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SOME RESULTS ON TOTAL CHROMATIC NUMBER OF A GRAPH

S.K. VAIDYA1, RAKHIMOL V.ISAAC2, §

Abstract. A total coloring of a graph is a proper coloring in which no two adjacent or
incident graph elements receive the same color. The total chromatic number of a graph
is the smallest positive integer for which the graph admits a total coloring. In this paper,
we derive some results on total chromatic number of a graph.
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1. Introduction

We begin with simple, finite, connected and undirected graph G = (V (G), E(G)) with
vertex set V (G) and edge set E(G). The elements of V (G) and E(G) are commonly called
the graph elements. A coloring of a graph G is to assign colors (numbers) to the vertices or
edges or both. A vertex coloring (edge coloring) is called proper if no two vertices (edges)
receive the same color. Many variants of proper colorings are available in the literature
such as a- coloring, b- coloring, list coloring, total coloring etc. The present work is focused
on total coloring of graphs.

A function π : V (G) ∪ E(G) → N is called a total coloring if no two adjacent or
incident graph elements are assigned the same color. The total chromatic number of G,
denoted by χT (G), is the smallest positive integer k for which there exists a total coloring
π : V (G) ∪ E(G)→ {1, 2, . . . , k}.

The concept of total coloring was introduced independently by Behzad [1] and Vizing
[10] and they have also posed the following conjecture termed as Total Coloring Conjecture
(TCC)

Conjecture 1.1. ∆(G) + 1 ≤ χT (G) ≤ ∆(G) + 2 where ∆(G) denotes the maximum
degree of G.

This conjecture was confirmed for ∆(G) = 3 by Rosenfeld [5] and Vijayaditya [9] and
for ∆(G) ≤ 3 by Kostochka [4]. The total chromatic number for complete graph Kn is
determined by Behzad et al [2] while Yap [11] have determined the total chromatic number
for cycle Cn. Vaidya and Rakhimol [8] have verified TCC for some cycle related graphs.
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Definition 1.1. [7] Consider k copies of wheels namely W
(1)
n ,W

(2)
n , . . . ,W

(k)
n . Then

G =< W
(1)
n : W

(2)
n : · · · : W

(k)
n > is the graph obtained by joining apex vertices of each

W
(p−1)
n and W

(p)
n to a new vertex xp−1 where 2 ≤ p ≤ k.

Definition 1.2. [6] Consider k copies of wheels namely W
(1)
n ,W

(2)
n , . . . ,W

(k)
n . Then

G=< W
(1)
n NW

(2)
n N . . .NW

(k)
n > is the graph obtained by joining apex vertices of each

W
(p−1)
n and W

(p)
n by an edge as well as to a new vertex xp−1 where 2 ≤ p ≤ k.

2. Some General Results

Theorem 2.1. Let G be a graph with ∆(G) = k and if there are exactly two vertices with
degree k which are adjacent and all other vertices are of degree less than or equal to k− 2,
then χT (G) = k + 1.

Proof. : Let G be the graph with ∆(G) = k. Let v1 and v2 be the only two vertices in G
such that d(v1) = d(v2) = k and the remaining vertices have degree less than k.

If e = v1v2 then in the graph G − {e}, the vertex v1 and its incident edges need only
k colors. Similarly, the vertex v2 and its incident edges also need only k colors for the
total coloring. The vertices which are not adjacent to v1 and v2 and the edges which
are not incident to v1 and v2 can be properly colored using any of these k colors as such
vertices have degree less than k. Thus the total chromatic number of G−{e} is k. Finally,
to color the edge e = v1v2, we need a new color which is not assigned earlier. Hence
χT (G) = k + 1. �

Example 2.1. We illustrate the Theorem 2.1 by means of following example.

Figure 1. The graph illustrating Theorem 2.1.

In the graph of Figure 1, d(v1) = d(v2) = 5 = ∆(G) and the remaining vertices v3, v4, v5
and v6 have degree less than 3. Now assign the proper coloring as follows: π(v1) = 1,
π(v1v3) = 2, π(v1v4) = 3, π(v1v5) = 4, π(v1v6) = 5, π(v2) = 2, π(v2v4) = 1, π(v2v5) = 5,
π(v2v3) = 4, π(v2v6) = 3, π(v3) = 3, π(v4) = 4, π(v5) = 3, π(v6) = 4, π(v3v6) = 1,
π(v3v2) = 4. For the remaining edges assign the colors as π(v3v6) = 3 and π(v4v5) = 2.
Now we used five colors for the vertices v1 and v2 and their incident edges. Now for the
edge e = v1v2, π(e) = 6 as the colors from 1 to 5 have been assigned already.

Corollary 2.1. χT (G) = ∆(G) + 1, if G is Bn,n or < W
(1)
n : W

(2)
n > or < W

(1)
n NW

(2)
n >.
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Proof. : The proof is obvious from the Theorem 2.1. �

Theorem 2.2. If χ
b
(G) = χT (G), then χ

b
(G) = ∆(G) + 1.

Proof. : It is given that χ
b
(G) = χT (G). As stated by Behzad [1], χT (G) is either ∆(G)+1

or ∆(G) + 2. Hence χ
b
(G) is either ∆(G) + 1 or ∆(G) + 2. But χ

b
(G) can never takes the

value ∆(G) + 2 as χ
b
(G) ≤ ∆(G) + 1 as proved in [3]. Thus, χ

b
(G) = ∆(G) + 1. �

Remark 2.1. The converse of above theorem is not true. To illustrate this we consider
the graph W3 : C3 + K1 as shown in Figure 2. Here, ∆(W3) = 3 and χ

b
(W3) = 4 but

χ
b
(W3) 6= χT (W3) as χT (W3) = 5.

Figure 2. b-coloring of W3 total coloring of W3

Definition 2.1. The splitting graph S′(G) of a graph G is obtained by adding new vertex
v′ corresponding to each vertex v of G such that N(v) = N(v′) where N(v) and N(v′) are
the neighborhood sets of v and v′ respectively.

Theorem 2.3. χT (S′(G)) = 2.∆(G) + 1.

Proof. : Let G be a graph with ∆(G) = k. Let v be a vertex in G with d(v) = k. By the
definition of splitting graph it is clear that d(v) = k; v ∈ S′(G) and hence ∆(S′(G)) = 2k.
Therefore,

χT (S′(G)) ≥ ∆(S′(G)) + 1 = 2k + 1. (1)

Again, by the definition of splitting graph, ∩N(v′i) = φ, where v′i are the newly added
vertices. Also, vi and v′i are non adjacent in S′(G). Then for the total coloring of S′(G),
by assigning the color 1 to the vertex v, all the remaining vertices will receive the colors
2, 3, . . . , 2k + 1. Thus,

χT (S′(G)) ≤ 2k + 1. (2)

From equations (1) and (2), we get χT (S′(G))=2k+1=2.∆(G)+1. Hence the theorem. �

3. Total chromatic number of some wheel related graphs

Definition 3.1. A subdivision of a graph G is a graph obtained from G by inserting
vertices of degree 2 into the edges of G.

Definition 3.2. The gear graph, Gn, is obtained from wheel Wn = Cn+K1 by subdividing
each of its rim edges exactly once. Then obviously, |V (Gn)| = 2n+ 1 and |E(Gn)| = 3n.

Theorem 3.1. For the gear graph Gn, χT (Gn) = ∆(Gn) + 1.
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Proof. : We know V (Gn)= {v, v1, v2, . . . , vn, u1, u2, . . . , un} with apex vertex v. Then
∆(Gn) = d(v) = n and v is the vertex of maximum degree. Obviously, χT (Gn) ≥ ∆(Gn)+
1.
Now define the coloring π : V (Gn) ∪ E(Gn)→ N such that,
π(v) = π(unv1) = π(ukvk+1) = 1, π(vk) = k + 2; k = 1, 2, . . . , n− 1,
π(vn) = 2, π(vvi) = π(ui) = i+ 1; i = 1, 2, . . . , n,
π(v1u1) = n + 1, π(vjui) = j; j = 2, 3, . . . , n. This coloring gives the total coloring with
n+ 1 colors only. Thus χT (Gn) = ∆(Gn) + 1. �

Theorem 3.2. If G be a graph with Wn as a sub graph and d(v) = ∆(G) where v is the
apex vertex then χT (G) = ∆(G) + 1.

Proof. : Let G be a graph which contains Wn as a sub graph. Consider the sub graph Wn

with vertex set {v, v1, v2, . . . , vn} where v is the apex vertex and d(v) = n = ∆(G). All
other vertices which are adjacent to v in G have degree less than n. So we need at most
n+ 1 colors for the total coloring of G.
Now assign the color as π(v) = 1, π(vvk) = k+1, π(vk) = k+2, π(vn) = 2, π(vkvk+1) = 1,
π(vkv1) = 1, gives the total chromatic number n+ 1. Thus χT (G) = n+ 1 = ∆(G) + 1.

�

Definition 3.3. The helm Hn is the graph obtained from wheel Wn by attaching a pendant
edge to each rim vertex.

Definition 3.4. The flower Fln is the graph obtained from a helm Hn by joining each
pendant vertex to the apex of the helm.

Definition 3.5. The closed helm CHn is the graph obtained from a helm Hn by joining
each pendant vertex to form a cycle.

Definition 3.6. The web graph is the graph obtained by joining the pendant vertices of a
Helm to form a cycle and then adding a single pendant edge to each vertex of this outer
cycle.

The graph W (t, n) is the generalized web graph with t number of n- cycles.

Corollary 3.1. χT (G) = ∆(G) + 1, if G is Hn or CHn or W (t, n) or < W
(1)
n : W

(2)
n >

or < W
(1)
n NW

(2)
n > then χT (G) = ∆(G) + 1.

Proof. : The proof is obvious as the graphs Helm Hn, Closed Helm CHn, Generalized

Web graph W (t, n), < W
(1)
n : W

(2)
n > and < W

(1)
n NW

(2)
n > contain Wn as a subgraph.

Thus by Theorem 3.2 their total chromatic number is ∆ + 1. �

4. Conclusion

The total coloring is a variant of proper coloring. We derive several general results on
this concept and investigate total chromatic number of some wheel related graphs.
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