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FUZZY SOFT QUASI SEPARATION AXIOMS
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ABSTRACT. In this work, we focus on fuzzy soft quasi separation axioms and give some
new results about the concept of quasi coincidence with fuzzy soft sets defined in [17].
Further, we give relations between fuzzy soft quasi T;— (¢ = 0, 1, 2) spaces and fuzzy quasi
T;—(i = 0,1,2) spaces.
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1. INTRODUCTION

The set theory, which was initiated by George Cantor, has an important role for several
branches of mathematics. In this theory, the sets are crisp and defined precisely by its
elements and thus, it is clear if an element belongs to a set or not. However, if we aim to
model a concept in real life by using the mathematical properties of Cantor‘s set theory,
then we might run into various difficulties due to vagueness which exists in problems
related to economics, engineering, medicine, etc. To fulfill this lack, many theories are
developed such as fuzzy set theory [19], rough set theory [14], soft set theory [11] and
recently the hybrid models [10].

The most popular theory for vagueness is undoubtedly the fuzzy set theory, which was
first defined by Zadeh [19]. Fuzzy sets are specified by the membership function which
identifies the belonging of an element to a set up to a degree. The rough set theory, which
is defined by Pawlak [14], is another method to take the vagueness into account. It is based
on the indiscernibility relations of elements of the finite universe and boundary region of
a set. Moreover, Molodtsov [11] defined the soft set theory as a different approach to the
doubtfulness and the theory has been used in the various branches of mathematics. He
also showed that, the soft set theory is free from the parametrization inadequacy syndrome
of the other theories developed for vagueness like fuzzy set theory, rough set theory and
etc. The soft set theory has been studied by several researchers [2, 16]. As a further
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improvement, researchers combined the vague sets and these new hybrid sets are used in
many studies [5, 10]. For instance, Maji et al. [10] defined fuzzy soft sets, which are a
combination of fuzzy and soft sets. Many researchers have contributed to the theory of
these hybrid models, see for example [1, 4, 7, 8, 9].

After the introduction of vague sets, it was natural to construct topological structures on
those sets. For this purpose, Tanay and Kandemir [18] defined the fuzzy soft topology and
obtained several results. Also, Roy and Samanta [15] worked on the topological structure
on a fuzzy soft set. In another paper, we [17] defined the fuzzy soft topology over a fuzzy
soft set with fixed parameter set and investigated the topological concepts as neighborhood
systems, fuzzy soft interior and fuzzy soft closure points, quasi coincidence for fuzzy soft
sets and etc. Furthermore, Atmaca and Zorlutuna [3] investigated the notions as fuzzy soft
closure of a soft set, fuzzy soft base and fuzzy soft continuity in the fuzzy soft topological
spaces.

In the present work, we first recall the well known definitions and results of fuzzy soft
topology given in [3, 13, 15, 17, 18], we also, introduce fuzzy soft subspace and obtain
some new results about fuzzy soft quasi coincidence points. Then, we define fuzzy soft
quasi separation axioms and prove the properties of them. Further, we give relations
between fuzzy soft quasi T;_ (i = 0, 1,2) spaces and fuzzy quasi T;— (i = 0,1, 2) spaces.

2. PRELIMINARIES

In this section, we present several preliminary definitions which are necessary in the
process of defining our main results. For the sake of consistency, the following notations
are used throughout the whole paper:

U : the initial universe,

E : the possible parameters for U,
P(U) : the power set of U,

Iv : the set of all fuzzy subsets of U,

(U,E) : the universal set U and the parameter set E.

Definition 2.1. [19] A fuzzy set A in U is a set of ordered pairs: A = {(z,pa(z)) : x €
U} where pg : U — [0,1] = I is a mapping and pa(x) (or A(x)) states the grade of
belonging of x in A.

Definition 2.2. [11] Let F' be a mapping given by F : A — P(U) and A C E. Then,
(F, A) is said to be soft set over U.

Aktas and Cagman [2] showed that every fuzzy set is a soft set. That is, fuzzy sets are
a special class of soft sets.

Definition 2.3. [15] Let A C E. (fa, E) is defined to be a fuzzy soft set (briefly; fs-set)
on (U, E) if fa:E — IV is a mapping defined by fa(e) = ns, where p =0 ife € E— A
and p§, # O if e € A, where O(u) =0 for each u € U.

Definition 2.4. [15] The complement of a fs-set (fa,E) is a fs-set (f4,E) on (U, E)
which is denoted by (fa, E)¢ and fq : E — IV is defined by 'u?f; =1—uf, ifee A and
We = 1 ife € E\A, where 1(u) =1 for each u € U.

Definition 2.5. [15] The fs-set (fo, E) on (U, E) is called null fs-set and is shown by ®.
fa(e) = O for every e € E.



104 TWMS J. APP. ENG. MATH. V.10, N.1, 2020

Definition 2.6. [15] The fs-set (fg, E) on (U, E) is defined to be absolute fs-set and is
shown by Uy. Ue) = fg(e) =1 for every e € E.
Definition 2.7. [15] Let (fa, E) and (9B, E) be two fs-sets on (U,E). (fa, E) is called
fs-subset of (gp, E) if 1, < ,u;B foralle € E, i.e., nf, (u) < M;B (u) for alluw € U and
for all e € E and is denoted by (fa, E) C (g9B, E).

Definition 2.8. [15] Let (fa, E) and (9B, E) be two fs-sets on (U, E). The union of these
two fs-sets is a fs-set (he, E), defined by ho(e) = uic = u, U ,ugB for all e € E where
C = AU B and is denoted by (hc,E) = (fa, E) U(gp, E).

Definition 2.9. [15] Let (fa, E) and (gp, E) be two fs-sets on (U, E). The intersection
of these two fs-sets is a fs-set (hc, E), defined by ho(e) = Mic = p5, N ugB foralle e E
and where C = AN B and is denoted by (hc, E) = (fa, E) N(gp, E).

3. Fuzzy SOFT TOPOLOGY

Throughout this work U, E denote the universe and the parameter set, respectively and
(fa, E) is considered as a fs-set on (U, E).

Definition 3.1. [18, 15] Let 7 be the collection of fs-subsets of Ug. 77 is said to be a
fuzzy soft topology (briefly; fs-topology) if

(1) @,Ug €y,

(2) If (fias E) € 75 , then Ui(fiy, E) € 7,

(3) If (9a, E), (ha,E) € 14, then (ga, E) M (ha, E) € 7¢.

The pair (Ug,7r) is said a fuzzy soft topological space (briefly; fst-space) over Uy . Every
member of Ty is called the fuzzy soft open set (briefly; fs-open set). A fs-subset of Uy is
called the fuzzy soft closed set (briefly; fs-closed set) if its complement is a member of ;.

Theorem 3.1. [17] Let (U, 7¢) be a fst-space and k5 denotes the collection of all fs-closed
sets. Then,

(1) @,Ug are fs-closed sets,

(2) The arbitrary intersection of fs-closed sets are fs-closed,

(3) The union of two fs-closed sets is a fs-closed set.

Theorem 3.2. [12] If (Ug,7y,) and (Ug,7y,) are two fst-spaces then, (Ug, T, NTf,) s a
fst-space.
Remark 3.1. [12] The union of two fs-topologies may not be a fs-topology as seen in the

following example.

Example 3.1. Let U = {z,y,2} be the universe set, E = {ej,ea,e3} be the parame-

ter set, A = {er,ea} and 174, = {®, Uz, (f11, E), (fou, E), (f3.,E), (fan, E)} and 14, =
{®,U;,(914, E), (924, E)} be the fs-topologies on Uy where,

(f14, E) = {e1 = {z0.2, 404, 207}, €2 = {Z0.1, Y05, 20.2} },
(fou, E) = {e1 = {z0.5,%03, 205}, €2 = {T0.4, Y08, 20,6 } }
(34, E) = {e1 = {z0.2,%03, 205}, €2 = {T0.1, 0.5, 202} },
(f1a, E) = {e1 = {205, Y0.4, 207}, €2 = {T0.4, Y08, 20,6 } }
(914, E) = {e1 = {04, Y056, 205}, €2 = {70.3,Y0.6, 202} },
(924, E) = {e1 = {703,504, 203}, €2 = {Z0.1, 0.3, 20.2} }.
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It is easily seen that, Ty, Ty, are fs-topologies on Uy but Ty, UTy, is not a fs-topology since
(fia, E)U (91,4, E) is not a member of T, U Ty,.

Definition 3.2. [15] Let P) be a fuzzy point in IV. Then, (P}, E) is a fs-set on (U, E)
where P)e) = Bons pr(u) = A, if u =2 and p%y(u) = 0 if u # x for every e € E and
every u € U.

Definition 3.3. [15] Let P)(x € U, € (0,1]) be a fuzzy point in IV. If X < 1%, (), for
every e € A, then, P, belongs to (fa, E) and it is denoted by P} €~ (fa, E).

Definition 3.4. [15] Let (U, 7¢) be a fst-space, (ga, E) be a fs-subset of Uy . The inter-

section of all fs-closed sets containing (ga, E) is called the fuzzy soft closure of (ga, F).
(94, ) ={(ha,E):(9,,E) C (ha, E) and (ha, E) is fs-closed}

Theorem 3.3. [13] Let (Uy,7¢) be a fst-space. Then, the collection

7r. = {9a(e) : (9a, E) € 74}
for each e € E defines a fuzzy topology over U (e).

Example 3.2. The converse inclusion of Theorem 3.5., does not hold generally.
Let U ={z,y,2z} , E = {e1,ea}.

st stnlstnlsts

0.1, Y0.65 ZO.S}

Z0.2,Y0.4, 20.5}

fia(er) = {703, %05, 208}, f1,(e2
faa(er) = {zo.2,%08, 205}, f2, (€2
f3a(e1) = {03, Y08, 208}, f3, (€2 0.1, 0.4, 203}
faq(e1) = {702,905, 205} , fa,(e2 70.2,%0.6, 0.5}

Then7 Tf = {(1)7 UE) (f1A7E)7 (f2A7E)7 (f3A7E)7 (f4A7E)} is not afs'tOPOZOgy since (f1A> E)I—I
(fou, E) is not a member of 7¢. But Ty, and Tf, are fuzzy topologies over the fuzzy sets
Ul(e1) and U(ez), respectively.

Definition 3.5. Let V' be a subset of U . Then, the sub fs-set of (fa, E) over (V,E) is
denoted by (V' fa, E) and is defined as follows:

(" fa, B) = Vi 1 (f4, B)
where the symbol V7' denotes the absolute fs-set on (V, E).

~— — ~— —

Definition 3.6. Let (Ug,7s) be a fst-space and V C U. Then

ry = {("f4, E) : (fa, E) € 74}
s said to be soft relative topology on VU'E“ and (VUE,TfV) s called a fs-subspace of
(Ug75)-

Definition 3.7. [3] Let P} be a fuzzy point in IV. P} is said to be quasi-coincident (briefly;
g-coincident) with (fa, E), denoted by Pq(fa, E) if A+ 1, (x) > 1 for any e € A.

Definition 3.8. [3] Let (fa,E) and (ga, E) be two fs-sets on (U, E). (fa,E) is said to
be q-coincident with (ga, E), denoted by (fa, E)q(ga, E), if there exists u € U such that
(1§, (W) +pg, (u) > 1, for any e € A. If this is true, we can say that (fa, E) and (ga, E) is
g-coincident at u.

Theorem 3.4. [3] Let (ga, E), (ha, E) be two fs-sets. If (ga, E)(ha, E) = ® then (ga, F)
is not g-coincident with (ha, F).
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Theorem 3.5. Let (ga, E), (ha, E) be two fs-sets on (U, E). If (ga, E)°q(ha, E) at u
then, (ga, E) is not g-coincident with (ha, E)¢ at u.

Proof. Let (ga, E£)°q(ha, E) at u. Then, (1 — ug, (u)) + pj,, (u) > 1 for any e € A. Hence,
1> (1 —pj, (u) + pg, (u). Thus, (g4, E) is not g-coincident with (ha, E) at u. O

4. Fuzzy SOFT QUASI SEPARATION AXIOMS

Definition 4.1. Let (Uy,7¢) be a fst-space. If, for any fuzzy points ng\, P} (z,y e U,x #
y) in IV there exists (ga, E) € 74 such that P}q(ga, E) T (P}, A)° or PJq(ga, E) C
(P}, A)¢ then, (Ug,7s) is called fuzzy soft quasi To— space (briefly; fsq-To— space).

Lemma 4.1. If, P)q(fa, E) then P} ¢~ (fa, E)°.

Proof. Let P)q(fa, E). Then, for any e € A, X\ + 1%, (x) > 1 and hence A > 1 — pu$ ()
and A > N?g(x)' Therefore, P} ¢~ (fa, E)°. O

Theorem 4.1. If (Ug,7¢) is a fsq-To— space then, for any pair of fuzzy points P}, Py
(e,y € Uya £y) in IV PY ¢ (P, A) or P ¢ (PA,A)".

Proof. Let P2, P} (z,y € U,z # y) be a pair of fuzzy points in IV. Since (Ug,7s) is a
fsq-To— space, there exists (ga, E) € 7¢ such that Pq(ga, E) C (P}, A)¢ or P}'q(ga, E) C
(P}, A)°. We consider the first state. By Lemma 4.1., P} ¢" (ga, E)¢ and (P}, A) C
(g4, E)¢. Since (ga, F)¢ is a fs-closed set, (P, A)” C (ga, E)°. Therefore we get that
P) ¢ (P}, A)~. The proof can be done for P}’ similarly. O

Definition 4.2. [6] A fuzzy topological space (X, T) is said to be fuzzy quasi Ty (briefly;
fq-To) iff for every pair of fuzzy points P, P} € X such that x # y there exists U € T
such that PrqU < (P})¢ or PjlqU < (P}

Theorem 4.2. If (Ug,7¢) is a fsq-To— space then, for any e € E, (U(e), 1y,) is fq-To.

Proof. Let P}, P} (z,y € U,z # y) be two fuzzy points in IV. Then, there exists (ga, F) €
77 such that P)q(ga, E) C (P}, A)¢ or P}q(ga, E) C (P}, A)°. Since (Ug, 7¢) is a fsq-Tp—
space, then P)q(ga, E) C (P}, A)¢ or PYq(ga, FE) C (P, A)°. Hence, P)qga(e) < (P})°
or Pjlqga(e) < (P)¢ for any e € E . This shows that (fa(e),7y,) is fq-Tp. O

Theorem 4.3. If (U, 7¢) is a fsq-To— space then, (YU, 74, is fs¢-Top.

Proof. Let (Ug,7s) be a fsq-Ty— space and Py, P (z,y € V,x # y) be two fuzzy points.
Then, there exists a fs-open set (ga, E) such that P)q(ga, E) C (P}, A)¢ or P}'q(ga, E) C
(P}, A)°. We consider the first state. Since x € V, we obtain that P)q(Vy M (ga, E)) C
(P}, A)°. The proof for the second case can be done in a similar way. 0

Definition 4.3. Let (Ug,7¢) be a fst-space. If for any fuzzy points P) P} (z,y €U,z #
y) of IV there exist fs-open sets (ga, E),(ha, E) such that P)q(ga, E) T (P}, A)° and
Pjq(ha, E) C (P}, A)¢ then (Ug, 1) is called fuzzy soft quasi Ti— space (briefly; fsq-T1—
space).

Theorem 4.4. (Uf,7¢) is fsq-Ti— space if (P}, A) is fs-closed for any x € U.

Proof. Let P}, P} (z,y € U,z # y) be two fuzzy points of IV. Since (P}, A), (Pz}’ A) are
fs-closed sets, (P}, A)¢,(P}, A)° € 74. It is easy to see that P)q(P}, A)® and Pjq(P;}, A).
Moreover, (P, A)° € (P}, A)¢ and (P}, A)° C (P}, A)¢. Therefore, (Ug,7s) is a fsq-T1—
space. O
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Definition 4.4. [6] A fst-space (X, T) is said to be fuzzy quasi Ty (briefly; fq-T1) iff for
every pair of fuzzy points P}, PY € X such that x # y there evist U,V € T such that
P)qU < (P)¢ and PjqV < (P))C.

Theorem 4.5. If (U, 7¢) is a fsq-T1— space then, for any e € E (fa(e),s.) is fg-T1.

Proof. Let P}, P} (x,y € U,x # y) be two fuzzy points. Since (Ug,1y) is fsq-T1, there
exist (ga, E), (ha, E) € 7 such that P)q(ga, E) C (P}, A)¢ and P}q(ha, E) C (Py, A)C.
Hence, P)qga(e) < (P§)¢ and Pf'qha(e) < (P))¢ for any e € E . This shows that,

(Ug,y.) is fg-T1. O
Theorem 4.6. If (U, 1) is a fsq-Ti— space then, (YU, 74,) is fs¢-T1.
Proof. Similar to Theorem 4.3. g

Remark 4.1. FEvery fsq-T1_ space is a fsq-To— space, but the converse is not true generally
as seen the following example:

Example 4.1. Let U = {z,y} and E = {e,ez,e3} and 75 = {®, U, (f1,,E)} be a
fst-space where,

(fia: E) ={e1 ={z1,90},e2 = {z1, 90} }-
Then, (Ug,7f) is a fsq-To— space but not fsq-T1_ space.

Definition 4.5. Let (Ug,7s) be a fst-space. If for any fuzzy points P}, P} (x,y € U,z #
y) of IV there exist fs-open sets (ga, E), (ha, E) such that P}q(ga, E) T (P, A)° and
Pflq(ha, E) C (P, A)° and (ga, E) is not g-coincident with (ha, E) then (Ug, 7y) is called
fuzzy soft quasi To_ space (briefly; fsq-To— space).

Example 4.2. LetU = {z,y}, E = {e1,ez,e3}, A= {er,ea} and 7 = {®, E~, (f1,, E), (fou, E)}
where,
(fia: E) = {e1 = {wo,y1 }, e2 = {z0, 1},
(foa: E) = {e1 = {x1, 90}, e2 = {21, 90}
Then, (fa, E,7f) is a fsq-To— space.
Remark 4.2. Every fsq-T>_ space is a fsq-T1_ space.
Definition 4.6. [6] A fuzzy topological space (X, T) is said to be fuzzy quasi Ty (briefly;

fq-T) iff for every pair of fuzzy points Py, P}l € X such that x # y there exist U,V € T
such that PpqU < (P})¢, PilqV < (P))¢ and U is not g-coincident with V.

Theorem 4.7. If (Ug,7y) is a fsq-To— space then, for any e € E, (fa(e),7y,) is fq-To—
space.

Theorem 4.8. If (Ug,7y) is a fsq-To— space then, (VUE,TfV) is fsq-Ty.

Proof. Similar to Theorem 4.3. O
Definition 4.7. Let (Ug,7¢) be a fst-space Py be a fuzzy point of IV and (ga, E) be a
fs-closed set such that Pyq(ga, E)¢. If there exist fs-open sets (s, E), (ha, E) such that

Pq(sa, E), (ga, E)q(ha, E) and (sa, E)q(ha, E)¢ then, (U, 7ys) is called fuzzy soft quasi
reqular space (briefly; fsq-regqular space).

Example 4.3. Let U = {z,y}, E = {e1,e2,e3} and
Tf :{(vaEv(f1A7E)7(f2A7E)7(f3A7E)a(f4A7E)7(f5A7E)7
(f6A7E)7(f7A7E)7(f8A7E)7(f9A7E)7(f10A7E)’(f11A7E)}
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be a fs-topology where,

(fia, E) = {e1 = {06, %07}, €2 = {706, Y08} }
(fou, B) = {e1 = {z0,v0.0}, €2 = {70, %08} },
(f34, E) = {e1 = {z0s, 0}, €2 = {w0.8, %0} },
(faa, E) = {e1 = {z0.9,%0.9}, €2 = {708, Y08} },
(f5., E) = {e1 = {06, Y0.9}, €2 = {706, Y08} },
(fous E) = {e1 = {zo,v0.7}, €2 = {70, Y08} },
(fr, E) = {e1 = {w0s8,%0.7}, €2 = {708, Y08} }
(fsar E) = {e1 = {z0.6, %0}, €2 = {wo.6,%0}},
(fou, B) = {e1 = {w0.8,%0.9}, €2 = {708, Y08} },
(fro4, E) = {e1 = {z1,%0.9}, €2 = {71,508} },
(f114, E) = {e1 = {wo9,y1},e2 = {z08, 1} }-

Then, (Ug,7f) is a fsq-reqular space.

Definition 4.8. If (Ug, 1) is both fsq-regular and fsq-Ty then it is called fuzzy soft quasi
Ts_ space (briefly; fsq-Ts— space).

Remark 4.3. If (Ug,7y) is a fsq-reqular space then (VUE,TfV) may not be fsq-reqular
space as seen in the following example.

Example 4.4. We consider ezample 4.3. (YUg,7s,) where V. = {z} is not a fsq-
regular space. Because, for the fuzzy point PY-3 and the fs-closed set (fio,, )¢ such that
PY3q(fi0,, E) there do not exist any fs-open sets (ga, E), (ha, E) such that P23q(ga, E)
and (fio0,, E)°q(ha, E) and (ga, E)°q(ha, E).

Definition 4.9. Let (Ug,7¢) be a fst-space and (ga, E), (sa, E) be fs-closed sets such that
(94, E)q(sa, E)¢. If there exist fs-open sets (ha, E), (ka, E) € 7¢ such that (ga, E)q(ha, E),
(54, E)q(ka, E) and (ha, E)q(ka, E)¢ then (Ug,7¢) is called fuzzy soft quasi normal space
(briefly; fsq-normal space).

Example 4.5. Let U = {z,y}, E = {e1, ez, es}and 7 = {®, Uy, (1., E), (fou, E),
(fa E), (fas, E), (f54, E), (fo,, E)} be a fs-topology where,

(fia, B) = {e1 = {w03,%05}, €2 = {705, Y0.4} },
(fou, B) = {e1 = {w0.6, Y04}, €2 = {T02,v0.7} },
(f34,E) = {e1 = {x0.6, 0.5}, €2 = {Z0.5, Y0.7} },
(faa, E) = {e1 = {w0.3, %04}, €2 = {702, Y0.4} },
(fs.4, E) = {e1 = {x0.9, 0.9}, €2 = {Z0.8, Y08} },
(fou, E) = {e1 = {z1,904}, €2 = {71,905} }-

Then (Ug,7f) is a fsg-normal space.

Definition 4.10. If (Ug,7f) is both fsg-normal and fsq-T1 then it is called fuzzy soft quasi
T,— space (briefly; fsq-Ty— space).

Remark 4.4. If (Ug,7¢) is a fsg-normal space then (YU, Ts,) may not be fsg-normal
space as seen in the following example.
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Example 4.6. We consider ezample 4.5. (YUp,7f,) where V = {x} is not a fsg-normal
space. Because, for the fs-closed sets (f1,,E)¢ and (fs,,E)¢ such that (f1,,E)q(f5,,E)
there do not exist any fs-open sets (ga, E), (ha, E) such that (f1,, E)°q(ga, E), (f5,, E)°q(ha, E)
and (ga, E)¢q(ha, E).
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