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SINGLE-VALUED NEUTROSOPHIC HYPERGRAPHS
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ABSTRACT. We introduce certain concepts, including single-valued neutrosophic hyper-
graph, line graph of single-valued neutrosophic hypergraph, dual single-valued neutro-
sophic hypergraph and transversal single-valued neutrosophic hypergraph.
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1. INTRODUCTION

Fuzzy set theory was introduced by Zadeh [17] to solve difficulties in dealing with un-
certainties. Since then the theory of fuzzy sets and fuzzy logic have been examined by
many researchers to solve many real life problems, involving ambiguous and uncertain
environment. Atanassov [3] introduced the concept of intuitionistic fuzzy set as an exten-
sion of Zadeh’s fuzzy set [17]. An intuitionistic fuzzy set can be viewed as an alternative
approach when available information is not sufficient to define the impreciseness by the
conventional fuzzy set. In fuzzy sets the degree of acceptance is considered only but in-
tuitionistic fuzzy set is characterized by a membership(truth-membership) function and
a non-membership(falsity-membership) function, the only requirement is that the sum of
both values is less and equal to one. Intuitionistic fuzzy set can deal only with incomplete
information but not the indeterminate information and inconsistent information which
commonly exist in certainty system. In intuitionistic fuzzy sets, indeterminacy is its hesi-
tation part by default. Smarandache [13] initiated the concept of neutrosophic set in 1998.
“It is the branch of philosophy which studies the origin, nature and scope of neutralities,
as well as their interaction with different ideational spectra”[13]. A neutrosophic set is
characterized by three components: truth-membership, indeterminacy-membership, and
falsity-membership which are represented independently for dealing problems involving
imprecise, indeterminacy and inconsistent data. In neutrosophic set, truth-membership,
falsity-membership are independent, indeterminacy membership quantified explicitly, this
assumption helps in a lot of situations such as information fusion when try to combine the
data from different sensors. A neutrosophic set is a general framework which generalizes
the concept of fuzzy set, interval valued fuzzy set, and intuitionistic fuzzy set. The single
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valued neutrosophic set was introduced for the first time by Smarandache in 1998 in his
book: F. Smarandache, Neutrosophy / Neutrosophic probability, set, and logic, American
Res. Press, see pages 7-8, 1998, which is also mentioned by Denis Howe, from England, in
The Free Online Dictionary of Computing, 1999. Wang [15] discussed theoretic operators
on single-valued neutrosophic set. Fuzzy hypergraph was introduced by the Kaufmann
[7]. Chen [5] introduced interval-valued fuzzy hypergraphs. Lee-kwang et al. general-
ized the concept of fuzzy hypergraph and redefined it to be useful for fuzzy partition
of a system. Akram and Dudek [1] investigated some properties of intuitionistic fuzzy
hypergraph and gave applications of intuitionistic fuzzy hypergraph. In this paper, we
introduce certain concepts, including single-valued neutrosophic hypergraph, line graph of
single-valued neutrosophic hypergraph, dual single-valued neutrosophic hypergraph and
transversal single-valued neutrosophic hypergraph.

2. SINGLE-VALUED NEUTROSOPHIC HYPERGRAPHS

Definition 2.1. [15] Let X be a space of points (objects), with a generic element in
X denoted by x. A single-valued neutrosophic set (SVNS) A in X is characterized by
truth-membership function T4 (x), indeterminacy-membership function I14(x) and falsity-
membership function Fa(z). For each point x in X, Ty(x),14(x), Fa(z) € [0,1], i.e.,
A= {{x,Ta(x),Ia(x),Fa(x)):x € X} and 0 <Ty(x)+ La(z) + Fa(z) < 3.

Definition 2.2. The support of a single-valued neutrosophic set A = {(x, Ta(x),Ia(x), Fa(x)) :
x € X} is denoted by supp(A), defined by supp(A) = {z | Ta(z) # 0,1a(z) # 0, Fa(z) #

0}. The support of a single-valued neutrosophic set is a crisp set.

Definition 2.3. The height of a single-valued neutrosophic set A = {(x, Ta(x), La(x), Fa(x)) :
x € X} is defined as h(A) = (sup Ta(x), sup I4(x), 1g‘( Fy(x)). We call single-valued
zeX reX x

neutrosophic set A is normal if there exist at least one element x € X such that Ta(z) =
1,14(x) = 1,Fa(z) = 0.

Definition 2.4. Let A = {(z,Ta(x),la(x),Fa(x)) : x € X} be a single-valued neu-
trosophic set on X and let o,B,v € [0,1] such that a +  + v < 3. Then the set
Awpy) = {1z | Ta(®) > a,1a(z) > B, Fa(z) < v} is called (o, B,7)—level subset of
A. («a,B,v)—level set is a crisp set.

Definition 2.5. Let V = {v1,va,- - ,v,} be a finite set and E = {Ey, Ea,--- ,Ep} be a
finite family of non-trivial single-valued neutrosophic subsets of V' such that

V =Jsupp(Ei),i=1,2,3,--- ,m,
7
where the edges E; are single-valued neutrosophic subsets of V., E; = {(vj, Tg, (v;), Ig, (vj),
Fg,(viN}, Ei # 0, fori = 1,2,3,--- ,m. Then the pair H = (V,E) is a single-valued
neutrosophic hypergraph on V, E is the family of single-valued neutrosophic hyperedges of
H and V is the crisp vertex set of H.

In single-valued neutrosophic hypergraph two vertices u and v are adjacent if there
exist an edge F; € E which contains the two vertices v and wu, i.e., u,v € supp(E;). In
single-valued neutrosophic hypergraphs H, if two vertices u and v are connected then
there exists a sequence u = wug,u1,u2, - ,u, = v of vertices of H such that wu; ;1 is
adjacent u; for i = 1,2,--- ,n. A connected single-valued neutrosophic hypergraph is a
single-valued neutrosophic hypergraph in which every pair of vertices are connected. In
a single-valued neutrosophic hypergraph two edges E; and F; are said to be adjacent if
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their intersection is non-empty, i.e., supp(E;) N supp(E;) # 0,4 # j. The order of a
single-valued neutrosophic hypergraph is denoted by |V| and size (number of edges) is
denoted by |E|. If |supp(E;)| = k for each E; € E, then single-valued neutrosophic hy-
pergraph H = (V,E) is k-uniform single-valued neutrosophic hypergraph. The element
a;j of the single-valued neutrosophic matrix represents the truth-membership (participa-
tion) degree, indeterminacy-membership degree and falsity-membership of v; to E; (that
is (Tg; (vi), I, (vi), FE,(v;))). Since the diagram of single-valued neutrosophic hypergraph
does not imply sufficiently the truth-membership degree, indeterminacy-membership de-
gree and falsity-membership degree of vertex to edges, we use incidence matrix My for
the description of single-valued neutrosophic hyperedes.

Definition 2.6. The height of a single-valued neutrosophic hypergraph H = (V,E), is
denoted by h(H), is defined by h(H) = \/{h(E;)| E; € E}.

Definition 2.7. Let H = (V, E) be a single-valued neutrosophic hypergraph, the cardinality
of a single-valued neutrosophic hyperedge is the sum of truth-membership, indeterminacy-
membership, and falsity-membership values of the vertices connected to an hyperedge, it
is denoted by |E;|. The degree of a single-valued neutrosophic hyperedge, E; € E is its
cardinality, that is dg(E;) = |E;|. The rank of a single-valued neutrosophic hypergraph is
the mazimum cardinality of any hyperedge in H, i.e., glg% dy (E;) and anti rank of a single-

valued neutrosophic is the minimum cardinality of any hyperedge in H, i.e., énlr]}: di(E;).
i€

Definition 2.8. A single-valued neutrosophic hypergraph is said to be linear single-valued
neutrosophic hypergraph if every pair of distinct vertices of H = (V,E) is in at most
one edge of H, i.e., |supp(E;) N supp(E;)| < 1 for all E;, E; € E. A 2—uniform linear
single-valued neutrosophic hypergraph is a single-valued neutrosophic graph.

Example 2.1. Consider a single-valued neutrosophic hypergraph H = (V,E) such that
V= {’Ul, V2, V3, V4, Us, ’Uﬁ}, E= {El, EQ, Eg, E4, E5, E6}, where E1 = {(Ul, 03, 04, 06), (Ug,
0.7,0.4,0.4)}, By = {(v1,0.3,0.4,0.6), (v2,0.5,0.7,0.6)}, E3 = {(v2,0.5,0.7,0.6), (va, 0.6,
0.4,0.8)}, B4 = {(v3,0.7,0.4,0.4), (vg, 0.4,0.2,0.7)}, E5 = {(v3,0.7,0.4,0.4), (vs, 0.6,0.7,0.5)},
Eg = {(vs,0.6,0.7,0.5), (vg,0.4,0.2,0.7)}, and E7 = {(v4,0.6,0.4,0.8), (vg, 0.4,0.2,0.7) .

v1(0.3,0.4,0.6) By v2(0.5,0.7,0.6)

v5(0.7,0.4,0.4) 7 v6(0.4,0.2,0.7)

FIGURE 1. Single-valued neutrosophic hypergraph.

The single-valued neutrosophic hypergraph is shown in Figure. 1 and its incidence ma-
tric My s given as follows:
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My | Er Es Es E4 Es Es E;

v1 | (0.3,0.4,0.6) (0.3,0.4,0.6) (0,0,0) (0,0,0) (0,0,0) (0,0,0) (0,0,0)
vy (0,0,0) (0.5,0.7,0.6) (0.5,0.7,0.6) (0,0.,0) (0,0,0) (0,0,0) (0,0,0)
vs | (0.7,0.4,0.4) (0,0,0) (0,0,0) (0.7,0.4,0.4)  (0.7,0.4,0.4) (0,0,0) (0,0,0)
Vs (0,0,0) (0,0,0) (0.6,0.4,0.8) (0,0,0) (0,0,0) (0,0,0) (0.6,0.4,0.8)
vs (0,0,0) (0,0,0) (0,0,0) (0,0,0) (0.6,0.7,0.5)  (0.6,0.7,0.5) (0,0,0)
ve (0,0,0) (0,0,0) (0,0,0) (0.4,0.2,0.7) (0,0,0) (0.4,0.2,0.7) (0.4,0.2,0.7)

Definition 2.9. Let H = (V,E) be a single-valued neutrosophic hypergraph, the degree
di(v) of a vertex v in H is dg(v) = Y, (Tg,(v),Ig,(v), Fg,(v)), where E; are the edges

vEFE;
that contain the verter v. The mazximum degree of a single-valued neutrosophic hypergraph

is AN(H) = maﬁi(dH(v)). A single-valued neutrosophic hypergraph is said to be regular
ve

single-valued neutrosophic hypergraph in which all the vertices have same degree.

Proposition 2.1. Let H = (V,E) be a single-valued neutrosophic hypergraph, then

ZdH(U) = Z dH(EZ)

veV E;€E

Proof. Let My be the incidence matrix of single-valued neutrosophic hypergraph H, then
the sum of the degrees of each vertex v; € V and the sum of degrees of each edge F; € E

are equal. We obtain ) dpy(v) = Y du(E;). O
veV E;cE

Definition 2.10. The strength n of a single-valued neutrosophic hyperedge E; is the min-
imum of truth-membership, indeterminacy-membership and maximum falsity-membership
values in the edge E;, i.e.,

n(Ei) = { min (T, (v5) | T, (v5) > 0), min (Ig, (v)) | Ig,(v;) > 0), max (F, (v;) | Fg,(v;) > 0)}-

V€L vjELY; v i

The strength of an edge in single-valued neutrosophic hypergraph interprets that the edge
E; group elements having participation degree at least n(FE;).

Example 2.2. Consider single-valued neutrosophic hypergraph as shown in Figure. 1, the
height of H is h(H) = (0.7,0.7,0.4), the strength of each edge isn(E1) = (0.3,0.4,0.6),n(E2) =
(0.3,0.4,0.6),n(F3) = (0.5,0.4,0.8),n(E4) = (0.4,0.2,0.7),n(E5) = (0.6,0.4,0.5),n(Eg) =
(0.4,0.2,0.7) and n(E7) = (0.4,0.2,0.8), respectively. The edges with high strength are
called the strong edges because the interrelation (cohesion) in them is strong. Therefore,

FEs is stronger than each FE;, fori=1,2,3,4,6,7.

If we assign n(E;) = (T, Iy, Fye)) to each clique in single-valued neutrosophic
graph mapped to an edge E; in single-valued neutrosophic hypergraph, we obtain a single-
valued neutrosophic graph which represents subset with grouping strength (interrelation-

ship).

My | Ey Es Es E4 Es Es E;

v1 | (0.3,0.4,0.6) (0.3,0.4,0.6) (0,0,0) (0,0,0) (0,0,0) (0,0,0) (0,0,0)
va (0,0,0) (0.3,0.4,0.6) (0.5,0.4,0.8) (0,0,0) (0,0,0) (0,0,0) (0,0,0)
vs | (0.3,0.4,0.6) (0,0,0) (0,0,0) (0.4,0.2,0.7)  (0.6,0.4,0.5) (0,0,0) (0,0,0)
V4 (0,0,0) (0,0,0) (0.5,0.4,0.8) (0,0,0) (0,0,0) (0,0,0) (0.4,0.2,0.8)
vs (0,0,0) (0,0,0) (0,0,0) (0,0,0) (0.6,0.4,0.5) (0.4,0.2,0.7) (0,0,0)
ve (0,0,0) (0,0,0) (0,0,0) (0.4,0.2,0.7) (0,0,0) (0.4,0.2,0.7) (0.4,0.2,0.8)
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Ficure 2. Corresponding single-valued neutrosophic graph.

We see that a single-valued neutrosophic graph can be associated with a single-valued
neutrosophic hypergraph, a hyperedge with its strength n in the single-valued neutrosophic
hypergraph is mapped to a clique in the single-valued neutrosophic graph, all edges in the
clique have the same strength. Figure. 2 shows corresponding single-valued neutrosophic
graph to the single-valued neutrosophic hypergraph H shown in Figure. 1. In corresponding
single-valued neutrosophic graph, the numbers attached to the edges represents the truth-
membership, indeterminacy-membership and falsity-membership of the edges.

Proposition 2.2. Single-valued neutrosophic graphs and single-valued neutrosophic di-
graphs are special cases of the single-valued neutrosophic hypergraphs.

Definition 2.11. A single-valued neutrosophic set A = {(x,Ta(x)), [a(x), Fa(z) | x € X}
is an elementary single-valued neutrosophic set if A is single-valued on supp(A). An ele-
mentary single-valued neutrosophic hypergraph H = (V,E) is a single-valued neutrosophic
hypergraph in which each element of E is elementary.

Definition 2.12. A single-valued neutrosophic hypergraph H = (V,E) is called simple
single-valued neutrosophic hypergraph if E has no repeated single-valued neutrosophic hy-
peredges and whenever E;,E; € E and Tg, < Tg;,Ip, < Ig,,Fp, > Fg,, then Tg, =
Tg;,Ig, = Ig;,Fg, = Fg;. A single-valued neutrosophic hypergraph is called support
simple, if whenever E;, E; € B, E; C Ej and supp(E;) =supp(Ej), then E; = Ej. A single-
valued neutrosophic hypergraph is called strongly support simple if whenever E;, E; € E,
and supp(E;) =supp(Ej), then E; = Ej.

Definition 2.13. Let H = (V,E) be a single-valued neutrosophic hypergraph. Suppose that

a, 8,7 € [0,1]. Let E@BY = (E*PD| E; € B} and V@A) = (J E@PY . H@By =
E,cE

(V@B BB s the (o, B,7)-level hypergraph of H = (V,E), where E(57) £ (.

H@BY) 4s a erisp hypergraph.

Remark 2.1. (1) A single-valued neutrosophic hypergraph H = (V,E) is a single-
valued neutrosophic graph (with loops) if and only if H is elementary, support
simple and each edge has two (or one) element support.

(2) For a simple single-valued neutrosophic hypergraph H = (V,E), («, 3,7)-level hy-
pergraph H*PY) may or may not be simple single-valued neutrosophic hypergraph.
Clearly it is possible that El-(a”g’w = E](-a"B’V) for E; # Ej.

(3) H and H' are two families of crisp sets (hypergraphs) produced by the (o, B,~)— cuts
of a single-valued neutrosophic hypergraph share an important relationship with
each other such that for each set H € H there is at least one set H' € H' which
contains H. We say that H' absorbs H, i.e., H = H'. Since it is possible H'
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absorbs H while H' N"H = 0, we have that H C H' implies H T H’', but the
converse is generally false, If H T H' and H # H', then H = H'.

Definition 2.14. Let H = (V,E) be a single-valued neutrosophic hypergraph, and let
h(H) = (r,s,t), Hrisot) = (Vrosot) prasiti)) be the (ry, s, t;)—level hypergraphs of H.
The sequence of real numbers {(r1,s1,t1), (r2,82,t2), + , (Tn, Snytn)}, 0 < 1 < 1y <
e <= 0< 8, < S << sy =8, and ty, >ty > - >t =t > 0, which
satisfies the properties:

(1) Zf rig1 < r < Tiy Sir1 < s < Siytig1 > t > ti(ti <t < ti—i—l), then E(T/’S/’t/) =

E(Ti73i7ti)

(2) E(risiti) o= plritlsitlti+l)

is called the fundamental sequence of H, and is denoted by F(H) and the set of (14, s;, t;)—level

hypergraphs {H(”’sl’tl), H(r2s2.t2) ... ,H(T"’S"’t")} 1s called the set of core hypergraphs of
H, and is denoted by C(H).

Ifri<r<1l,s <s<1,0<t<t],then st = {0} and H™s does not exist.

Definition 2.15. Suppose H = (V,E) is a single-valued neutrosophic hypergraph with
F(H) = {(Tl, S1, tl)? (7’2, 52, t2)7 Ty (T’flv Sn, tn)} and Tnt+1 = 07 Sn4+1 = 07 tn-i—l =0. Then H
is called sectionally elementary if for each E; € E and each (r;, s;,t;) € F(H), Ei(”’si’ti) =
EZ»(T’S’t) for all (T’, S, t) € ((ri—&-l; Si+1, ti-i-l)a (T’i, Si, tz)] .

Definition 2.16. Suppose that H = (V,E) and H' = (V',E’) are single-valued neutro-
sophic hypergraphs. H is called a partial single-valued neutrosophic hypergraph of H' if
E C E'. If H is partial single-valued neutrosophic hypergraph of H', we write H C H'. If
H is partial single-valued neutrosophic hypergraph of H' and E C E', then we denote as
HCH.

Example 2.3. Consider the single-valued neutrosophic hypergraph H = (V,E), where
V = {vi,v9,v3,v4} and E = {E1, Es, E3, Ey4, E5}, which is represented by the following
incidence matriz:

MH ‘ E1 E2 E3 E4 ES

v1 | (0.7,0.6,0.5) (0.9,0.8,0.1) (0,0, 0) (0,0,0) (0.4,0.3,0.3)
va | (0.7,0.6,0.5) (0.9,0.8,0.1) (0.9,0.8,0.1) (0.7,0.6,0.5) (0,0,0)
v3 (0,0,0) (0,0,0) (0.9,0.8,0.1) (0.7,0.6,0.5) (0.4,0.3,0.3)

V4 (0,0,00  (0.4,0.3,0.3)  (0,0,0)  (0.4,0.3,0.3) (0.4,0.3,0.3)

Clearly, h(H) = (0.9,0.8,0.1), Ef = EO90801) — {4y 43}}, B = EO7.0605 —

{{v1,v12}} and Ef = EO40303) — (84 vy v}, {ve,v3}, {va, v3,v4}}. Therefore, funda-
mental sequence is F(H) = {(r1, s1,t1) = (0.9,0.8,0.1), (ro, s2,t2) = (0.7,0.6,0.5), (r3, s3,
t3) = (0.4,0.3,0.3)} and the set of core hypergraph is C(H) = {H(©-90801) — (v} F¥),
F(0.7,0.6,0.5) (V27 E;), H(0'4’0'3’0'3) — (V},, E;);)}
Note that, EQ90801) £ g0403.03) g p090801) £ p040303)  As By C Ey, H is
not simple single-valued neutrosophic hypergraph but H is support simple. In single-valued
neutrosophic graph H = (V,E), Erst) £ E09080.1) for (r s ) = (0.7,0.6,0.5), H is not
sectionally elementary.

The partial single-valued neutrosophic hypergraphs, H = (V' E"), where E' = {E», Es,
Ey, E1} is simple, H" = (V" E"), where E"” = {Es, E3, E5} is sectionally elementary, and
H" = (V" E"), where E" = {E\, Es, E5} is elementary.
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Definition 2.17. A single-valued neutrosophic hypergraph H is said to be ordered if C(H)
is ordered. That is, if C(H) = {HT=vt) Hr2s2t2) oo frasnta)l - then Hrosuh) C
H(r2s2:t2) ... € Hnsntn) - The single-valued neutrosophic hypergraph H is simply

ordered if C(H) is ordered and if whenever E* € Ef, | \ Ef, then E* € V.

Proposition 2.3. If H = (V,E) is an elementary single-valued neutrosophic hypergraph,
then H is ordered. Also, if H = (V,E) is an ordered single-valued neutrosophic hypergraph
with C(H) = {Hrvsvt) g rzsate) oo H sty gnd if Hmsetn) s simple, then H is
elementary.

Definition 2.18. A single-valued neutrosophic hypergraph H = (V,E) is called a E'
tempered single-valued neutrosophic hypergraph of H* = (V, E*) if there is a crisp hy-
pergraph H* = (V,E*) and single-valued neutrosophic set E' is defined on V, where
Tge : V — (0,1], Igt : V — (0,1], and Fgt : V — (0,1] such that E = {Cg | E € E*},

where
Toy(z) = { MTe(y) |y € B}, if v € E;

0, otherwise.
_ | MIp(y) |y € E}, ifweE;
lop(z) = { 0, otherwise.
_ [ HFeey) ly € B}, ifw e E;
Fog(w) = { 0, otherwise.

We let E' @ H* denotes the E' tempered single-valued neutrosophic hypergraph of H*
determined by the crisp hypergraph H* = (V, E*) and the single-valued neutrosophic set
Et.

Example 2.4. Consider the single-valued neutrosophic hypergraph H = (V, E), where V =

{v1,v9,v3,v4} and E = {E1, Es, E3, E4}, which is represented by the following incidence
matrix:

MH ‘ E1 E2 E3 E4

v1 | (0.3,0.4,0.6) (0,0,0) (0.1,0.4,0.5) (0.3,0.4,0.5)
v2 (0,0,0) (0.1,0.4,0.3) (0,0,0) (0.3,0.4,0.5)
vs | (0.3,0.4,0.6) (0,0,0) (0,0,0) (0,0,0)

v (0,0,0)  (0.1,0.4,0.3) (0.1,0.4,0.5)  (0,0,0)

Define Et = {(v1,0.3,0.4,0.5), (v2,0.6,0.5,0.2), (v3,0.5,0.4,0.6), (v4,0.1,0.4,0.3) }. Note
that
T{vl,vg}(vl) = TET ('Ul)/\TET (’1)3) = 0.3, I{m,vg}(vl) = IEt (Ul>/\IEt (1}3) = 0-47F{v1,v3}(7}1) =
Frr(v1) V Fgr(vs) = 0.6, and T{vh%}(vg) = Tpr(vs) N Tgr(vy) = 0.3,[{1)171)3}(03) =
Igi(vs) A (v1) = 0.4, Fpy, 51 (v3) = Fpr(vs) V Fgr(v1) = 0.6, then Cyy, 4,y = E1. Also
Closway = B2, Cpoy oy = E3, Cpyy vy = Ea. Thus H is Et tempered.

Theorem 2.1. A single-valued neutrosophic hypergraph H = (V,E) is a E' tempered
single-valued neutrosophic hypergraph of some crisp hypergraph H* if and only if H is
elementary, support simple and simple ordered.

Proof. Suppose H = (V,E) is a E' tempered single-valued neutrosophic hypergraph of
some crisp hypergraph H*. Clearly, H is elementary and support simple. We show that H
is simply ordered. Let C(H) = {Hvs1:1) = (Vy, BY), H25282) = (Vy, E3),- -+, HTnosnitn)
= (Vp, E})}. Since H is elementary, it follows from Proposition 2.3 H is ordered. To show
that H is simply ordered, suppose there exist £ € E; ; \ E;. Then there exist v € E
such that Tg(v) = riy1, Ig(v) = $i41, and Fg(v) = t;41. Since Tg(v) = rip1 < ri, [g(v) =
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Siv1 < 8i, and Fg(v) = tip1 > t;, it follows that v ¢ V; and E ¢ V;, hence H is simply
ordered.

Conversely, suppose H = (V,E) is elementary, support simple and simply ordered. For
C(H) = {HM=vh) = (W, BY), Hr25202) = (Vy, E3),--- , Hrmswtn) = (V, E*)}, funda-
mental sequence is F(H) = {(r1, s1,t1), (r2, s2,t2), -+, (Tn, Sn, tn)} with 0 < 1, < 11 <
<, 0< 8, < Sp1 << sy and 0 <ty <tg < --- <ty HmSwln) = (V E*) and
single-valued neutrosophic set E! on V,, defined by

T t(v) _ r, ifveVy;
B ri, fveV;\Vii1,i=2,3,---,n.
I t(v) _ s1, ifveVp;
E s;, ifveV;\Vii1,i=2,3,---,n.

. t1, ifv e Vy;
FEt("’)_{ ti, ifveVi\Vii,i=2.3,-,n.
We show that E = {Cfg | E € E}},where

_ | MTe:(y) |y e E}, ifxe kb
Top(z) = { 0, otherwise.

_ | MIg(y) [y € E}, ifzeE;
lop(z) = { 0, otherwise.

V{Fg:(y) |y € B}, ifx € By
Feg(x) = { 0, otherwise.
Let £ € E?. Since H is elementary and support simple there is a unique single-valued
neutrosophic hyperedge E; in E having support E € E. We have to show that E' tem-
pered single-valued neutrosophic hypergraph H = (V,E) determined by the crisp graph
Hy = (Vo E}), ie., Cpepr = Eiyi=1,2,--- ,m.
As all single-valued neutrosophic hyperedges are elementary and H is support simple, then
different edges have different supports, that is h(E;) is equal to some member (7, s;, ;)
of F(H). Consequently, £ C V; and if ¢ > 1, then E € EX \ E |, Tg(v) > 14, Ig(v) > s;,
and Fg(v) <t; for some v € E.

Since E C V;, we claim that Tge(v) = 1y, Igi(v) = s;, Fpe(v) = t; for some v € E, if
not then Tre(v) > ri—1, [gt(v) > si—1, Fpt(v) < t;—; for all v € E which implies £ C V;_
and since H is simply ordered, E € Ef\ Ef |, then E ¢ V;_1, a contradiction. Thus
Cgp=FE;i=1,2,--- ,m, by the definition of Cg. O

Corollary 2.1. Suppose H = (V,E) is a simply ordered single-valued neutrosophic hy-
pergraph and F(H) = {(r1,s1,t1), (o, So,t2), -+, (T, Spy tn) }. If HImoSmotn) s q simple
hypergraph, then there is a partial single-valued neutrosophic hypergraph H' = (V,E') of
H such that following statements hold.

(1) H' is a E* tempered single-valued neutrosophic hypergraph of H(rnosnotn)
(2) F(H') = (H) and C(H') = C(H).

Proof. Since H is simple ordered, then H is an elementary single-valued neutrosophic
hypergraph. We obtain the partial fuzzy hypergraph H' = (V.E') of H = (V,E) by
removing all edges from E that are properly contained in another edge of H, where E' =
{E; € E|if E; C E; and E; € E, then E; = E;}. Since H(msmtn) is simple and
all edges are elementary, any edge in H contain another edge then both have the same
support. Hence F(H') = H and C(H') = C(H). By the definition of E', H’ is elementary,
support simple. Thus by the Theorem 2.1 H' is a E! tempered single-valued neutrosophic
graph. O
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Definition 2.19. Let L(G*) = (C, D) be a line graph of G* = (V, E), where C = {{z} U
{ug,v2} | ® € B ug, vy € Vo = ugvp} and D = {S,Sy | S2 NSy # 0,z,y € E,x # y}
and where Sy = {{z} U{uz,v:}},x € E. Let G = (A1, B1) be a single-valued neutrosophic
graph with underlying set V. Let As be the single-valued neutrosophic vertex set on C, Bo
be the single-valued neutrosophic edge set on D. The single-valued neutrosophic line graph
of G is a single-valued neutrosophic graph L(G) = (A, By) such that

(1) Ta,(Sz) =Tp, (z) = T, (ugvz),
IAQ(SJC) = IB1 (37) = IBI (uwvz)v
) - FB1 (x) - FBI (uﬂ?vm)ﬂ
(ii) T',(525y) = min{Tp, (z),Tp, (y)},
IBz (Sﬂ:sy) = min{IBl (x>> IBI (3/)}7
Fp,(5:Sy) = max{Fp, (), Fp,(y)} for all S, S, € C, 5,5, € D.

Proposition 2.4. L(G) = (A, B2) is a single-valued neutrosophic line graph of some
single-valued neutrosophic graph G = (Ay, By) if and only if

T, (SCCSZ/) = min{TAz (Sz), TA2(Sy)}7

Ip, (SCCSZ/) = min{IAQ (Sz), T, (Sy)}7

Fp, (SCCSZ/) = maX{FA2 (Sz), Fa, (Sy)}7
for all S;;S, € D.

Definition 2.20. Let H = (V,E) be a single-valued neutrosophic hypergraph of a simple
graph H* = (V. E), and L(H*) = (X,¢) be a line graph of H*. The single-valued neu-
trosophic line graph L(H) of a single-valued neutrosophic hypergraph H is defined to be a
pair L(H) = (A, B), where A is the vertex set of L(H) and B is the edge set of L(H) as
follows:

(i) A is a single-valued neutrosophic set of X such that
Ta(Ei) = max(Tg, (v)),

I4(Ei) = max(Ig, (v)),
Fa(E;) = mlEIl(FEZ (v)) for all E; € E,
VEL;

(ii) B is a single-valued neutrosophic set of € such that
TB (EjEk) = miin{min(TEj (Ui), TEk (Uz))},

T(E;Ey) = miin{min(TEj (v3), Tk, (vi))},
TB(EJEk) = ma’X{maX(TEj (Ui)a TEk (vz))}, where V; € EZ n Ej; j7 k= 1, 2’ 3, S M.
1

Example 2.5. Consider H* = (V, E); V = {v1,v2,v3,v4, 05,06} and E = {E\, Ea, E3, Ey, E5, Eg},
where By = {vi,v3}, B = {v1,v2}, B3 = {v2,v4}, By = {v3,v6}, E5 = {v3,vs5}, Eg =
{vs, v}, and E7 = {(va,v6}, H = (V,E) as E = {E1, By, E3, Ey, E5, Eg, Er}, such that
By = {(v1,0.3,0.4,0.6), (v3,0.7,0.4,0.4)}, By = {(v1,0.3,0.4, 0.6), (va, 0.5, 0.7, 0.6)},
B3 = {(19,0.5,0.7,0.6), (v, 0.6,0.4,0.8)}, Ey = {(v3,0.7,0.4,0.4), (v6, 0.4,0.2,0.7)},
Es = {(v3,0.7,0.4,0.4), (v5,0.6,0.7,0.5)}, Eg = {(vs,0.6,0.7,0.5), (v5,0.4,0.2,0.7)},
B = {(v4,0.6,0.4,0.8), (v5,0.4,0.2,0.7)}.
The single-valued neutrosophic hypergraph H = (V,E) is shown in Figure. 1.
The line graph L(H) of single-valued neutrosophic hypergraph H is L(H) = (A, B),
where
A= {(B1,0.7,0.4,0.4), (E2,0.5,0.7,0.6), (E3, 0.6,0.7,0.6), (E4,0.7,0.4,0.4), (E5,0.7,0.7,0.4), (Eg,
0.6,0.7,0.5), (E7,0.6,0.4,0.7)} i the vertex set and B = {(E1E,0.3,0.4,0.6), (E1 Es, 0.7,0.4, 0.4),
(E1E4,0.7,0.4,0.4), (EsE3,0.5,0.7,0.6), (E3E7, 0.6,0.4,0.8), (E4Es, 0.7,0.4,0.4), (E4Eg, 0.4,0.2,0.7),
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(E4E7,0.4,0.2,0.7), (E5E6,0.6,0.7,0.5), (EsE7,0.4,0.2,0.7)} is the edge set of the single-
valued neutrosophic line graph of H.

E1(0.7,0.4,0.4) E2(0.5,0.7,0.6)
g 2

E5(0.7,0.7,0.4)

E5(0.6,0.7,0.6)

E6(0.6,0.7,0.5) E+(0.6,0.4,0.7)

FIGURE 3. Single-valued neutrosophic line graph L(H) of single-valued
neutrosophic hypergraph H.

Proposition 2.5. A single-valued neutrosophic hypergraph is connected if and only if line
graph of a single-valued neutrosophic hypergraph is connected.

Definition 2.21. The 2—section of a single-valued neutrosophic hypergraph H = (V, E),
denoted by [Hla, is a single-valued neutrosophic graph G = (A, B), where A is the single-
valued neutrosophic vertex of V, B is the single-valued neutrosophic edge set in which any

two vertices form an edge if they are in the same single-valued neutrosophic hyperedge such
that

Tp (e) = min{TEk (vi>v TEk (Uj)}a
IB(e) = min{IEk (Ui)a TEk (Uj)}7
FB(e) = maX{FEk (vi)7 FEk (Uj)}a

for all Ex € Ei# j,k=1,2,--- ,m.

We now introduce the concept of dual single-valued neutrosophic hypergraph for a
single-valued neutrosophic hypergraph.

Definition 2.22. The dual of a single-valued neutrosophic hypergraph H = (V,E) is a
single-valued neutrosophic hypergraph H* = (E,V); E = {ej,e2, -+ ,en} set of vertices
corresponding to Fy, Ea, ,--- , By, respectively and V = {V1,Va,--- |V, } set of hyperedges
corresponding to vi,ve, - , vy, TESpectively.

Example 2.6. Consider a single-valued neutrosophic hypergraph H = (V,E) such that
V = {v1,v2,v3,v4,v5} and E = {E1, Ey, E3}, where E1 = {(v1,0.5,0.4,0.6), (v2,0.4,0.3,0.8)}, Ey =
{(v2,0.4,0.3,0.8), (v3,0.6,0.4,0.8), (v4,0.7,0.4,0.5) }, and E3 = {(v4,0.7,0.4,0.5), (v5,0.4,0.2,0.9) }.
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v1(0.5,0.4,0.6) E1 15(0.4,0.3,0.8)

FIGURE 4. Single-valued neutrosophic hypergraph.

The single-valued neutrosophic hypergraph can be represented by the following incidence
matrix:

My Ey B> By
v1 | (0.5,0.4,0.6)  (0,0,0) (0,0,0)
vy | (0.4,0.3,0.8) (0.4,0.3,0.8)  (0,0,0)

(0,0,0)

vs (0,0,0)  (0.6,0.4,0.8) 0,
4 (0,0,0)  (0.7,0.4,0.5) (0.7,0.4,0.5)
vs (0,0,0) (0,0,0)  (0.4,0.2,0.9)

Consider the dual single-valued neutrosophic hypergraph H* = (E, V) of H such that
E ={ey,e9,e3}, V= {V1,Va, V3, V4, V5 }, where Vi = {(e1,0.5,0.4,0.6), (e2,0,0,0), (e3,0,0,0)},
Vo ={(e1,0.4,0.3,0.8), (e2,0.4,0.3,0.8), (e3,0,0,0)}, V3 = {(e1,0,0,0), (e2,0.6,0.4,0.8), (e3,0,0,0)},
Vi ={(e1,0,0,0), (e2,0.7,0.4,0.5), (e3,0.7,0.4,0.5) } and V5 = {(e1,0,0,0), (e2,0,0,0), (e3,0.4,0.2,
0.9)}.

FIGURE 5. Dual single-valued neutrosophic hypergraph H*.

The dual single-valued neutrosophic hypergraph is shown in Figure. 5 and its incidence
matrizc My~ is defined as follows:

My~ | 1% Va Vs Vi Vs
e1 | (05,04,06) (0.4,0.3,0.8) (0,0,0) (0,0,0) (0,0,0)
es (0,0,0) (0.4,0.3,0.8) (0.6,0.4,0.8) (0.7,0.4,0.5) (0,0,0)
es (0,0,0) (0,0,0) (0,0,0) (0.7,0.4,0.5)  (0.4,0.2,0.9)

Remark 2.2. H* is a single-valued neutrosophic hypergraph whose incidence matrix is
the transpose of the incidence matriz of H and A(H) = rank(H*). The dual single-valued
neutrosophic hypergraph H* of a simple single-valued neutrosophic hypergraph H may or
may not be simple.

Proposition 2.6. The dual H* of a linear single-valued neutrosophic hypergraph without
isolated vertex is also linear single-valued neutrosophic hypergraph.
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Proof. Let H be a linear hypergraph. Assume that H* is not linear. There is two dis-
tinct hyperedges V; and V; of H* which intersect with at least two vertices e; and es.
The definition of duality implies that v; and v; belong to E; and Ey (the single-valued
neutrosophic hyperedges of H standing for the vertices e, ey of H* respectively) so H
is not linear. Contradiction since H is linear. Hence dual H* of a linear single-valued
neutrosophic hypergraph without isolated vertex is also linear single-valued neutrosophic
hypergraph. O

Definition 2.23. Let H = (V,E) be a single-valued neutrosophic hypergraph. A single-
valued neutrosophic transversal T of H is a single-valued neutrosophic subset of V' with
the property that 7"E) N EME) £ () for each E € E, where h(E) is the height of hyperedge
E. A minimal single-valued neutrosophic transversal T for H is a transversal of H with
the property that if " C 7, then 7’ is not a single-valued neutrosophic transversal of H.

Proposition 2.7. If 7 is a single-valued neutrosophic transversal of a single-valued neutro-
sophic hypergraph H = (V,E), then h(t) > h(E) for each E € E. Moreover, if T is a min-
imal single-valued neutrosophic transversal of H, then h(t) = V{h(E) | E € E} = h(H).

Theorem 2.2. For a single-valued neutrosophic hypergraph H, Tr(H) # (), where Tr(H)
18 the family of minimal single-valued neutrosophic transversal of H.

Proposition 2.8. Let H = (V, E) be a single-valued neutrosophic hypergraph. The fol-
lowing statements are equivalent:

(i) 7 is a single-valued neutrosophic transversal of H
(ii) For each E € E, h(E) = (r',s,t'), and each 0 < r < 1,0 < s < &t > 1,
T(r,s,t) N E(rs;t) 7& 1]
If the (r,s,t)—cut 7Y is a subset of the vertex set of H"*Y for each (r,s,t), 0 < r <
r',0<s<s,t>1t, then
(iii) For each (r,s,t), 0 <r <1 ,0<s<s,t>t', 70" s a transversal of HTY
(iv) Ewvery single-valued neutrosophic transversal T of H contains a single-valued neu-
(r,8,t)

trosophic transversal 7' for each (r,s,t), 0 <r <1’ 0<s<s,t >t 7 s a

transversal of H(s:t)

Observation: If 7 is a minimal transversal of single valued neutrosophic graph H,
then 7("%) not necessarily belongs to Tr(H5) for each (r,s,t), satisfying 0 < r <
0 <s<s,t>t. Let Tr*(H) represents the collection of those minimal single valued
neutrosophic transversal, 7 of H, where 7% is a minimal transversal of H (™% for each
(r,s,t),0<r <1 0<s<s,t>t ie, Tr* ={r e Tr(H) | h(t) = h(H) and 7(">!) ¢
Tr(HsH)},

Example 2.7. Consider the single-valued neutrosophic hypergraph H = (V,E), where

V = {v1,vs,v3} and E = {E1, Ey, Es}, which is represented by the following incidence
matriz:

My | Ey Es E3

o1 [ (0.9,0.6,0.1) (0,0,0) (0.4,0.3,0.2)
v2 | (0.4,0.3,0.2) (0.4,0.3,0.2) (0.4,0.3,0.2)
vs (0,0,0) (0,0,0) (0.4,0.3,0.2)

Clearly, h(H) = (0.9,0.6,0.1), the only minimal transversal T of single-valued neutro-
sophic hypergraph H is 7(H) = {(v1,0.9,0.6,0.1), (v2,0.4,0.3,0.2)}. The fundamental se-
quence of H is F(H) = {(0.9,0.6,0.1), (0.4,0.3,0.2)}, 7(0:9060.1) — £} gpng 7(0-40:3.02) —
{v1,v2}. Since {va} is the only minimal transversal of the H0-40-302)  [(0.403,02) —
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{{v1,va}, {va}, {v1,v2,v3}}, it follows that the only minimal transversal T of H is not a
member of Tr*(H). Hence Tr*(H) = 0.
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