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HYPERSURFACES OF A FINSLER SPACE WITH DEFORMED
BERWALD-INFINITE SERIES METRIC

BRIJESH KUMAR TRIPATHI, §

ABSTRACT. The rationale of this paper is to study the Finslerian hypersurfaces of a
Finsler space with the special deformed Berwald-Infinite series metric. Further examined
under which condition, the Finslerian hypersurfaces of this special metric becomes a
hyperplane of first, second and third kinds.
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1. INTRODUCTION

In 1929, Berwald [1] introduced a very famous Finsler metric which was defined on
unit ball B™(1) with all the straight line segments and its geodesics has constant flag
curvature K = 0 in the form of

;= W= [alPlyP + (.y)° + (@, 9))
(1= 2P V1= aPlyP + (.y)?

From the contemporary point of view, the above Berwald’s metric belongs to a special kind

of Finsler metric which is called Berwald type metric and defined as # [10] and authors

of the papers introduced very interesting geometrical result in the field of Finsler geometry.

(1)

In 2004, Lee and Park [6] introduced a r-th series («, 5)-metric
" a
L(a,B) =B (5 )
par il

where they assume o < 5. If r = 1 then L = a + (8 is a Randers metric. If » = 2 then
L=a+8+ O‘T; is an amalgamation of Randers metric and Kropina metric. If r = oo then
above metric is expressed as
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and the metric (3) named as infinite series (o, 3)-metric. This metric is very imperative
due to the difference of Randers and Matsumoto metric.

In 1985 Matsumoto introduced the concept of Finslerian hypersurface and further he
defined three types of hypersurfaces that were called a hyperplane of the first, second and
third kinds. Further many authors studied these hyperplanes in different changes of the
Finsler metric [2, 3, 4, 5, 8, 9] and obtained various interesting geometrical results.

In the present paper, the deformed Berwald-Infinite series metric is introduced and basic
geometrical properties for the Finsler space with this metric has been obtained. Further
it has been examined that under which condition the hypersurfaces of this special metric
becomes a hyperplane of first, second and third kinds.

2. PRELIMINARIES

Berwald-Infinite series metric is a combination of Berwald and Infinite series metric
which is defined as

Definition 2.1. Let F™ be an n-dimensional Finsler space consisting of an n-dimensional
differentiable manifold M™ equipped with a fundamental function L defined as
(a+p)? B
L(a, B) = + 4
(o.) = 1 P (@
then the metric L is known as Berwald-Infinite series metric and the Finsler space F™ =
{M™, L(e, B)} equiped with this metric is known as Berwald-infinite series Finsler space.

Differentiating equation (4) partially with respect to a and  are given by
I = (@=8)(B—a)’+a?p?
(e

= a@ar
1. — 200+8)(B—0)+af’—20%8
s = a(B—a)? ’
2{a3+(6—a)3i52
Locoz = a3(B—a)? )

oL
where Lo = g%’ Lpg = %7 Laa = 88LTQ’ Lgg = T/jﬁ’ Lap = 88%

In Finsler space F™* = {M", L(«, $)} the normalized element of support l; = d;L and
angular metric tensor h;; are given by:

li = o ' LoY; + Lgb; (5)

hij = paij + qobib; + ¢-1(b;Y; + b;Y;) + ¢-2YiY; (6)
where Y; = aijyj, and the quantities p, qo, ¢—1,q—2 are given by
(8% —a®+2a8%—a?B) (o —f* 1208 —20° f+a5?)

p: ol _a)S 9
_ 2(B3—aB+2a82—a?B)(3a2+B2—3aB)8
qgo = (12(6—0()4 5 (7)
_ 2(82—a3+2a82—a?p)(—3a%—2+308) >
qg—-1 = A (B—a)X )

_ (B2—a?+2ap%2—a?B)(a®—3atB+3a B2+ Ta? B3 —9a Bt +36°)
q—2 = aS(B—a)t
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Note: 0,—1,—2 in the subscript represents homoginity of the respective terms.

Fundamental metric tensor g;; = %&@LQ and its reciprocal tensor ¢ for L = L(a, 3)
are given by

9ij = paij + pobibj + p—1(biY; + b;Yi) + p2YiY; (8)
where
Po = qo + L%:
p-1=gq-1+ L7 'pLg, 9)

p2=qo+p°L7?
The reciprocal tensor g of gij is given by
g7 =pta — sob't — s_1(bly? + Vyt) — s_oy'y’ (10)
where b* = aijbj and b% = aijbibj.

s0 = {ppo + (pop—2 — p%1)a?},
S_1 = Ti{pp,l + (pop—2 —pgl)ﬁ}» (11)
s—2 = 5 {pp—2 + (pop—2 — p21)0?},

7 = p(p+ pob® + p-18) + (pop—2 — p21) (0?b* — 3?)

The hv-torsion tensor Cjj, = %(%gij is given by [9]

2pCiji = p—1(hijmy + hjpm; + hiimj) + yimymimy, (12)
where,
0 _
"= P% — 3p-1qo, m; = b; — a ?BY; (13)

where m; is a non-vanishing covariant vector orthogonal to the element of support °.
Thus, it is given by

Proposition 2.1. Let F™ be an n-dimensional Finsler space equipped with a Berwald-
Infinite series metric L then its normalised supporting element l;, angular metric h;j,
fundamentiacl metric tensor g;; and its reciprocal metric gis given by (5), (6), (8) and
(10) respectively.

Proposition 2.2. Let " be an n-dimensional Finsler space equipped with a Berwald-
Infinite series metric L then its hv-torsion tensor is given by (12).

Let {; ) be the component of christoffel symbols of the associated Riemannian space R"

and ), be the covariant derivative with respect to z* relative to this christoffel symbol.
Now it defines,

2Eij = bij + bji, QFZU = bij — bji (14)
where bij = iji-

Let CT = (P;,i, Iy, F;k) be the cartan connection of F". The difference tensor D;k =

F;}C - ; i} of the special Finsler space F" is given by
{ D%y = B'Ej), + F{Bj + Fi By + Bjbo + Bj.boj — bomg™™ Bji, — C},,, A} (15)

B limA;n + CjkmAgngis + As(cjlmcglz + Cllﬁm ;7; - C;?c 71715)



B. K. TRIPATHI: HYPERSURFACES OF A FINSLER SPACE WITH DEFORMED ... 299

where
By, = poby, + p-1Yr,
B = gZJBj’
FF = gbiFy;,
{Pfl(ai-—a_QYiY-)_Faﬂmim_}
Bz] = : J 5 J aB J , (16)
B} = ¢" By,

AZZ = B;TEOO + B™E + B Fy" + BoFy",
A" = B™Eg + QB()Fén,
By = Biy'

where /0’ denote contraction with y* except for the quantities pg, g and s,.

Proposition 2.3. Let " be an n-dimensional Finsler space equipped with a Berwald-
Infinite series metric L then the difference tensor of its Cartan connection is given by

(15).
3. INDUCED CARTAN CONNECTION

Let F™~! be a hypersurface of F™ given by the equation 7t = z'(u®) where {a =
1,2,3...(n — 1)}. The element of support 3° of F™ is to be taken tangential to F™ !, that
is [7], o

y' = Bg(u)v® (17)
The metric tensor g,g and hv-tensor Cyg, of F' n—1 are given by
9ap = 9ijBaBY,  Capy = Cij B, B4 BE
and at each point (u®) of F"~!, a unit normal vector N*(u,v) is defined by
gij{x(u7 U)a y(ua ’U)}B(ixNj - 0? gij{x(uv ’U), y(“? U)}NZN] =1
Angular metric tensor hog of the hypersurfaces are given by
has = hi;B,B%,  hijBLN' =0, hyN'NI =1 (18)
(B&, N;) inverse of (BY, N*) is given by
B = g°%g;;B),  BLB] =05, B{N'=0, BLN;=0
Ni = g,-jNJ, sz = ngBji, BZ[BJQ + NZN]' = (5;
The induced connection ICT' = (I';5, G§,Cg,) of F" 1 from the Cartan’s connection
CT = (F;IQ,FS};, Cj*,i) is given by [7].
Iy = B (Bl —I—'F;,QB”BB’W“) +MEH,
G§ = B{*(Bys + I BY), Cg, = BZ.O‘C';kngBég

0j—8
where
Mgy = NiCiy B4BY,  M§ = ¢*"Mg,, Hg= Ni(Bjs+TsiB})
and
. OBt . .
By = gurs  Bop = Bopv®

The quantities Mg, and Hg are called the second fundamental v-tensor and normal cur-
vature vector respectively [7]. The second fundamental h-tensor Hpg. is defined as [7]

Hgy = Ny(Bj, + I, BLBE) + M H, (19)

where o
Mg = N;Cjy B,N* (20)
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The relative h and v-covariant derivatives of projection factor B!, with respect to ICT are
given by
ng = HaﬁNiv B(il|ﬁ = MaﬂNi
It is obvious form the equation (3.3), that Hpg, is generally not symmetric and
Hgy — Hyp = MgHy — My Hg (21)

The above equation yield

Hy,=H,, H, =H,+M,H (22)
Subseuent lemmas are used, which are due to Matsumoto [7] in the trailing section

Lemma 3.1. The normal curvature Hy = Hﬁvﬁ vanishes if and only if the normal cur-
vature vector Hg vanishes.

Lemma 3.2. A hypersurface F"=Y is a hyperplane of the first kind with respect to con-
nection CT if and only if H, = 0.

Lemma 3.3. A hypersurface F"=Y is a hyperplane of the second kind with respect to
connection CI' if and only if H, = 0 and Hyg = 0.

Lemma 3.4. A hypersurface F™ Y is a hyperplane of the third kind with respect to
connection CT' if and only if Hy, =0 and H,g = M,z = 0.

4. HYPERSURFACE F("~1D(¢) OF A DEFORMED BERWALD-INFINITE SERIES FINSLER
SPACE

Let’s consider a Finsler space with the deformed Berwald-Infinite series metric L(«, 8) =
(QZB)Q (fja), where, a? = a;;(x)y'y’ is a Riemannian metric, 8 = b;(z)y’ is one-form
metric and vector field b;(z) = 59;1- is a gradient of some scalar function b(x). This necessi-
tates the consideration of hypersurface F("~1)(c) given by equation b(z) = ¢, a constant [9].

From the parametric equation z° = zf(u®) of F"~1(c), it gives

ob(x) _
ou™ T 0

ob(z) ozt 0
ozt Ou™ —

b;Bi, =0
Above information show that b;(z) are covarient component of a normal vector field of
hypersurface F"~1(c). Further, it gives

bB. =0 and by'=0 ie [=0 (23)

and induced metric L(u,v) of F"~!(c) is given by
L(u,v) = aagv®0®, a0s = aijBleé (24)

which is a Riemannian metric.

Substituting 5 = 0 in the equations (5), (6) and (8) then it gives

p= 17 qo = 07 qg-1 = 07 q—2 = _a_2
Po = 47 p-1= 2a_17 pb—2 = 07 T = 17 (25)
2 _ —4b?

So — 0, S_1 = S_9

a’ a?
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From equation (8), it gives

g7 = 'l — 2 (b + by + 471)23/@/]' (26)
a a?
Thus along F"~1(c), equations (26) and (23) leads to
gijbibj = b2
So it is written as
bi(z(u)) =bN;,  b* = ab;b; (27)

Where b is the length of the vector b’

Again equations (26) and (27) give
. L o 9b2yt
b o=aiib; = N' 4+ =L
Thus, it is shown by theorem
Theorem 4.1. The induced Riemannian metric in a Finslerian hypersurface F(”_l)(c)

of the Finsler space F™ equipped with a deformed Berwald-Infinite series metric is given
by (24) and its scalar function b(x) is given by (27) and (28).

Now the angular metric tensor h;; and metric tensor g;; of F™ are given by
1 2
hij = Qij — ?Y;YVJ and 9ij = Qij + 4bibj + a(bZY} + bjifz) (29)

Equations (23), (29) and (18) follow that if h(aaﬁ) denote the angular metric tensor of the

Riemannian a;;(z) then it is written along F™1(c), hop = hgg.

Thus along F(™1(¢), %—pﬁo = =0,
From equation (11), it gives

—6
L= m; = b;

Then hv-torsion tensor becomes
1 3
Cijk = a(hijbk + hjkbi + hkibj) — abibjbk (30)

in the deformed Berwald-Infinite series Finsler hypersurface F("~1)(¢). Due to fact, from
equations (18), (19), (21), (23) and (30) are given by

b
Myg = —hog and My,=0 (31)
a
Therefore equation (22) follows that H,g is symmetric. Thus, it is written by

Theorem 4.2. The second fundamental v-tensor in a Finslerian hypersurface F("_l)(c)
of the Finsler space F™, equipped with a deformed Berwald-Infinite series metric is given
by (31) and the second fundamental h-tensor H,g is symmetric.

Now from equation (23) it becomes b; B, = 0, it gives
bys B, + biBL ;=0

al

Therefore, from equation (21) and using b; 3 = biUBg + bi| ;N7 Hp,it gives

biy; BLBY, + by BLNT Hy + biHogN' = 0 (32)

Since b;|; = —b,CI

ij> glves
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by)
Therefore from equation (32), it gives

bHog + by BLBS = 0 (33)

JBLNI =0

because b;); is symmetric.

lj
Now contracting equation (33) with v and using equation (17),which gives

bHo + by; By’ =0 (34)
Again contracting by v equation (34) and using (17) it gives
bHo + by;y'y’ =0 (35)

From lemma (3.1) and (3.2), it is clear that the deformed Berwald-Infinite series hypers-
uface F("~Y(c) is a hyperplane of first kind if and only if Hy = 0. Thus from (35) it is
obvious that F(”_l)(c) is a hyperplane of first kind if and only if b; jyiyj = 0. This b;); be-
ing the covariant derivative with respect to CT" of F™ is defined on y*, but b;; = v/;b; is the
covariant derivative with respect to Riemannian connection {;k} constructed from a;;(x).
Hence b;; does not depend on y'. Tt is significant to consider the difference of bl — bij,
where b;; = \/;b; is presented subsequently. The difference tensor D3y, = Fj}c — ;k} is
given by equation (13). Since b; is a gradient vector, then from equation (12) it gives
Eij = bij Fij =0 and F; =

Thus equation (13) reduces to

{ Diy = Bbji + Biboy + Biboj — bomg™ Bji — Clp AT — Cj AT 36)
+Cjom AT G + A3 (C, O + O, O — CCl )
where
Bi = 4b; + 207},
B' =2y,
BiBi = 4,
AT = meo(), (37)
By = Llay; — ~=*) — 3bib;,

) . . o 32 .

BY = 351 — a2yiy;) - 84, — 05y

AY = Bj"boo + B™byo

In view of equations (25) and (26), the relation in (14) becomes to, by virture of euation
(37). It is shown that B = 0, Bjo = 0 which leads A{' = B™bqo.

\

Now contracting equation (36) by y*, it gives
D;O = Bibjo + B;boo — BmC;:mboo
Again contracting the above equation with respect to 17, it gives
Diyy = Bbyg = 2y'bgg
Paying attention to equation (23), along F("~1(¢), which gives

) 1 9 ,
b Dy = 5(1 — 3b%)b; — EbiymC;mboo (38)
Now contracting equation (38) by 3/, it gives

biDhy =0 (39)

From equations (19), (27), (28), (31) and M, = 0, it gives
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bib"™Cl Bl = My = 0
= b;j — by Dj; the equation (38) and (39) gives
biy"y’ = boo — brDisg = boo

Thus the relation b;;

Consequently equations (34) and (35) may be written as
aH, + bigBé =0,
bHy 4+ bgg =0

Thus the condition Hy = 0 is equivalent to bpg = 0. Using the fact § = by’ = 0 the
condition bpy = 0 can be written as b;;y'y’ = biy'bjy? for some c¢j(x). Thus it can be
written,

(40)

2b;; = bicj + bjc; (41)
Now from equations (23) and (41), gives
boo =0, byBLB, =0, b;Biy =0
Hence equation (40) gives H, = 0, again from equations (41) and (37), it can be written
bioh! = 4, N™ =0, AiB} =0 and Bj; BB} = Lhas.

Now using equations (19), (26), (27), (28), (31) and (36) then write the equation

Co 1)3

b, Dj; B, B}, = — o has (42)
Thus, the equation (33) reduces to
cob?
Hop + giahaﬂ =0 (43)

Hence the hypersurface F("~1)(¢) is umbilic. Thus

Lemma 4.1. The second fundamental tensor in a Finslerian hypersurface F(”*l)(c) of
the Finsler space F™, equipped with a deformed Berwald-Infinite series metric is directly
proportional to its angular metric tensor.

Theorem 4.3. The necessary and sufficient condition for a Finslerian hypersurface F™—1 (c)
of the Finsler space F™, equipped with a deformed Berwald-Infinite series metric to a hy-
perplane of first kind is (41).

Now from lemma (3.3), F(®~1)(¢) is a hyperplane of second kind if and only if H, = 0

and H,g = 0. Thus equation (42) gives us

co=ci(x)y' =0
Therefore there exist a function ¢ (z) such that

ci(x) = ¥()bi(x)
Therefore equation (41) gives

2b;j = bi(x)Y(x)bj(x) + bj(x)(x)bi(z)
This can also be written as
bij = P (x)bib;

Thus
Theorem 4.4. The necessary and sufficient condition in a Finslerian hypersurface F("=1) (c)

of the Finsler space F™, equipped with a deformed Berwald-Infinite series metric to be a
hyperplane of second kind is (43).
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Again lemma (4.4), together with (31) and M, = 0, show that F~1(c) does not
become a hyperplane of third kind. Thus

Theorem 4.5. The Finslerian hypersurface F(”_l)(c) of the Finsler space F™, equipped
with a deformed Berwald-Infinite series metric is not a hyperplane of the third kind.
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