
(Au)(t) = /0 Gut.s) e /0 1 Ga(s,7)g (7, u(r))dr ) ds
> Cy /01 Gt s)(/ol Ga(s,7)g (7, u(r))dr ) ds
> Co /0 e 9)( /0 1 Gi(s. 7)u()dr ) ds

> Cy 1;2 G1(t, s) ( /01 Ga(s, T)u(T)dT) ds

1 1
> Coz Gu(t, 5)(/ GZ(LT)U’(T)dT)dS
1/2 0

= (Lu)(t), YVu € 0Bs, N P, t € [0, 1]

where the linear operator L : P — P is defined by

1

(Lu)(t) = Coa /0 1 () ([ G s).

1/2
Hence, we obtain

Au > Lu, Yu € 0Bs, N P. (26)
For wy(t) = f11/2 Gi(t,s)ds, t € ]0,1], we have wg € P\ {fp} and

(L)) = Con | /01(;2<1,T>( 1G1<T,s>d7)}< 1G1<t,s>ds)

1/2 1/2

s o [ it [ ctonar) ([ cutome)

1/2 1/2 1/2
1 1
= Cyy1y2mims Gi(t, s)ds = G1(t, s)ds = wy(t), t € [0,1].
1/2 1/2
Therefore
Lwo Z wq. (27)

We may suppose that A has no fixed point in 9B;, N P (otherwise, the proof is finished).
From (26), (27) and Theorem 2.3 (with ug = wy), we have

i(A,Bs, N P,P) = 0. (28)
Hence, from (23) and (28), we have
i(A,(Br \ Bs,) N P,P) = i(A, B N P, P) —i(A, Bs, N P, P) = 1.

We conclude that A has at least one fixed point (Bgr \ Bs,) N P, thus the problem (1)-(2)
has at least one positive solution (u,v) € P x P with u(t) > 0,v(t) > 0, Vt € [0,1] and
|lu|| > 0,||v|| > 0. Thus completes the proof of Theorem 3.2 O

Theorem 3.3. Assume that (A1), (A2), (A5) and (A6) hold. Then the problem (1)-(2)
has at least two positive solutions (ui(t),v1(t)), (ua(t),ve(t)), t € [0,1].
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Proof. From (iii) of Lemma 2.4, we have G1(t,s) < G1(1,s) < Kj and Ga(t,s) < Go(1,s) <
K,V (t,s) € [0,1] x [0,1]. Hence, from (A6), we have

/ Gi(t,s) <s,/0 GQ(S,T)Q(T,U(T))dT)dS
§/0 Gl(t,s)f<s,K2 /01 g(T,U(T))dT)dS
< /01 Gl(t,s)f<s,m0 /01 g(T, N)dT>d3

N ! N
— Gl(t,s)dsﬁ7K1§N,VU€8BNQP, tE[O,l],
0 Jo mo

so, ||Aul|| < ||u||, for all w € 9By N P. By Theorem 2.1, we conclude that
i(A,ByNP,P)=1. (29)

On the other hand, from (A2), (A5) and the proofs of Theorem 3.1 and Theorem 3.2,
we know that there exists a sufficiently large L > N and a sufficiently small Jo with
0 < 09 < N such that

i(A,B,NP,P) =0, i(A, B;, N P,P) = 0. (30)
From the relations (29) and (30), we obtain
i(A, (B, \ By)NP,P) =i(A,B,NP,P)—i(A, By NP,P) = —
i(A, (By \ Bs,) N P,P) = i(A, By N P, P) —i(A, Bs, N\ P, P) = 1.
Then Af has at least one fixed point u; in (By \ By) N P and has one fixed point us
in (Byn \ Bs,) N P respectively. Therefore, the problem (1)-(2) has two distinct positive

solutions (u1,v1), (ug,v2) € P x P with u;(t) > 0,v;(t) > 0 for all ¢t € (0,1) and ||u,|| >
0, [|vi|]| > 0,7 = 1,2. The proof of Theorem 3.3 is completed. O

4. Numerical Examples

We now present three numerical examples illustrating, respectively, Theorems 3.1, 3.2
and 3.3.

Let 1 =5.2,10 = 5.95 and o = 1.5.

We consider the system of fractional differential equations

Di2u(t) + f(t,v(t)) =0, t € (0,1)

31
D}o(t) + f(t,u(t) = 0, t € (0,1) oy
subject to the boundary conditions
@) =0 = o® ;
u'’(0) =0=0"(0), 0<1 <4,
O 0 )

and [DgPu(t)],_, = 0= [Difv(t)],_,

The Green’s functions G1(t, s) and Ga(t, s) of corresponding homogeneous BVPs are given
by

4:2(1—5)27— (t—s)*2 0<s<t<1
Grltos) — { et 0sa<is
e 0<t<s<
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and 4.95 3.45 4.95
S s 0SSt
Gg(t, 8) = t4-95(1;s)3'45

We deduce that v; = 0.0544, 9 = 0.03235 and v = 0.03235.

4.1. Example. Let f(t,v) = v}/ g(t,u) = u®,p = 1, = . Then the assumptions (A2)
and (A3) are satisfied; indeed, we have fi = 1,¢° = oo, f5 = 1,¢5 = 0. Hence by

o

Theorem 3.1, we deduce that the problem (31)-(32) has at least one positive solution.

4.2. Example. Let f(t,v) = v¥/2 g(t,u) = u'/?,q = %,r = % Then the assumptions
(A4) and (Ab) are satisfied; indeed, we have f5 = 1,95 =0, f¢ = o0, g§ = co. Hence by
Theorem 3.2, we deduce that the problem (31)-(32) has at least one positive solution.

4.3. Example. Let f(t,v) = v? + vl/2, g(t,u) = u® + ul/2. We have K; = 0.0307,
Ky = 0.0091 then mo = max{K;, K2} = 0.0091. The functions f(¢,v) and g(t,u) are
nondecreasing with respect to u, for any t € [0,1], and for p = %, the assumptions (A2)
and (Ab) are satisfied; indeed we obtain fi = oo, g%, = 0o, f& = 00, g = co. Take N =1
then the assumption (AG6) is satisfied. Hence, by Theorem 3.3, we deduce that the problem
(31)-(32) has at least two positive solutions.
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