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MULTIPLICITY RESULTS TO A FOURTH-ORDER BOUNDARY
VALUE PROBLEM FOR A STURM-LIOUVILLE TYPE EQUATION

AHMAD GHAZVEHI', GHASEM A. AFROUZI'* §

ABSTRACT. We establish the existence of at least three distinct weak solutions for a
fourth-order Sturm-Liouville type problem under appropriate hypotheses. Our main
tools are based on variational methods and some critical points theorems. Moreover,
when the energy functional is not coercive, an existence result of two distinct solutions
is given. We give some examples to illustrate the obtained results.
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1. INTRODUCTION

In this paper, we study the following two-point boundary-value problem of fourth-order
Sturm-Liouville type

(p(t)u” (1)) = (g()u' (1)) + r(t)ult) = Af(t,u) + pg(t,w) + h(u) inf0,1],
u,(,0) = u(},) =0,
u (0)=wu (1) =0,

where p,q,r € L>([0,1]), with p~ := ess inf;cjo1p(t) > 0, A €]0,400[ and f,g : [0,1] x
R — R are two L2-Carathéodory function and h : R — R is a Lipschitz continuous function
with the Lipschitz constant L > 0, i.e,

|h(t1) — h(t2)| < L[t — tal,

for every t1,t2 € R, and h(0) = 0.

Boundary value problems arise in several branches of physics as any physical differential
equation will have them. Problems involving the wave equation, such as the determination
of normal modes, are often stated as boundary value problems. A large class of important
boundary value problems is the Sturm-Liouville problem. To establish the existence and
multiplicity of solutions to nonlinear differential problems is very important as well as
the application of such results in the physical reality. For example, the deformations of
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an elastic beam in an equilibrium state, whose two ends are simply supported, can be
described by fourth-order boundary value problems. Due to this, many researchers have
discussed the existence of at least one solution, or multiple solutions, or even infinitely
many solutions for this kind of problems (see, for instance, [1, 2, 4, 6, 10, 15, 16, 17, 18|
and references therein). In [7], the authors, employing a three critical point theorem due
Bonanno and Marano [9, Theorem 2.6], established the existence of at least three distinct
weak solutions to problem,

(p(t)u” ()" = (g (1)) + r(t)u(t) = Af(t,u) in[0,1],
u(0) = u(1) =0, (2)
u (0)=wu (1) =0,

Later Heidarkhani in [13], using critical point theory due Bonanno, proved the existence
of at least one non-trivial solution for a class of two-point boundary-value problems for
fourth-order Sturm-Liouville type equations.

The aim of this article is to prove the existence of at least three distinct weak solutions
for (1). Moreover, when the energy functional is not coercive, an existence result of two
distinct solutions is given. Our motivation comes from the papers [7, 8]. For basic notation
and definitions, we refer the reader to [7, 11, 12, 14].

The rest of this paper is organized as follows. Section 2 contains some preliminary
notations and our main tools. Section 3 contains our main results and their proofs.

2. PRELIMINARIES AND BASIC NOTATIONS

Our main tools are the following critical point theorems. The first one due Averna and
Bonanno [3, Theorem B, and the second one due Bonanno [5, Theorem1.1]. In the first
one the coercivity of the functional ® + AV is required.

Theorem 2.1 ([3, Theorem BJ). Let X be a reflexive Banach space, ® : X — R a
continuously Gateaux differentiable, coercive and sequentially weakly lower semicontinuous
functional whose Gateaux derivative admits a continuous inverse on X*, ¥ : X — R be a
continuously Gateaux differentiable functional whose Gateaux derivative is compact. Put,
for each r > infx ®,

U(z) — infq),liw \J
. (]—OO,TD
r) = inf ,
901( ) z€P~1(]—o0,r[) (I)(.T)
V(z) — ¥(y)
r) = inf su B
P2(r) 2€d=1(]—co,r]) yea-1 fm[ P(y) — @(x)’

where ®=1(] — 0o, r[)" is the closure of ®~1(] — co,r[) in the weak topology, and assume
that
(i) There is r € R such that infx ® < r and p1(r) < pa(r).
Further, assume that:

(ii) 1Mz 400 (®(z) + AW (2)) = +o00 for all X €] L[.

m(r) e1(r
Then, for each A €] 9021 [ the equation ® (u)(v) + AU (u)(v) = 0, has at least three
solution in X.

~—|

1
7 e (r)

Theorem 2.2 ([5, Theorem 1.1]). Let X be a reflexive real Banach space, and let &,V :
X —> R be two sequentially weakly lower semicontinuous and Gateaux differentiable func-
tional. Assume that ® is (strongly) continuous and satisfies lim, ;o0 ®(z) = +o00.
Assume also that there exist two constants r1 and ro such that
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(j) infx ® < r; < ro;
(13) ¢1(r1) < @5(r1,m2);
(1ii) e1(r2) < @5(ri,r2),
where @1 s defined as in Theorem 2.1 and

\ : V(x) — ¥(y)
p5(r1,12) 1= inf sup —_— .
2( 1 2) 1‘6(1)*1(}—00,7’1[) yefi’*l(]n,rg[) @(y) — (I)(.%')

Then, for each A e]m, min{ﬁ, g01¥(T2}[, the functional ® + AV admits at least two
2 i

critical points which lie in ® (] — oo, r1[) and ®~(Jry,72[) respectively.

Suppose that

. g T q T —
mln{ﬁ’ﬁ’ﬁ+ﬁ}> - (3)
where p~ := ess infico ) p(t) > 0,q7 := ess inficpp ) q(t),r™ := ess inficpp 1y 7(t). More-
1
over, set o i= min{ %7, 3, &7 + 53,0}, 6 i= /o~ + 0, 7 = (Ipllo + Fellalloe + o)

and k = 2726%(22842)~1. A simple computation shows that § < .
Let X := H2([0,1]) N H3([0, 1]) be the Sobolev space endowed with the usual norm. We
recall the following Poincaré type inequalities (see, for instance, [16, Lemma 2.3]):

/ ]_ "
1w 122017y < —llu IZ2 10,17y )

]_ 1"
HUH%2([0,1]) < ﬁ”“ Hi?([&l])’ ®)

for all u € X. Therefore, taking into account (3)-(5), the norm

Jullx = ( / (p(@) " (@) + a(@) /() + r(2)|u(z) 2)de ),

is equivalent to the usual norm and, in particular, one has

-

1" 1
lw N z2q0,1)) < < llullx- (6)
We needs the following proposition in the proof of Theorems.

Proposition 2.1 ([7, proposition 2.1]). Let uw € X. Then
1
< — . 7
Julloe < sl x @

We suppose that the Lipschitz constant L of function h satisfies L < 47262. For each
(t,€) € 10,1] x R, put

3 3
Ft¢) = /0 f(t 2)dz, Gt€) = /0 o(t, 2)d,

and H(§) = f(f h(zx)dx, for each £ € R. Moreover, set
1
G° ::/ sup G(t, §)dt,
0 [¢<e

for every ¢ > 0, and

= inf t
Gq ol G(t,6),

for every d > 0. If g is sign-changing, then G° > 0 and G4 < 0.
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We say that v € X is a weak solution of problem (1) if for every v € X
1
| 00 @00 + o 00 @)+ roueeo)d
1 1
- )\/ £t u(t))o(t)dt — /0 gt u(t))o(t)dt — /0 h(u(t))o(t)dt = 0.

3. MAIN RESULTS

In order to introduce our first result, fixing two positive constants ¢, d such that

1+ 5 252)d2 < (1- 47552)62
5 1 ’
k([ F(t,d)dt — [} maxie o, F(t,6)dt)  Jo maxjg<c F'(t,E)di
8
taking
Ve A } 2m26%(1 + 252)(12 27126%(1 — 252 )c? [

5 )
k([ F(t,d)dt — [} maxye. F(t,€)dt) " Jo maxie <. F(t,€)dt

8
and set d) 4 given by

{27r252(1 — 25 — N [ maxye .. F(t,€)dt

min

GC
2ﬂ252 (1+ 55) (fs (t,d)dt — fol max|e| < F(¢,§)dt)
8
ere }, (8)
and 1
8),g 1= min {5)\9 } ©)
7 g9 ] sup, , G(t,x)
max {0, m lim Sllp|$‘_,+oo %}

where we read /0 = +00, so that, for instance, 5)\,9 = 400, when

Supsefo,1) G(t, ) <0

lim sup
)
|z| =400

f— )

and G4 =G°=0.

33% d, such

Theorem 3.1. Assume that there exist two positive constants c, d, with ¢ <
that
(A1) F(t,€) >0 for all (t,€) € ([0, 3] U[3.1]) x [0,d],
(/5 F(t.d)dt— [ maxie <, F(t.€)dt)
(I+-557) d ’

(A3) lim SUD ¢| s 400 wptﬂogilz]F(tg) <0.

1
(As) Jo maX|s|Cg2cF(t,£)dt <k

Then, for each A € A, and for every L?-Carathéodory function g : [0,1] xR — R satisfying
the condition

. SUpseo,1) G(t, )
lim sup

2
|z| =400 T

< +00,

there exists 0y4 > 0 given by (9) such that, for each p € (0,6, 4], the problem (1) admits
at least three distinct weak solution in X.
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Proof. Our aim is to apply Theorem 2.1 to our problem. To this end, we introduce the
functionals ®, ¥ : X — R, for each u € X, as follows

1 1 1
@(u):;HuHZ—/O H(u(z))dz, \Il(u):—(/o F(t,u(t))dtJr/;/O G(t,ult))dr).

It is well known that these functionals are well-defined and satisfy the regularity assump-
tions required in Theorem 2.1. In particular, one has

1 . . , , 1
@ (u)(v) :/0 (p()u (H)v () + q(t)u (t)v (t)+7“(t)U(t)v(t))dt—/0 h(u(t))v(t)dt,

1
/ F(t,ult))o(t)dt — ‘;/0 gt u(t))o(t)dt,

for each u, v € X. Then each critical point for the functional ® 4+ AWV is a weak solution for
problem (1). Let us consider ¢; and ¢y given in Theorem 2.1. We can observe infx & =
®(0) = 0 and that, for each r > 0,0 € ®~1(]— o0, r[) and ®—1(] — 0o, r[)" = &~ (]— o0, r]).
Put 7 := 27%6%(1 — ;%52)c?. The inequality

1 (1 L
2 47252

for each u € X in conjunction with (3) yields

C(1— — <
{u € X; 2(1 47T252)\\u|| < T}
{u e X; |u(t)| <e¢, foreacht € [0,1]},

Mull < @(u), (10)

®H(] — o0, 7)

N

N

which follows
\IJ(O) — il’lfq)—l(]_oo7r[) \I’

P1r) < r— q>(o> ’
< sup [l F ))dt + % [ G(t,u(t))dt
N D(u)<r r 7
1
< fo max‘§|<cF(t,£)dt + %Gc. (1)
r
7282(1— —L 2 1 <
Since p < 0y,4 one has, p < 20 g dpm)e é\cfo Do lel<e F(t’g)dt, this means
1
p1(r) < T (12)
Now, let ¥y € X be defined by
e KGR VBT (8 1
o) = d64d 5, 1 te%,g],
=55t — gt +7) te€lg, 1]
It is easy to verify that
2048 L 2048 L
- - < — d 13
57 0 (1= 553)d %) = -7 (14 55) (13)
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Taking into account ¢ < \f d, we observe that r < ®(y). On the other hand, in view of
(A1), since 0 < g(t) < d for each t € [0, 1] we have

5
. 8 jz
F(t dt + — nf t) > F(t,d)dt + —
/ +)\[01ﬁx[0d]G(m’ )_/g (¢, d) +/\Gd’
so, thanks to (13) we get
Y(z) - ¥(y)

r) > inf —_—,
P2(r) 2 zed=1(—cor)  P(Y)

5
S F(t,d)dt + 4Gy — [} maxie. F(t,€)dt — 4Ge
8

27r252 (1 + 4#262 )d2

>

27252 (

5

L) 2-X( [ F(t.d)dt— [} max¢ <. F(1€)dt)
8

Ga—C.

Furthermore, p < , this means

1

a(r) > T (14)

Hence from (12) and (14), hypothesis (i) of Theorem 2.1 is fulfilled. Finally, since p < 8y g4,
we can fix [ > 0 such that

su G(t,x
Jim sup Ptefo0,1] ( )<

|z| =400 2 ’
and
|- Am26% — L
s 2
Therefore, there exists a function h, € L*([0,1]) such that
G(t,€) < [€]* + hu(D), (15)
for every ¢ € [0,1] and every £ € R. Now, fix
47262 — Ll
0<e< T — 7
due to As, there exists a function h. € L'([0,1]) such that
F(t,€) < el + he(t), (16)

for every ¢ € [0,1] and every £ € R. Fixed u € X, from (15) and (16), one has
®(u) + AU (u) ||u|y2 /H ))dx — A /Ftu ))dt — /Gtu

2 2
- — - A dx — A||he
A /0 2(@)de = Mlhellz1 o)

| \/

1
— ul/o u?(x)dr — il Pl 2 o,y

1 L e ul ,
5(1 - 47252 - 27252 - 27_‘_252)”“” - )‘”h’EHLl([O,l]) - MHhHHLl([O,I])'

Y

So, the functional ® + AW is coercive, and the condition (ii) of Theorem 2.1 is verified.
This completes the proof. O

Now we point out the following consequence of Theorem 3.1:
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Theorem 3.2. Let o : [0,1] — R be a nonnegative, non-zero and essentially bounded

function, and f : R — R be a continuous function. Put F(§ fo t)dt for every & € R.
Assume that there exist two positive constants ¢, d, with ¢ < 3? d, such that

(As) F(€) >0 for all € € [0,d],

(1 MQ)( )1 a(vdt— ol maxie <. F(©)

(14+552) ES ’
(Ag) limsupje|_ 4o % < 0.

Then, for each A, in

(A5) [lex]l1 ma’;\;\gc F(€) <k

] 27T2(52(1+%(32)d2 2772(52(1*#)62
( f3 (t)dt — ||a]|1 max;e|< F(f)) ledlly maxye < F(€)

and for every L?-Carathéodory function g : [0,1] x R — R satisfying the condition

supyeo,1) G(t, )
22

lim sup
|z| =400

< +00,

there exists 6y 4 > 0 given by

{27r2(52(1 — 755)¢® — Al max|g<. F(€)

min

Ge ’
252
208 (14 )t M(F() [ alt)dt — ol maxge. FO)
Gd - Gc ,
such that, for each u in
0,min {0 !
[ ,mln{ Ags 01 SuPycpo,1) G(t,2) }[7
max { 2w (1— Ly PPl oeo o J

the problem
(p(t)u" ()" = (a(&)u' (£))" + r(t)u(t) = Aa(t) f(u) + pg(z,w) + h(u) n0,1],

u(0) =u(1) =0, (17)
u'(0) =u"(1) =0,

admits at least three distinct weak solution in X.
Proof. 1t is enough to apply Theorem 3.1, to the function «(t)f(u) instead of f(¢,u). O
Example 3.1. Consider the problem

(3u”(t))" — ((t2 ) (1) 4+ (12 — 7 u(t) = Af(u) + 2uu +sinw in [0, 1],
u(0) = u(1) = (18)
u (0)=u (1) = 0

where
10 x <1,
f(z) = 10(800z — 799), 1<z <2,
8010 T > 2.
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Note that p~ = 3, g~ = —n2, and v~ = —n*, we have 0 = —2, and so § = 1. Also we

have v = \/5. Our aim is to apply Theorem 3.2. Let ¢ = 1, and d = 2. (Ay) is clearly

true. One has, M =10, and

5
(1— 12 (FU) [§ df —maxig< F(€) 972 (1 - L) (1920 _ 1) > 19
(07 ) 7 TE(d) 4

then, (As) is verified. And since, limg| 4o % =0, (Ag) is satisfied too. Finally, G* =

SUP¢c(o,1] G(trx) =1 and
- 2

1, Go =0, limsup ;4 o 3

272(1 4 ;22)4

< 1.57
2772 4020 ’
5120( 4 10)
21%(1 — &3)
— =T~ >1.92
10 ’

so for every \ € ]1.57, 1.92[, and for every u € [O, 19.2[ the problem (18) admits at least
three distinct weak solution in X.

Here is another multiplicity result in which assumption (Aj3) is not required.

Theorem 3.3. Let f : [0,1] x R — R be a L?- Carathéodory function and assume that

there exist three positive constants ci, ca, and d, with ¢1 < %d < %CQ, such that

(B1) F(t,€) >0 for all (,€) € ([0,2]U[3,1]) x [0,d],

I3 F(t,dydt— [} max|¢ <., F(t€)dt
<k 2 y

ioolco oot

! max g <, F(£E)dt
(Bs) Jo ma |s|§§1 (t.6)

5
8 F(t,d)dt— [} max¢|<., F(t,€)dt
S max ¢ <., F(t)dt J3 0 MaxX|¢|<c,
(B3) ;22 < k' 8 2 .
2
Then, for every
271262 d?

5 )
k J5 Fit.dydt - JE maxgco, F(t,€)dt

Ae ]

2 2
27252 min{ il 4 T % H
fO max|¢|<¢, F(t, f)dt fO MaX|¢|<c, F(t, f)dt

the problem

(p(t)u" (1))" = (a)u' (1)) + r(t)u(t) = Af(z,u) inf0,1],
u/(/O) = u(/l/) =0, (19)
u (0)=u (1) =0,

has admits at least two solution uy x and ug \ such that ||u; z||eo < c1 and [Jug )|loo < ca.

Proof. Our aim is to apply Theorem 2.2 to our problem. Let us introduce two functionals
& U: X — R, for each u € X, as follows

1
B(u) = gl ¥) = = [ Fuo)

It is known that these functionals are well-defined and satisfy the regularity assumptions
required in Theorem 2.2, and each critical point for the functional @+ AWV is a weak solution
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for problem (19). Put r; = 272§2¢2, and ro = 27262c3. Obviously infx ® = ®(0) = 0, and
infx ® < r; <ro. Let v € X be defined by

S H G 1) telo,2],
v(t) =4 d tel, gl

—8dG2 _3p 4 1) ¢ €], 1]

We know that

2048 5 o 2048 , o
— <o < — 2
then from ¢ < -32-d < éCQ, we have r; < ®(v) < ry. Similar to the proof of the

3v/37 Y
Theorem 3.1, we have ®~1(] — oo, 7;[) C {u € X; |u(t)| < ¢;, for each t € [0,1]}, i = 1,2.
Consequently
1

1
sup / F(t,u(t))dt < max F'(¢,&)dt, 1 =1, 2. (21)
d(u)<r; JO 0 &<

Due to (B1), one has that

_xp(v):/ol F(t,v(t))dtz/: F(t,v(t))dt:/: F(t,d)dt,

so, thanks to (20) we get
, V(z) - V(v)
5(r1,7m9) > f —_—
@5(r1,m2) > o0 T B ()

J$ F(t d)ydt = fy maxi<c, F(t,€)dt

> (22)
- 27242
7Tk d2
Moreover, as we saw in Theorem 3.1,
Jo maxjg <., F(t,€)dt
< 23
p1(r1) < 2123262 ; (23)
fol MaX|¢|<q, F(t,§)dt
< . 24
@1(712) = 27_‘_2526% ( )
At this point, combining (22)-(24), assumption (By) and (B3) we obtain
901(7‘1) < @;(Th?ﬂ?)’ (25)
p1(r2) < @3(r1,72). (26)

Therefore all assumption of Theorem 2.2 are satisfied. Hence, since one has

21252 12
1 o

* S 5
3(r1,m2) J& F(t,d)dt — [ maxi<,, F(t,€)dt
8
4 4
1 ’ el
fo max|e|<c, F(t,&)dt fo Max|¢|<c, F(t,&)dt

Ly

©1(r1)” @a(ra)

< 27%6% min{

< min{
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252 2
for each \ € ] QWk‘S 5 ld )
§ F(t,d)dt— [y max)¢|<., F(t,£)dt

2

2
2126%min a , = roblem (19) admits at least two solu-
{fol max|¢| e, F(t,€)dt fol Max|¢| <oy F(t,é)dt}[ p ( )

tion uy ) and ug ) such that [Jug y[|? < 4726%c2 < |lugx|? < 4726%¢3, and we can complete
the proof. O

Now, we deduce the following straightforward consequence of Theorem 3.3.

Theorem 3.4. Let f :[0,1] x R — R be a L*- Carathéodory function and assume that
there exist three positive constants e1, ea, and d, with e; < %d < %62, such that
(By) F(t.) >0 for all (t.€) € (10, ] U[E,1) x [0.d),
3 F(t,d)dt
fl max|¢|<e, F(t,€)dt J3
(B5) 0 Iglifl T-ITJ 8 — ,

5
3 F(t,d)dt
k "%

(B6) fol maX|£|§2€2 F(t,&)dt <

e k+1 d?
Then, for every
2 2 2 2 2
)\6]277 (k+1)6 i d 2726 min{ el - es 1
k f§§ F(t,d)dt fO maxie|<e, F(t,&)dt fO max|¢|<ey F(t,&)dt
8

the problem

(p(t)" (8))" = (g(t)u' () + r(t)ult) = Af(z, ), n[0,1],
u(0) = u(1) = 0, (27)

"

u' (0)=u"(1) =0,
has admits at least two solution uy \ and ug y such that ||ug \|leo < €1 and |lugz|leo < €2.

Proof. Put ¢; = e; and cp = ez. Taking into account that ¢; = e; < d, from (Bj) we get

5 1 5
(f%8 F(t,d)dt — [y maxg <, F(t,&)dt) N kfgﬁ‘ F(t,d)dt o maxge,, P16t

k
d? d? c
5 5
[£ F(t,d)dt o Jo F(t.d)dt
> k-2 —k .
d? E+1 d?
k f§§ F(ta d)dt
= 8 .
E+1 d?
Hence, using (Bs), (Bg) hypotheses (Bs), (Bs) of Theorem 3.3 are fulfilled. O

Now, we present a consequence of Theorem 3.4.

Theorem 3.5. Let a : [0,1] — R be a nonnegative, non-zero and essentially bounded

function, and f: R — R be a continuous function. Put F(§) = fo€ f(t)dt for every £ € R.

Assume that there exist three positive constants ei, ea, and d, with e} < %d < é€2,

5
such that

(Br) F(£) >0 for all € € [0,d),

(BS) [leell1 maxXie|<eq F(¢)

kT8
s < %+ P2 v
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Q|1 max o F 3
(Bg) lleelly ;%\Sz &) < %372
Then, for every
2 2 2 252 9 )
)\6]27{' (k+ 1) d5 ’27r5 min{ el | €2 }
E ) ffama el maxgee F(©) maxg<e, F(E)
8

the problem
(p(t)u” ()" = (a(®)u' (1)) + r(t)u(t) = Aa(t) f (), in[0,1],
u(0) = u(l) =0, (28)
u (0)=u (1) =0,

has admits at least two solutions uy y and ug x such that [|ui x|leo < €1, and [Jug x||oo < €2.

Example 3.2. Consider the problem

u — 12+ (t—m)u = Mf(u) in]0,1],
u(0) =u(1) =0, (29)

1

u'(0)=u"(1) =0,

where
1 r <1,
800x — 799 1<x <2,
flz) = —800x +2401 2 < x <3,
1 3 <z <20,
f*(x) x > 20,

and f*:(20,400) — R is an arbitrary function such that f be a continuous function. By
choosing, for instance, e; = 1, d = 2, and eo = 20, all assumptions of Theorem 3.5 are

satisfied. In fact, Note that min{l, —%, 1— %} > —1, and one has, § = (1 — 7%3)%, v =
(2 + 7%3)% Moreover, F(2) f%% a(t)dt = %’
L 272 (1 — %) 1
k+1 10242+ ) + 2772(1 — &) T
lorh maxgyce, £ 17 g Il maxgze, £ _ 820

el — e = 800"
so, our claim is proved. Since 2”2(]“;1)52 d52 = Q(kﬂggﬂhl) 43—022 < 15,
F(d) [¥ a(t)dt
8
27252 i 1 27252 3 1600 1
T a —4(r%— =) > 38, and — 2 = (r%— =) > 18,
lerlly maxgi<, F(£) ™ lally maxy<e, F(§) 820 ™

owing to Theorem 3.5 for each X €]15,18[ the problem (29) admits at least two distinct
weak solutions uy x and ug  such that ||uj x||ee < 1, and |Jug z|/ec < 20.
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