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COMMON FIXED POINT RESULTS IN PARTIAL SYMMETRIC
SPACES

MOHAMMAD ASIM*, MOHAMMAD IMDAD?, §

ABSTRACT. In this paper, we prove some common fixed point results for weakly com-
patible mappings employing (E.A)-property and (CLRg)-property in partial symmetric
spaces. Our results extend and improve several existing results in literature. We also
give some examples which exhibit the utility of our results.
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1. INTRODUCTION

The classical Banach contraction principle due to S. Banach [1] continues to be inspiring
results for the researchers of metric fixed point theory. This principle ensures the existence
and uniqueness of fixed point of a contraction map in the setting of complete metric spaces.
In the last several decades, Banach contraction principle has been extended and generalized
in many different directions by several authors. One direction of proving such generalized
results is to vary spaces (see [2-8]) and several others.

Often researchers of the metric fixed point theory reduce the force of the metric con-
ditions and observed that in the absence of some conditions, several metric fixed point
results can still survive. Inspired by this fact, several researchers established fixed point
and common fixed point results in semi-metric space [9] (or symmetric space). A symmet-
ric d on a non-empty set X is a function d : X x X — Ry which satisfies d(s,0) = d(o,<)
and d(s,0) = 0 if and only if ¢ = o for all ¢,0 € X. On the other hand, Matthews [2],
introduced the notion of partial metric spaces as a part of the study of denotational seman-
tics of dataflow networks and proved an analogue of Banach contraction theorem besides
proving Kannan-Ciri¢ and Ciri¢ quasi type fixed point results. By combining these two
ideas, Asim et al. |10] introduced yet another notion and called it partial symmetric spaces
and proved some related fixed point results for single valued and multivalued mappings.

In 1986, Jungck [11] generalized the idea commuting pair of mappings by introducing
the notion of compatible mappings. In 1998, Jungck and Rhoades [12] introduced the
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concept of weakly compatibility maps. In the recent past, Imdad et al. |13}/14] almost
simultaneously gave some fixed point results by using weakly compatible maps.

Inspired by foregoing observations, we prove some existence and uniqueness results on
common fixed point in partial symmetric space. Finally, we also adopt some examples
which exhibit the utility of our results.

2. PRELIMINARIES

In what follows, we collect some relevant definitions and examples which are needed in
our subsequent discussions.
First, we recall the definition of partial metric spaces

Definition 2.1. [15] Let X be a non-empty set. A mapping p: X x X — RT is said to
be a partial metric on X if

(1) C=0 < p<§,§) = p(C, U) = p(O’, U);
(2) p(s,s) < p(s,0);
(3) p(s,0) = p(o,<);
(4) p(s;p) < p(s,0) +plo, p) — p(o,0).

The pair (X,p) is said to be a partial metric space.

Obviously, if p(s,s) = 0 for all ¢ € X, then (X, p) is a metric space.

Next, recall the definition of partial symmetric space as follows:

Definition 2.2. [10] Let X be a non-empty set. A mapping P : X x X — Ry is said to
be a partial symmetric if

(1) =0 < p(C,() :p(C, U) =p<0, U);
(2) p(s,s) < p(s,0);
(3) p(§70> = p(J, §).

Then the pair (X, P) is said to be a partial symmetric space.

In partial symmetric space (X, P) if for all ¢ € X, P(s,s) = 0, then (X, P) is symmetric
space. It is clear that every symmetric space is a partial symmetric space. However, the
converse of this fact is not true in general.

Example 2.1. [10] Suppose X = [0,7) and a mapping P : X x X — R, is define by:
P(s,0) =sinls —a|+a for any a > 0.
Then the pair (X,P) is a partial symmetric space.
Example 2.2. [10] Suppose X = Ry and a mapping P : X x X — Ry is define by:
P(s,0) = (max{s,o})? + (max{s,0})? for any p,q > 1.
Then the pair (X,P) is a partial symmetric space.
Example 2.3. Suppose X = Ry and a mapping P : X x X — Ry is define by:
P(s,0) = (max{s,o})? +|s — o|? for any p,q > 1.
Then the pair (X, P) is a partial symmetric space.
Example 2.4. Suppose X = [0,7) and a mapping P : X x X — Ry is define by:
P(s,0) = (max{s,0})P + el for any p > 1
Then the pair (X,P) is a partial symmetric space.
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Observe that, in above examples (that is, Examples 2.1-2.4) P is neither partial metric
nor symmetric but partial symmetric and (X, P) is partial symmetric space.

Definition 2.3. [10] Let (X, P) be a partial symmetric space. A sequence {¢,} in (X,P)
P-converges to ¢ € X if li_>m P(sn,s) = P(s,5).
n—,oo

Definition 2.4. [10] Let (X, P) be a partial symmetric space. We say that

(A1) nll_)Holo P(sn,s) = P(s,) and nh_{]gO P(sn,0) = P(s,0) imply < = o, for sequence {s,},
s and o in X,

(A2) nlLIEOP(cn,g) = P(s,s) and nlLITOlO'P(Cn,Un) = P(s,s) imply T}LH;OP(an,g) = P(s,s),
for sequences {<,}, {on} and ¢ in X.

Definition 2.5. [16] Let fi and fa be two self-mappings defined on a partial symmetric

space (X, P). The maps f1 and fa are said to satisfy (E.A)-property if there exists sequence
{sn} in X such that {fis,} and {fasn} are convergent to some 7 € X and P(r,7) = 0.

Definition 2.6. Let f1, fo, g1 and go be two self-mappings defined on a partial symmetric
space (X, P). The maps fi1, f2,g1 and go are said to satisfy (E.A) common property if
there exist two sequences {¢,} and {o,} in X such that

lim fig, = lim gi5, = lim foo, = lim goo, = T, for some T € X

n—oo n—0o0 n—o0 n—oo

whenever lim fig, = lim g1, =7 and lim fso, = lim geo, = 7, for some 7 € X.
n—oo n—oo n—oo n—oo

Now, we recall the following definition inspired by the definitions introduced in |11}/12,
17,18]

Definition 2.7. Let f1, fo,g1 and go be two self-mappings of a partial symmetric space
(X,P). We say that
e An element t € X is said a coincidence point of f1 and fo if

Jit = fot.

o An element t € X is said a coincidence point of f1, fa, g1 and gs if

Jit = fat = g1t = gat.

o An elementt € X is said a point of coincidence point of f1 and fs if fit = fot = ¢,
where t € X is coincidence point of fi and fs.

o An element t € X is said a point of coincidence point of f1, fo, g1 and g2 if fit =
fot = g1t = got = t, where t € X is coincidence point of fi and f.

o A coincidence point t € X of f1 and fo is said a common fized point of f1 and fo
if fit = fot =t.

o A coincidence point t € X of fi, fo,g1 and go is said a common fized point of
f1, f2,91 and g2 if fit = fot = g1t = got = ¢.

e The maps f1 and fo are said to be commuting if fifot = fofit.

e The maps f1 and fo are said to be compatible if

Jim. P(f1fasn, fafisn) = P(L,1),

whenever {¢,} is sequence in X such that lim P(fis,,t) = lim P(fou,t) =
n—00 n—00

P(t,t), for somet € X.
e The maps f1 and fo are said to be weakly compatible if they commute at their
coincidence points, that is, if fit = fot for some t € X, then f1fot = fofit.

Recently, Asim et al. [10] proved the following:
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Theorem 2.1. [10] Let (X, P) be complete partial symmetric space and f : X — X.
Suppose the following conditions are satisfied:

(i) for some k € [0,1),
P(fs; fo) < KP(s,0), Vs,0€X,
(i1) there exists g0 € X such that
sup{P(f'c0, f/c0) : ¥ i,j € N} < oo,

(iii) either

(a) f is continuous or

(b) (X,P) enjoys the (Al) property.
Then f has a unique fized point ¢ € X such that P(s,s) = 0.

Theorem 2.2. [10] Let (X,P) be complete partial symmetric space and f : X — X.
Suppose the following conditions are satisfied:

(i) for some r € [0, 1),
P(fs; fo) < kmax{P(s, f<),P(a, fo)},
(ii) f is continuous.

Then f has a unique fized point ¢ € X such that P(s,s) = 0.

Theorem 2.3. [10] Let (X, P) be complete partial symmetric space and f : X — X.
Suppose the following conditions are satisfied:

(i) for some k € [0,1),
P(fs, fo) < kmax{P(s,0),P(s, f<), P(o, fo), P(s, fo), P(o, f<)},
(i) there exists o € X such that
sup{P(f's0, f's0) : ¥ i,j € N} < o0,

(iii) f is continuous.
Then f has a unique fized point ¢ € X such that P(s,s) = 0.

3. RESULTS

In this section, we present some fixed point results for Ciric quasi contraction in the
setting of partial symmetric spaces. To accomplish this we present some relevant definition
and auxiliary results:

Definition 3.1. Let (X,P) partial symmetric space and fi, fo,q1,92 :+ X — X. Then
f1, f2, 91,92 are said to be Quasi-weak contraction if for all ¢,0 € X and k € (0,1)

P(f15, f20) < kmax{P(gis, g20), P15, f15), P(g920, f20), P(g1s, f20), P(g20, f1s)}. (1)

Now, we state and prove the following lemma inspired by Lemma 3.1 by Imdad and
Javid [19], which is needed in our main results:

Lemma 3.1. Let (X,P) be a partial symmetric space and fi, fo, 91,92 : X — X such
that:

(Li) {f1, 91} (or {f2,92}) satisfies (E.A.)-property,
(Lii) f1(X) C g2(X) (or fo(X) C g1(X)),
(Liii) If for every sequence {oy,} in X gi0, converges then fio, converges (or if for every
sequence {op} in X gooy converges then faoy, converges),

(Liv) f1, f2, 91,92 satisfy condition .
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Then {f1,91} and {f2, g2} satisfy (E.A.) common property.
Proof. Assume that, {f1, 91} enjoys (E.A.)-property, then there exists {¢,} in X such that
lim fi¢, = lim g1, = 7, for some 7 € X.
n—oo n—oo
By condition (Lii), we have f1(X) C g2(X), then for each {¢,} in X there exists {o,} in
X such that fig, = goo, which implies li_>m fisn = li_>m gooy, = 7. Therefore, fig, —
n oo n oo
T, g1$n — T and goo,, — 7. Now, we show that foo,, — 7. Let on contrary that foo,, - 7.
Then by using , we have
P(f1§n,f20'n) S KmaX{P(g1§n,gzan),'P(glgn,flgn),P(ggan,fgdn),
73(91%, fQUn)a P(g20na fl§n)}

on making n — oo, we have
P(Ta fQUn) < K ma‘X{P(T7 T)? P(Ta 7-)7 P(Ta fQUn)a P(Tv fQUn)a 7)(7-7 T)}7
S ’{,P(Ta f20-n)
a contradiction. Hence, fao, — 7 which shows that {f1, 1} and {f2, g2} satisfies (E.A.)
common property. ]
Now, we state and prove our main result as follows:

Theorem 3.1. Let (X, P) be a partial symmetric space and fi, fo,g1,92 : X — X are
such that

(i) the pairs {fi,g1} and {fa2,92} satisfy (E.A.) common property,
(ii) f1, f2,q1 and go satisfy the condition ,
(iii) g1(X) and g2(X) are closed subsets of X.

Then, the pairs (f1,g1) and (fa2, g2) has a coincidence point. Moreover, if the pairs { f1,q1}
and { fa,92} are weakly compatible, then f1, f2, g1, g2 have a unique common fixed point in
X.

Proof. In view of (i), there exist two sequences {¢,} and {0, } in X, such that

lim fig, = lim gi5, = lim feo, = lim goo, = 7, for same 7 € X.
n—oo n—oo n—oo n—oo

Since ¢1(X) is a closed subset of X, hence lim g1, = 7 € X. Therefore, there exists
n—oo

¢ € X such that g;¢ = 7. Now, we show that fi¢ = gi¢. Let on contrary that fi¢ # gis.
Then by using , we have

P(fis, faon) < wmax{P(g1s,920n), P(915, f15), P(9200n, faon),
P(915, f20n), P(g20n, f15)}

by taking limit as n — oo, we have

P(f1§,7') < /‘imaX{P(gl§,7'),P(g1§,f1§),P(T,T),P(gl§,7'),73(7',f1§)}
< KP(fis,7),

a contradiction. Hence fi¢ = 7 = gi¢, so that ¢ is a coincidence point of the pair (fi, g1).
Moreover, go(X) is closed subset of X, so that lim goo, = 7 € g2(X). Hence, goo = 7
n—o0

for some 0 € X. Now, we show that goc = fog. Let on contrary that, goc # fog. Then by
using , we have

P(fisns f2oo0) < kmax{P(gin, 920), P(fisn, g15n), P(f20, g20),
P(glcn,fo),P(gza, flgn)}
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by taking n — oo, we have
P(Ta fQU) < K maX{P(T7 920)’ P(Ta T)a P(f20> 920)5 7)(7—7 fZU)) P(QQUv T)}
< H,P(QQ(L f2g)a
a contradiction. Hence, fao = goo implies that the pair (fa2, g2) has a coincidence point
(namely: o). Since the pairs (f1, g1) and (f2, g2) are weakly compatible, therefore
N7 = figis = grfis = giT and foT = fageo = gafoo = goT.
Suppose that, P(f17,7) > 0, then by using (L)), we have
p(flTa T) < K maX{P(.nga T)a P(f1t7 917_)7 P(Ta 7—)7 P(nga 7—)7 P(7—7 flT)}
< KP(AT,T),
a contradiction. Hence, fi7 = 7 = gi7 implies that the pair (f1,¢1) has a common fixed
point (namely: 7). Similarly, one can easily show that 7 is a common fixed point of the
pair (f2,92). For that reason, 7 is a common fixed point of the mapping f1, g1, fo and go.

For uniqueness, we consider that w (w # 7) be another common fixed point of the
mapping f1, g1, fo and go. Then condition gives arise

P(r,w) = P(fi7, fow)

< wmax{P(qi7, gow), P(17, /17), P(gaw, fow), P(q17, fow), P(g2w, f17)}

= rmax{P(t,w),P(t,t), P(w,w), P(r,w), P(w,T)}

= kP(1,w),
which deals a contradiction. Thus, 7 = w and the uniqueness follows. This completes the
proof. O

Theorem 3.2. Theorem remains true if condition (ii) is replaced by the following:
(1) f1(X) C g2(X) and fo(X) C g1(X).

Proof. Since, the pairs { f1, g1} and { f2, g2} satisfy (E.A.) common property, so there exist
two sequences {s,} and {0, } in X, such that

lim fi¢, = lim g1, = lim foo, = lim go0, = 7, for same 7 € X.
n—oo n—oo n—oo n—oo

Since, 7 € f1(X) and f1(X) C g2(X), so there exists u € X such that gou = 7. By the
proof of Theorem one can show that the pair (f2,¢g2) has a coincidence point, namely
u, i.e. fou = gau. Since, 7 € fo(X) and fo(X) C g1(X), then there exists v € X such that
g1v = 7. Similarly, one can show that the pair (f;,g1) has a coincidence point, namely
v, i.e. fiv = giu. The rest of the proof runs along the lines of the proof of Theorem
hence it is omitted. g

We can have the following corollary of Theorem [3.2] which is also a variant of Theorem

B.1

Corollary 3.1. Theorems and remain true if conditions (ii) and (ii) are replaced
by the following:

(i4)" f1(X) and fo(X) are closed subsets of X provided fi(X) C go(X) and fo(X) C
91(X).

Theorem 3.3. Let (X, P) be a partial symmetric space and fi, f2,g1,92 : X — X are
such that

(i) the pair {fi,g1} (or {f2,g2}) satisfy (E.A.)-property,
(ii) f1, f2,q1 and go satisfy the condition ,
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(iii) f1(X) C g2(X) (or f2(X) C g1(X))
(iv) g1(X) (or go(X)) is a closed subset of X.

Then, the pairs (f1,91) and (f2,g92) have a coincidence point. Moreover, if the pairs
{f1,91} and {f2, g2} are weakly compatible, then f1, f2, g1, g2 have a unique common fized
point in X.

Proof. In view of Lemma the pairs {f1,91} and {f2,92} share the (E.A.) common
property, i.e., there exist two sequences {¢,} and {0, } in X, such that

lim fig, = lim gi5, = lim feo, = lim goo, = 7, for same 7 € X.

n—oo n—oo n—oo n—oo
If g1 is closed subset of X, then by the proof of Theorem (3.1, the pair (f1,91) has a
coincidence point, namely u, i.e., fiu = gju. Since, fiu € f1(X) and f1(X) C g2(X), then

there exists v € X such that fiu = gov. Now, we assert that fov = gov. Let on contrary
that fov #£ gov, then by , we have

P(fisn, fov) < kmax{P(gisn, g2v), P(g15n, f1n), P(g2v, fav),
P(gisns fov), P(g20, fin)}
on making limit as n — oo, we have
P(r, fav) < rkmax{P(r,gov),P(7,7T), P(g2v, fov), P(7, fav), P(g2v, )}
or P(gav, f2v) < rkmax{P(g2v, g2v), P(g2v, g2v), P(gav, f2v),
P(g2v, fov), P(g2v, g2v) }
< kP(g2v, fov)

a contradiction. Then fov = gov, hence v is a coincidence point of the pair (f2,g2). Rest
of the proof is on the lines of the proof of Theorem [3.1] therefore details are omitted. [J

Remark 3.1. Theorem[3.5 s also a partial improvement of Theorem [3.1] besides relaxing
the closedness of one of the subspaces.

Now, we furnish the following example which illustrates Theorem

Example 3.1. Consider X = [5,25) and partial symmetric space P : X x X — [0, 0]
defined by, P(s,0) = (max{s,c})? for all s,0 € X. Define self-mappings fi1, f2, g1 and go
on X by:

f1§:{ 5, s €{5}U(6,25); ng:{ 5, ¢e{5}U(6,25);

6, <€ (5,6, 5.5, <€ (5,6,
9, s =25 o, s =25
gis=4q 13, <€ (56]; gas=¢ 16, <€ (56];
st ¢ € (6,25), sEHI ¢ € (6,25).

By choosing sequences, {c,} = {6+ 5}, {on} = {5} and {s,} = {5} {on} ={6+ £} in
X, we have

nlggo P(fisn, D) = nlLII;O P(gi5n,5) = nan;O P(foon,5) = 1@11330 P(ga0n,5) = P(5,5).

Therefore, both the pair (fi,g1) and (f2,92) enjoy the (E.A) common property. Also, g1
and gy are closed subset of X. Thus, all the conditions of then Theorem [3.1] are satisfied
and ¢ = 5 is a unique common fized point os the pairs (f1,91) and (f2,g2) which also
remains coincidence point as well. Also, all the involved mappings are even discontinuous
at their unique common fixed point (namely ¢ =5). Moreover,

f1(X) ={5,6} € [5,5.95] U {16} = g2(X)
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and
f2(X) = {5,6} ¢ [5,5.76] U {13} = ¢1(X).
The following example illustrates Theorems [3.2] and

Example 3.2. In setting of Example[3.], replace the self-mappings f1, f2, g1 and g by:

flg:{ 5, <€ {5}U(6,25); f%:{ 5, <€ {5}U(6,25);

6, <€ (5,6], 7, € (5,6],
9, s =09; 9, s =09;
gis=4¢ 17, <€ (5,6]; gos=4q 25, <€ (56
1 € (6,25), S ¢ € (6,25).

It is easy to check that, fi(X) = {5,6} C [5,9.75] U (10,12] = ¢2(X) and fo(X) =
{5,6} C [7,14.5] U {17} = g1(X). Thus, all the conditions of then Theorems[3.9 and|[3.
are satisfied and ¢ = 5 is a unique common fixed point os the pairs (fi,g91) and (f2,92)
which also remains coincidence point as well. Also, all the involved mappings are even
discontinuous at their unique common fized point (namely ¢ =5). As g is not a closed
subset of X so that Theorem[3.1] is not applicable in the context of the present example.

We further need the following definition in our next fixed point results via (CLR,)-
property in partial symmetric spaces:

Definition 3.2. [20] Let f and g be two self~-mappings defined on a partial symmetric space
(X,P). The maps f and g are said to satisfy (CLRy)-property if there exists sequence
{sn} in X such that

lim fg, = lim gg, = g7, for some T € X.
n—oo n—oo

Definition 3.3. Let fi1, fo, g1 and go be two self-mappings defined on a partial symmetric
space (X, P). The maps fi, f2,g91 and g2 are said to satisfy (CLRg,4,) common property
if there exist two sequences {s,} and {0y} in X such that

lim fig, = lim gig, = lim fog, = lim gag, = ¢, for same ¢ € g1(X) N ga(X)
n—oo n—oo n— oo n—oo
whenever lim fig, = lm g1, = 17 = (, for some ¢ € ¢1(X) and lim foo, =
n—oo n—oo n—oo

lim goop, = (, for some ¢ € ga(X).
n—oo
Firstly, we give the following lemma which is needed in our subsequent discussions:

Lemma 3.2. Let (X,P) be a partial symmetric space and f1, f2,91,92 : X — X such
that:
(Li) {f1,91} satisfies (CLRg,)-property (or {fa, g2} satisfies (CLRg,)-property),
(Lii) Fi(X) € o(X) (or f2(X) © 92(X)),
(Liii) g1(X) and g2(X) are closed subsets of X,
(Liv) If for every sequence {0} in X gio, converges then fio, converges (or if for every
sequence {on} in X gaoy converges then foo, converges),
(Lv) f1, f2,91 and go satisfy the condition

Then {fi,91} and {f2, 92} satisfy (CLRg,g,) common property.

Proof. Assume that, {f1,g1} enjoys (CLRg, )-property, then there exists {g,} in X such
that

lim fig, = lim g5, = ¢, for some ¢ € g1 (X).
n—oo n—oo
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By condition (Lii), we have f1(X) C g2(X), then for each {¢,} in X there exists {0, } in X
such that fi¢, = g20y,. Since, g1(X) is closed then h_)m fisn = H_)m goopn, = (. Therefore,
n [o.¢] n o0

¢ € g2(X) so that ¢ € g1(X) N ga(X). Hence, we get fis, — ¢, g1sn — ¢ and goo,, — (.
Now, we will show that fso, — (. Let on contrary that foo, — w # (. Then by using
(1)), we have
P(fisn, f2on) < £max{P(gisn, 920n), P(g1n, fisn), P(920n, f2on),
P(glgnaf20'n)ap(g2o'na flgn)}

on making n — oo, we have

P(Cv ’UJ) < K maX{P(Q (), P(Cv C)? P(C? w)7 P((? w)’ 73((7 C)}a
< KP(¢w)

which deals a contradiction. Hence, ( = w, that is, foo, — ¢ which shows that {f1,g1}
and { fo, g2} satisfy (CLRg,4,) common property. O

By using Lemma [3.2] we show the existence of unique common fixed point in the
following Theorem:

Theorem 3.4. Let (X, P) partial symmetric space and fi, fa,91,92 : X — X are such
that

(1) the pairs {f1, g1} and {fa2, g2} satisfy (CLRg,4,) common property,
(ii) f1, f2,q1 and go satisfy the condition .

Then, the pairs (f1,g1) and (fa2, g2) has a coincidence point. Moreover, if the pairs { f1, g1}
and { fa,92} are weakly compatible, then f1, f2, g1, g2 have a unique common fized point in
X.

Proof. Since the pairs { fi, g1} and { f2, g2} satisfy (C LRy, 4,) common property, then there
exist two sequences {¢,} and {o,} in X, such that

lim fig, = lim gi5, = lim fe0, = lim geo, = ¢, for same ¢ € g1(X) N g2(X).
n—oo n—oo n—oo n—oo

Since f1(X) C g2(X), so there exists a point ¢ € X, such that fic = (. Now, we show
that fi¢ = g1s = ¢ Let on contrary that fi¢ # gis. Then by using , we have
P(fis, f2on) < rmax{P(g1s, 920n), P(915, f15), P(g200n, faon),
P(g15, f200), P(g200, f15)}

by taking limit as n — oo, we have

P<f1§7C) < mmaX{P(glg,C),P(glg,flg),P(C,C),P(glg,z),P(C,flg)}
< Kp(flgvg)a

a contradiction. Hence fi¢ = ( = ¢1¢, so that ¢ is a point of a coincidence of the pair
(f1,91). As ¢ € g2(X), then there exists a point o € X such that goo = (. We claim that
fos = gos = ¢ Let on contrary that fo¢ # gog. Then by using , we have
P(flgnvaU) S KmaX{P(glgn,920'),73(f1§n,91§n),7)(f20'7 920))
P(91§naf20),73(9207 f1§n)}

by taking n — oo, we have

P(CanU) < HmaX{P(C,QQU),P(C,C),P(fQU,QQU),P(C, f20)7p(9207 C)}
< liP(C,fQO'),
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a contradiction. Hence, foo = ( = goo implies that o is a coincidence point of the pair

(f2, g2)-
Since the pair (f1,g1) is weakly compatible. Therefore fi{ = figis = g1f1s = g1C.

Suppose that, fi{ # ¢, then by using , we have
P(flCa <) K maX{P(91C7 C)a P(f1C7 glC)a P(<7 C)7 P(91<7 C)7 P(Ca fIC)}
P(f1¢:€),
which deals a contradiction. Hence, f1{ = ( = g1 implies that  is a common fixed point
of the pair (f1,91).
Similarly, since the pair (f2, g2) is weakly compatible. Therefore fo( = fogoo = gofoo =
goC. Suppose that, fo # ¢, then by using , we have
P(Cv f2€) < K maX{P(C7 gZC)a P(C7 g)a P(f2€7 92€)7 P(€7 fQC)a P(QQC: C)}
< Hp(ga f2C)7

which deals a contradiction. Hence, fo( = ( = go( implies that  is a common fixed point
of the pair (f2,¢g2). For uniqueness, we consider that w (w # () be another common fixed
point of the mapping f1, g1, fo and go. Then condition gives arise

P(¢,w) = P(fi(, fow)

rmax{P(g1¢, gow), P(g1¢, f1(), P(g2w, fow), P(g1(, fow), P(gaw, f1C)}
= rmax{P(¢,w),P(¢, (), P(w,w),P(C,w), P(w, ()}

= KP((,w),

which deals a contradiction. Thus, ( = w and ( is unique common fixed point of the
mapping f1, g1, fo and go. This completes the proof. O

<
<

IN

By restricting the underlying contraction one can derived the following corollary. Which
can be viewed as variants of several previously known results specially due to [19]:

Corollary 3.2. The conclusions of Theorems and remain true if the
contractive condition 1s replaced by any one of the following:

9 +7j 3
(915,f19) : (g20,f20) ’ 73(

(iv) P(fis, fao
(U) P le,fQO'

K 1max gl§7f20)77)(920-5 flg)}a

(
7)(91(, g20),
( P(g15,/16)+P(920,f20) P(916,f20)+P(g20,f15) }
2 ) 2 .

K 1max

P 91§, 920 ),

(i) P(fis, fa0) < kmax {P(g15, 920), P(g15, f15) };
(it) P(fis, f2a0) < kmax {P(g15, 920), P(915, f15), P(g20, f20) };
(iii) P(frs, f20) < wmax {P(g15, 020), P16, f15), Plg20, foo), PLsleol s Plazio) 1,
(frs: fa0) < romax { ), 2
(fis: f20) < romaix { )

4. CONCLUSION

In this paper, we adopt the definitions of (E.A)-property, (E.A) common property,
(CLRg)-property and (CLR,) common property for four self maps in our newly introduced
partial symmetric spaces and utilize the same to prove some common fixed point results for
pairs of weakly compatible mappings. Moreover, we adopt some examples to established
the utility of our newly proved results.
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