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SOME NEW APPROACHES ON PROPERTIES OF U-CROSS GRAM
MATRIX

R. MEHRDAD!, E. OSGOOEI, §

ABSTRACT. The operator equation U f = b can be transferred to matrix level by Mc = d,
where M can be considered as a generalization of Gram matrix. This matrix obtained by
the composition of the analysis and synthesis operators of two different sequences with
inserting an operator U on a Hilbert space, called a U-cross Gram matrix. In this paper,
we investigate the U-cross Gram operator Gu,s,w, associated to the sequences {¢x}72;
and {¢r }72; and sufficient and necessary conditions for boundedness, invertibility, com-
pactness of this operator are determined depending on the associated sequences. We show
that invertibility of Gu,o,w is not possible when the associated sequences are frames but
not Riesz Bases or at most one of them is a Riesz basis.
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1. INTRODUCTION

Frames as a generalization of orthonormal basis, are flexible tools which prepare non-

independent representation of vectors in a vector space. The availability of frames has
encouraged mathematicians to use them in a variety of areas throughout mathematics
and engineering, such as solving equations [1, 3, 14], wireless communications [15] and
image processing [5].
For some operator U € B(H) considering the operator equation U f = b, the matrix M
is obtained by My, = (Uey, es), where {e}} is an orthonormal basis for H. The operator
equations transferred to matrix level in the standard way by using orthonormal basis.
But recently frames are used for this discretization [14], this means that by inserting the
operator U € B(H), the matrix obtained by My, ; = (Uty, ¢¢), where {13, }72; and {¢¢}7°,
are arbitrary frames. Therefore in this way [13], the matrix representation of operators
considered as a generalization of Gram matrices. In this paper, we study the U-cross Gram
operator and investigate the cases that this operator can be bounded, compact, invertible
and injective or surjective. Also to illustrate the proposed concepts numerical examples
are presented and the obtained results are discussed.
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Throughout this paper H is a separable Hilbert space and B(H) is the set of all linear
and bounded operators on H.

A countable family of elements {1;}7°, C H is a frame for H if there exist constants
A, B > 0 such that

AIFIP <> If v < BIIFI?, Vf € H. (1)
k=1

The constants A and B are called the lower and upper frame bounds, respectively. We
call {¢;.}7°, a Bessel sequence with bound B, if we have only the second inequality in (1).
We say that {1;}7°, is a frame sequence for H if it is a frame for a span{yy}72, [7].
Let {¢x}32, be a sequence in H and suppose that » o, ¢yt is convergent for all
{er )52, € %(N), Then

o0

T RN) = H, T =S e,

k=1
defines a bounded linear operator called the synthesis operator. The adjoint operator
given by:

T*:H = C(N); T*f = {{f,en) )i,

is called the analysis operator. Composing 1" with its adjoint 7, we obtain the frame
operator

o]
S:H—H; Sf=TT"f=> (f¢r
k=1
If {15}72, is a Bessel sequence, we can compose the synthesis operator 7" and its adjoint
T*; hereby we obtain the bounded operator

T*T : 2(N) = 2(N); T*T{cx}2, = {<Zcm,wk>}

(=1 k=1

Let {ex}?2, be the canonical orthonormal basis for £2(N), the jk-th entry in the matrix
representation of T*T is as follows:

T = {(Yr, V5) =1
The matrix {(¢k,¥;)}35—; is called the matrix associated with {¢x}72; or Gram matrix
and it defines a bounded operator on £?(N) when {¢;}72, is a Bessel sequence.

Lemma 1.1. [6] Suppose that {1 }32, € H. Then the following statements are equivalent:
(1) {1}, is a Bessel sequence with bound B.

(2) The Gram matriz associated with {1} | defines a bounded operator on (*(N) with
norm at most B.

Definition 1.1. [6] A Riesz basis {1y}, for H is a family of the form {Uey}32 ,, where
{er}2 is an orthonormal basis for H and U € B(H) is a bounded bijective operator.

Proposition 1.1. [6] A sequence {{1}72, is a Riesz basis for H if and only if it is an
unconditional basis for H and

0 < inf ||¢g]| < sup ||| < occ.

Theorem 1.1. [6] Suppose that {1 }72, C H. Then the following conditions are equiva-
lent:

(1) {Yr}32, is a Riesz basis for H.
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(2) {¥r}32, is complete and its Gram matriz {Wk;wj)}ﬁ:l defines a bounded, invertible
operator on /*(N).

Definition 1.2. [8] Suppose that {e}}72, is an orthonormal basis for H. We say that U
is a Hilbert-Schmidt operator for H if

1
00 2
1Ull2 = (ZIIUekHQ) < 00,

k=1

2. U-CroOsS GRAM MATRIX

In this section, we propose the concept of U-cross Gram matrix and by considering
some proper conditions on its associated sequences, we obtain good properties on this
matrix like boundedness, compactness, being injective and surjective. Also some practical
examples are proposed to illustrate our results.

Definition 2.1. [13] Suppose that ¥ = {1}, and ® = {¢p}32, are Bessel sequences
in a Hilbert space H. For U € B(H), the matriz Guow given by

(GU7<I),‘IJ)j,k - <U¢k7 ¢]>7 k?] S N7
is called the U-cross Gram matriz [4]. If U = Iy, it is called cross Gram matriz and is

denoted by Go v (2,12, 9] and if & =V, Gy g is called Gram matriz [7, 10] and is denoted
by Gy.

If W = {¢yp}2, and ® = {¢;}72, are Bessel sequences in a Hilbert space H. For
U € B(H), we can compose the synthesis operator of the sequence {¢,}?°,, Ty, and the
analysis operator of the sequence {¢;}2 |, T4, to obtain a bounded operator on ¢*(N)
given by

o o
T3UTy : (2(N) — (2(N); TaUTg{cp}s, = {<Z cU(y), ¢k>}
=1 k=1
The bounded operator, Gy o v = T3UTy, is called the U-cross Gram operator associated
to {(Uk, 95)}35%=1 -
If {e;}72, is an orthonormal basis for ¢%(N), the jk-th entry in the matrix representation
for TgUTy is
<T$UTq/6k, €j> = <UT\I/6k, Tq;@j> = <U1/Jk, ¢]>

Therefore the matrix representation of T;UTy is as follows:
TeUTw = {{Utk, $j)}jk=1-

Lemma 2.1. [13] Let ® = {¢}32, and ¥ = {¢}7°, be two Bessel sequences in H and
U € B(H). Then the following assertions hold:

(1) Guow = TgUTy. In particular, the U-cross Gram matric Guow defines a bounded
operator on (*(N) and ||Gu.e.v| < vBeBy||U]|.

(2) (Guow)" = Guw.o.

The above lemma shows that if ® = {¢;}72, and ¥ = {9;}2, are Bessel sequences
and U € B(H), then the U-cross Gram matrix is a bounded operator on ¢?(N). But the
following example shows that the inverse of the above assertion is not true.
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Example 2.1. Let {e;}7, be an orthonormal basis for H. Consider {¢}7>, = {1er} 1,
(R}, = {kex )3, and U € B(H); Uz = 0% | L (x,en)e,. Since

n=1 n2

() - (£2) <~

Therefore U is a Hilbert-Schmidt operator and so is bounded. Also

1000 O
0200 o0
00 30 0
000 & 0 -
Guow = ;
1
0000 =
0000 0

is a well-defined and bounded operator but {1}, is not a Bessel sequence.
We can have this example when U = Ig. In this case Gy is the identity matriz. {¢p}72
is a Bessel sequence, but {{y}32, is not a Bessel one.

In Lemma 2.1 we see that if {13}, and {¢x}72, are two Bessel sequences, then the U-
cross Gram operator is well-defined and bounded. In the following theorem we consider a
strong condition on the sequence {t,}7°; than being Bessel and obtain a strong property
for the operator Gy,¢,v as compactness.

Theorem 2.1. Suppose that {1y}, and {pp}72, are sequences in H, {¢r}32, is a
Bessel sequence with bound B' and U € B(H). Assume that there exists M > 0 such that
Yooy lvkll> < M. Then the U- cross Gram operator associated to {Uk, 05) 15521 15 @
well-defined, bounded and compact operator.
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Proof. Suppose that Gye v = {(Uts, @)}fk:l. For a given sequence {cx}?2, € £*(N) we
have

cx(Utk, ¢5)]?

IGu.®w{ee R I

[
NE
Nk

1

x> > [{Ur, ¢5)
k=1

<
I
—

e 1
M =

1

= Z!ck\ >0 Utk 65

k= 1] 1
B Z lx? Z U2
k=1 k=1

oo
< BM|U|PY Jenl.
k=1

<.
I

ﬁ

—_

IN

By above assertion, Guew{ck}io, € (%(N) and therefore Gy o,y is well-defined and
bounded.
Now suppose that {ej}?°, is the canonical orthonormal basis for £%(N). Then

<Z||GU,<I>,\P(€k)|2> = ZZ Uk, ¢5)I°
k=1 =1 =

1

2

(Z IIkaH2> < |UlvB'M

Therefore Gy o, is a Hilbert-Schmidt operator and so is compact [11]. O
The following is an intuitive example to perceive the above theorem.

Example 2.2. Let {e;}32, be an orthonormal basis for H. Consider the sequences
{¢k}zil = {81,%62,%63,...} ’ {st’}iozl = {617617627637647"'} and U € B(H)7 Ur =

S0 2 {x, enden. Suppose that Guew is the U-cross Gram operator associated to

{{Utk, 9j)}5%=1- A simple calculation shows that
1.0 0 0 0

10 0 0 O

o
o
w"“
o
o

Guow = ;

o
o
o
o

G-
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and
o0 (o ¢] 1
Y lGuewlen) P =2+ % < %
=1 k=2

which shows that Gue,w s a Hilbert-Schmidt operator and so is compact.

Proposition 2.1. Suppose that {{1}7° ., {¢r}3>, are Bessel sequences and U € B(H).
Then the following statements are satisfied:

(1) If {Yx}32, is a Riesz basis, {¢r}re, is a frame for H and U is an injective operator,
then Gy, w s a bounded injective operator.

(11) If {r}52 is a frame, {¢r}72, is a Riesz basis for H and U is a surjective operator,
then Gue v s a bounded surjective operator.

Proof. Because {1}, and {¢y}72, are Bessel sequences, we conclude that Gy ov is a
well-defined and bounded operator.
(i) Suppose that

Guow{a}iz: = Guaw{bi}iz,, {a}izs, {be}i2, € C(N).

Then TgUTw{ck}i2 = TaUTw{br}2 - Since {¢p}72, is a frame for H, Ty is an injective
operator and so UTy, {c;}32; = UTy, {br}32 - Because U is injective and Ty is invertible,
{er}i2y = {br}32, and we get the proof.

(ii) For a given sequence {c}32; € ¢*(N), because Tj and U are surjective operators, there
exists k € H such that TgUk = {c;}32,. Since {¢;}72, is a frame, Ty is a surjective
operator and so there exists {b;}?2, € ¢*(N) such that TpUTy{bx}32, = {cr}32, and so
Guow{be}iZ, = {7y O

Here we propose a practical example to realize the above theorem.

Example 2.3. Let {e;}?2, be an orthonormal basis for H. Consider the sequences
{?ﬂk}?ﬂ = {\/5617 \/5627 \/5637 }7 {¢k}zo:1 = {617 €1, €2, €2,€3,€3, } and U € B(H);
Ux =3, %@7, €n)en.

A simple calculation shows that {1y }7° is a Riesz basis and {¢r}3, is a frame for H
and Gu,e,w 5 a bounded injective operator.

[ V2
2

)

o
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ja)

o
o
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(e}

0 Y20 00

0 Y20 00
Guov = 4

0 0 ¥ 00

(an)
(e
oIt
(e
(an)




84 TWMS J. APP. AND ENG. MATH. V.11, N.1, 2021

3. INVERTIBILITY OF THE U-CR0OSS GRAM MATRIX ASSOCIATED TO ITS SEQUENCES

In this section, we investigate the invertibility of the operator Gy o v associated to its
sequences and by examples we show that the invertibility of Gy ¢ v is not possible when
the associated sequences are frames but not Riesz bases or at most one of them is a Riesz
basis.

Theorem 3.1. Suppose that {1}, and {¢r}3>, are Riesz bases and U € B(H) is an
invertible operator. Then {1}, and {¢r}3>, are complete and the U-cross Gram matriz
assoctated to {(Utk, ¢j)}55—; defines a bounded invertible operator on 2(N).

Proof. Because {1;,}7°, and {¢r}72, are Riesz bases, there exist bijective operators V'
and W such that {y}32, = {Ver}i2, and {¢r}p2, = {Wer},, where {e;}?2 is an
orthonormal basis of H. For every k,j € N we have

<U'¢k,¢j> = <UV€k,W€j> = <W*Uvek,€j>.

i. e., the U-cross Gram matrix associated to {(Uvk, ¢;)}35_; and {@x};2, representing
the bounded invertible operator W*UV in the basis {e;}?2 . O

Now, the question is what can we say about the inverse of Theorem 3.1. What is clear
that by having the invertibility of the matrix Gy o v and the completeness of {¢y}, and
{¥r}32,, it is not necessary that these two sequences be Riesz basis. But the following
theorem shows that in the case that {¢}32, and {9}, are frames, the answer is
different.

Theorem 3.2. Suppose that {1}32, and {$r}32, are frames for H and U € B(H).
Assume that the U- cross Gram matriz associated to {{(Utpy, $;)}35—, is bounded and
invertible. Then {1y}, and {¢r}3>, are Riesz bases for H.

Proof. Suppose that Gy ¢ v is the U- cross Gram operator associated to {(Uy, gbj)};?f’k:l.
Therefore we have

GU7<1>7\1; = T&;UT\I;.
Because {¢}72, and {¢p}32 are frames for H, Ty and Tg are bounded and surjective
operators. Now we show that Ty is an injective operator. For the given sequences {c;}7° {,
{br}32, € ¢%(N), suppose that

Tu{ck}pzy = Tu{br}iz:-

Then we have

ToUTw{cr}izy = ToUTyp{br}izs-
So

Guevicktiz = Guo w{bk}iz-
Since Gy,o,w is an invertible operator, we deduce that {c;}7>, = {br}}>; and therefore
Ty is an injective operator and so {¢;}7°, is a Riesz basis for H.
Now we show that Ty is also a bijective operator. Since {¢y}72, is a frame for H, by
Theorem 5.4.1 in [7], Ty is a surjective operator. Now it is enough to show that Tg
is an injective operator. For this, since N(Ty) = R(T3)%, it is enough to show that
Ty : H — /%(N) is a surjective operator. Since Gu.e,v is invertible, for a given sequence
{er}3o, € £3(N) there exists a sequence {b;}3°; € ¢*(N) such that

Gu.o,uibrliz: = {crtrzr-
So
ToUTw{brrzy = {ck} iz
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So Ty is a surjective operator and {¢y}32, is a Riesz basis for H. O

The following Examples show that if {¢4}7°, and {¢;}72, are frames but not Riesz
bases, or at most one of them is a Riesz bases, the Gram matrix Gy e v can not be
invertible.

Example 3.1. Suppose that {e,}32, is an orthonormal basis for H. Consider {1 }32, =
{61,%62,%62,%63,%63,%63, } B {(bk}zozl = {61, €1, €9, €9,€3, €4, €5, } be the sequences
which are frames but not Riesz bases and U € B(H); Uz =Y 2 [ (x,ep)ey, is a bounded
operator on H. We get the U-cross Gram matriz associated to {{U)y, ¢j>}?,ok:1 as follows:

10 0 0 O

1 1
0 = 7 0 O
1 1
0 s 7 0 O
Guowv = 1 1 1
0O 0 O 73 3 3

)
)
)
)
@)
o

)
@)
)
)
@)
)

We obtain that det(Gue w) =0 and so Guaow is not invertible.

Example 3.2. Suppose that {ey}72, is an orthonormal basis for H. Consider a Riesz

basis {wk}zozl = {\/5617627637643655"'} and {d)k:}zozl = {61761762762363764565”"‘} which
is a frame. Also consider U € B(H); Uz = >.>° (x,e,)ey is a bounded operator on H.

n=1

We get the U-cross Gram matriz associated to { (U, gi)j)}]o-ok:l as follows:
(V2 0 0 0 0

V2 0 0 00

0 1 000

Guow =

We obtain that det(Gy o w) =0 and so Gyew is not invertible.



86 TWMS J. APP. AND ENG. MATH. V.11, N.1, 2021

Theorem 3.3. Suppose that {1}72, and {¢y}72, are Bessel sequences for H and U €
B(H) is an invertible operator. Assume that the U-cross Gram matriz Gy e.w, associated
to

{({UYx, ¢;) %=1 s bounded . Then the following statements are satisfied:

(1) If {¢r}72 is a Riesz basis for H and the operators Guew and U are invertible, then
{01}, is a Riesz basis for H.

(ii) Suppose that {1y}, is a frame for H and R(Te) is closed. Assume that Guow is
an injective and U is a surjective operator, then {¢y}7° is a frame for H.

(iii) Suppose that {¢p}72 is a frame for H and {1;}72, is a Riesz basis . Assume that
U is an invertible and Gu.ow is a surjective operator, then {¢r}72, is Riesz basis for H.

Proof. (i) Suppose that Gy, v is the U-cross Gram operator associated to { (U, ¢;)}55._;-
Therefore we have

Guow =TeUTy.

Since {¢1}72, is a Riesz basis and U is invertible, we have
T = Guaw(Ty'U™).

Therefore Ty is an invertible operator and we deduce that {¢;}7°, is a Riesz basis for H.
(ii) In order to show that {¢;}7°, is a frame for H it is enough to prove that Ty is a
surjective operator. Since R(Tg) is closed, we need to show that Tj is injective.

Suppose that

Ts(f1) =T5(f2), fi,fo € H.

Since U is a surjective operator, there exist g1, g2 € H such that U(g1) = f1 and U(ge) =
f2. On the other hand because Ty is surjective, there exist sequences {cy}32, {bx}7>, €
(%(N) such that Ty{ci}?2; = g1 and Ty {bx}32; = go. Therefore

TaUTy{crpzy = ToUTu{bi} -

Now since Gy, is injective, we deduce that {c;}72, = {bx}72, and we get the proof.
(ili) Since {9}, is a Riesz basis and U is invertible, we have

th = GU@’\I;(T\I?IU_I).

Therefore Tg is a surjective operator and so Ty is injective. Because {¢y}32, is a frame
for H, Ty is surjective also and so {¢y}7°, is a Riesz basis for H. O

By changing the role of the sequences {1, }7°; and {¢;}2°; in above theorem we deduce
the same results.

Corollary 3.1. If {1}, is a Riesz basis and {¢r}32, is a frame sequence and U is an
invertible operator, then Gy e w can not be invertible.

Example 3.3. Suppose that {e;}72 is an orthonormal basis for H. Consider a Riesz basis

i, = {61,\/562,63,64,65,...} and a frame sequence {¢p}72, = {e2,e2,e3,e4,...}.
Also consider U € B(H); Uz = > 07 (x,en)ey is an invertible operator. We obtain the
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U- cross Gram matriz associated to {{Utx, @}}ﬁzl,

[0 v/3 0 0 0
0 v/3 000
00 100

Guow =

We deduce that det(Gy o w) =0 and so Guew is not invertible.

4. CONCLUSIONS

In this paper, we investigate the U-cross Gram operator Gy e v, associated to the
sequences {¢y}7, and {1}, and sufficient and necessary conditions for boundedness,
invertibility, compactness of this operator are determined depending on the associated
sequences. Also by some examples we conclude that the invertibility of Gy e v is not
possible when the associated sequences are frames but not Riesz bases or at most one of
them is a Riesz basis.

Acknowledgement. We express our special thanks to the reviewers due to their helpful
comments for improving paper.
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