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COMMON FIXED POINT RESULTS IN PARTIAL SYMMETRIC

SPACES

MOHAMMAD ASIM1, MOHAMMAD IMDAD1, §

Abstract. In this paper, we prove some common fixed point results for weakly com-
patible mappings employing (E.A)-property and (CLRg)-property in partial symmetric
spaces. Our results extend and improve several existing results in literature. We also
give some examples which exhibit the utility of our results.
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1. Introduction

The classical Banach contraction principle due to S. Banach [1] continues to be inspiring
results for the researchers of metric fixed point theory. This principle ensures the existence
and uniqueness of fixed point of a contraction map in the setting of complete metric spaces.
In the last several decades, Banach contraction principle has been extended and generalized
in many different directions by several authors. One direction of proving such generalized
results is to vary spaces (see [2–8]) and several others.

Often researchers of the metric fixed point theory reduce the force of the metric con-
ditions and observed that in the absence of some conditions, several metric fixed point
results can still survive. Inspired by this fact, several researchers established fixed point
and common fixed point results in semi-metric space [9] (or symmetric space). A symmet-
ric d on a non-empty set X is a function d : X ×X → R+ which satisfies d(ς, σ) = d(σ, ς)
and d(ς, σ) = 0 if and only if ς = σ for all ς, σ ∈ X. On the other hand, Matthews [2],
introduced the notion of partial metric spaces as a part of the study of denotational seman-
tics of dataflow networks and proved an analogue of Banach contraction theorem besides
proving Kannan-Ćirić and Ćirić quasi type fixed point results. By combining these two
ideas, Asim et al. [10] introduced yet another notion and called it partial symmetric spaces
and proved some related fixed point results for single valued and multivalued mappings.

In 1986, Jungck [11] generalized the idea commuting pair of mappings by introducing
the notion of compatible mappings. In 1998, Jungck and Rhoades [12] introduced the
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concept of weakly compatibility maps. In the recent past, Imdad et al. [13, 14] almost
simultaneously gave some fixed point results by using weakly compatible maps.

Inspired by foregoing observations, we prove some existence and uniqueness results on
common fixed point in partial symmetric space. Finally, we also adopt some examples
which exhibit the utility of our results.

2. Preliminaries

In what follows, we collect some relevant definitions and examples which are needed in
our subsequent discussions.

First, we recall the definition of partial metric spaces

Definition 2.1. [15] Let X be a non-empty set. A mapping p : X ×X → R+ is said to
be a partial metric on X if

(1) ς = σ ⇔ p(ς, ς) = p(ς, σ) = p(σ, σ);
(2) p(ς, ς) ≤ p(ς, σ);
(3) p(ς, σ) = p(σ, ς);
(4) p(ς, ρ) ≤ p(ς, σ) + p(σ, ρ)− p(σ, σ).

The pair (X, p) is said to be a partial metric space.

Obviously, if p(ς, ς) = 0 for all ς ∈ X, then (X, p) is a metric space.

Next, recall the definition of partial symmetric space as follows:

Definition 2.2. [10] Let X be a non-empty set. A mapping P : X ×X → R+ is said to
be a partial symmetric if

(1) ς = σ ⇔ p(ς, ς) = p(ς, σ) = p(σ, σ);
(2) p(ς, ς) ≤ p(ς, σ);
(3) p(ς, σ) = p(σ, ς).

Then the pair (X,P) is said to be a partial symmetric space.

In partial symmetric space (X,P) if for all ς ∈ X, P(ς, ς) = 0, then (X,P) is symmetric
space. It is clear that every symmetric space is a partial symmetric space. However, the
converse of this fact is not true in general.

Example 2.1. [10] Suppose X = [0, π) and a mapping P : X ×X → R+ is define by:

P(ς, σ) = sin |ς − σ|+ α for any α > 0.

Then the pair (X,P) is a partial symmetric space.

Example 2.2. [10] Suppose X = R+ and a mapping P : X ×X → R+ is define by:

P(ς, σ) = (max{ς, σ})p + (max{ς, σ})q for any p, q > 1.

Then the pair (X,P) is a partial symmetric space.

Example 2.3. Suppose X = R+ and a mapping P : X ×X → R+ is define by:

P(ς, σ) = (max{ς, σ})p + |ς − σ|q for any p, q > 1.

Then the pair (X,P) is a partial symmetric space.

Example 2.4. Suppose X = [0, π) and a mapping P : X ×X → R+ is define by:

P(ς, σ) = (max{ς, σ})p + e|ς−σ| for any p > 1

Then the pair (X,P) is a partial symmetric space.
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Observe that, in above examples (that is, Examples 2.1-2.4) P is neither partial metric
nor symmetric but partial symmetric and (X,P) is partial symmetric space.

Definition 2.3. [10] Let (X,P) be a partial symmetric space. A sequence {ςn} in (X,P)
P-converges to ς ∈ X if lim

n→∞
P(ςn, ς) = P(ς, ς).

Definition 2.4. [10] Let (X,P) be a partial symmetric space. We say that

(A1) lim
n→∞

P(ςn, ς) = P(ς, ς) and lim
n→∞

P(ςn, σ) = P(ς, σ) imply ς = σ, for sequence {ςn},
ς and σ in X,

(A2) lim
n→∞

P(ςn, ς) = P(ς, ς) and lim
n→∞

P(ςn, σn) = P(ς, ς) imply lim
n→∞

P(σn, ς) = P(ς, ς),

for sequences {ςn}, {σn} and ς in X.

Definition 2.5. [16] Let f1 and f2 be two self-mappings defined on a partial symmetric
space (X,P). The maps f1 and f2 are said to satisfy (E.A)-property if there exists sequence
{ςn} in X such that {f1ςn} and {f2ςn} are convergent to some τ ∈ X and P(τ, τ) = 0.

Definition 2.6. Let f1, f2, g1 and g2 be two self-mappings defined on a partial symmetric
space (X,P). The maps f1, f2, g1 and g2 are said to satisfy (E.A) common property if
there exist two sequences {ςn} and {σn} in X such that

lim
n→∞

f1ςn = lim
n→∞

g1ςn = lim
n→∞

f2σn = lim
n→∞

g2σn = τ, for some τ ∈ X

whenever lim
n→∞

f1ςn = lim
n→∞

g1ςn = τ and lim
n→∞

f2σn = lim
n→∞

g2σn = τ, for some τ ∈ X.

Now, we recall the following definition inspired by the definitions introduced in [11,12,
17,18]

Definition 2.7. Let f1, f2, g1 and g2 be two self-mappings of a partial symmetric space
(X,P). We say that

• An element t ∈ X is said a coincidence point of f1 and f2 if

f1t = f2t.

• An element t ∈ X is said a coincidence point of f1, f2, g1 and g2 if

f1t = f2t = g1t = g2t.

• An element t̄ ∈ X is said a point of coincidence point of f1 and f2 if f1t = f2t = t̄,
where t ∈ X is coincidence point of f1 and f2.
• An element t̄ ∈ X is said a point of coincidence point of f1, f2, g1 and g2 if f1t =
f2t = g1t = g2t = t̄, where t ∈ X is coincidence point of f1 and f2.
• A coincidence point t ∈ X of f1 and f2 is said a common fixed point of f1 and f2

if f1t = f2t = t.
• A coincidence point t ∈ X of f1, f2, g1 and g2 is said a common fixed point of
f1, f2, g1 and g2 if f1t = f2t = g1t = g2t = t.
• The maps f1 and f2 are said to be commuting if f1f2t = f2f1t.
• The maps f1 and f2 are said to be compatible if

lim
n→∞

P(f1f2ςn, f2f1ςn) = P(t, t),

whenever {ςn} is sequence in X such that lim
n→∞

P(f1ςn, t) = lim
n→∞

P(f2ςn, t) =

P(t, t), for some t ∈ X.
• The maps f1 and f2 are said to be weakly compatible if they commute at their

coincidence points, that is, if f1t = f2t for some t ∈ X, then f1f2t = f2f1t.

Recently, Asim et al. [10] proved the following:
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Theorem 2.1. [10] Let (X,P) be complete partial symmetric space and f : X → X.
Suppose the following conditions are satisfied:

(i) for some κ ∈ [0, 1),

P(fς, fσ) ≤ κP(ς, σ), ∀ ς, σ ∈ X,
(ii) there exists ς0 ∈ X such that

sup{P(f iς0, f
jς0) : ∀ i, j ∈ N} <∞,

(iii) either
(a) f is continuous or
(b) (X,P) enjoys the (A1) property.

Then f has a unique fixed point ς ∈ X such that P(ς, ς) = 0.

Theorem 2.2. [10] Let (X,P) be complete partial symmetric space and f : X → X.
Suppose the following conditions are satisfied:

(i) for some κ ∈ [0, 1),

P(fς, fσ) ≤ κmax{P(ς, fς),P(σ, fσ)},
(ii) f is continuous.

Then f has a unique fixed point ς ∈ X such that P(ς, ς) = 0.

Theorem 2.3. [10] Let (X,P) be complete partial symmetric space and f : X → X.
Suppose the following conditions are satisfied:

(i) for some κ ∈ [0, 1),

P(fς, fσ) ≤ κmax
{
P(ς, σ),P(ς, fς),P(σ, fσ),P(ς, fσ),P(σ, fς)

}
,

(ii) there exists ς0 ∈ X such that

sup{P(f iς0, f
jς0) : ∀ i, j ∈ N} <∞,

(iii) f is continuous.

Then f has a unique fixed point ς ∈ X such that P(ς, ς) = 0.

3. Results

In this section, we present some fixed point results for Ciric quasi contraction in the
setting of partial symmetric spaces. To accomplish this we present some relevant definition
and auxiliary results:

Definition 3.1. Let (X,P) partial symmetric space and f1, f2, g1, g2 : X → X. Then
f1, f2, g1, g2 are said to be Quasi-weak contraction if for all ς, σ ∈ X and κ ∈ (0, 1)

P(f1ς, f2σ) ≤ κmax{P(g1ς, g2σ),P(g1ς, f1ς),P(g2σ, f2σ),P(g1ς, f2σ),P(g2σ, f1ς)}. (1)

Now, we state and prove the following lemma inspired by Lemma 3.1 by Imdad and
Javid [19], which is needed in our main results:

Lemma 3.1. Let (X,P) be a partial symmetric space and f1, f2, g1, g2 : X → X such
that:

(Li) {f1, g1} (or {f2, g2}) satisfies (E.A.)-property,
(Lii) f1(X) ⊂ g2(X) (or f2(X) ⊂ g1(X)),

(Liii) If for every sequence {σn} in X g1σn converges then f1σn converges (or if for every
sequence {σn} in X g2σn converges then f2σn converges),

(Liv) f1, f2, g1, g2 satisfy condition (1).
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Then {f1, g1} and {f2, g2} satisfy (E.A.) common property.

Proof. Assume that, {f1, g1} enjoys (E.A.)-property, then there exists {ςn} in X such that

lim
n→∞

f1ςn = lim
n→∞

g1ςn = τ, for some τ ∈ X.

By condition (Lii), we have f1(X) ⊂ g2(X), then for each {ςn} in X there exists {σn} in
X such that f1ςn = g2σn which implies lim

n→∞
f1ςn = lim

n→∞
g2σn = τ . Therefore, f1ςn →

τ, g1ςn → τ and g2σn → τ . Now, we show that f2σn → τ . Let on contrary that f2σn 9 τ .
Then by using (1), we have

P(f1ςn, f2σn) ≤ κmax{P(g1ςn, g2σn),P(g1ςn, f1ςn),P(g2σn, f2σn),

P(g1ςn, f2σn),P(g2σn, f1ςn)}
on making n→∞, we have

P(τ, f2σn) ≤ κmax{P(τ, τ),P(τ, τ),P(τ, f2σn),P(τ, f2σn),P(τ, τ)},
≤ κP(τ, f2σn)

a contradiction. Hence, f2σn → τ which shows that {f1, g1} and {f2, g2} satisfies (E.A.)
common property. �

Now, we state and prove our main result as follows:

Theorem 3.1. Let (X,P) be a partial symmetric space and f1, f2, g1, g2 : X → X are
such that

(i) the pairs {f1, g1} and {f2, g2} satisfy (E.A.) common property,
(ii) f1, f2, g1 and g2 satisfy the condition (1),

(iii) g1(X) and g2(X) are closed subsets of X.

Then, the pairs (f1, g1) and (f2, g2) has a coincidence point. Moreover, if the pairs {f1, g1}
and {f2, g2} are weakly compatible, then f1, f2, g1, g2 have a unique common fixed point in
X.

Proof. In view of (i), there exist two sequences {ςn} and {σn} in X, such that

lim
n→∞

f1ςn = lim
n→∞

g1ςn = lim
n→∞

f2σn = lim
n→∞

g2σn = τ, for same τ ∈ X.

Since g1(X) is a closed subset of X, hence lim
n→∞

g1ςn = τ ∈ X. Therefore, there exists

ς ∈ X such that g1ς = τ . Now, we show that f1ς = g1ς. Let on contrary that f1ς 6= g1ς.
Then by using (1), we have

P(f1ς, f2σn) ≤ κmax{P(g1ς, g2σn),P(g1ς, f1ς),P(g2σn, f2σn),

P(g1ς, f2σn),P(g2σn, f1ς)}
by taking limit as n→∞, we have

P(f1ς, τ) ≤ κmax{P(g1ς, τ),P(g1ς, f1ς),P(τ, τ),P(g1ς, τ),P(τ, f1ς)}
≤ κP(f1ς, τ),

a contradiction. Hence f1ς = τ = g1ς, so that ς is a coincidence point of the pair (f1, g1).
Moreover, g2(X) is closed subset of X, so that lim

n→∞
g2σn = τ ∈ g2(X). Hence, g2σ = τ

for some σ ∈ X. Now, we show that g2ς = f2ς. Let on contrary that, g2ς 6= f2ς. Then by
using (1), we have

P(f1ςn, f2σ) ≤ κmax{P(g1ςn, g2σ),P(f1ςn, g1ςn),P(f2σ, g2σ),

P(g1ςn, f2σ),P(g2σ, f1ςn)}
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by taking n→∞, we have

P(τ, f2σ) ≤ κmax{P(τ, g2σ),P(τ, τ),P(f2σ, g2σ),P(τ, f2σ),P(g2σ, τ)}
≤ κP(g2σ, f2σ),

a contradiction. Hence, f2σ = g2σ implies that the pair (f2, g2) has a coincidence point
(namely: σ). Since the pairs (f1, g1) and (f2, g2) are weakly compatible, therefore

f1τ = f1g1ς = g1f1ς = g1τ and f2τ = f2g2σ = g2f2σ = g2τ.

Suppose that, P(f1τ, τ) > 0, then by using (1), we have

P(f1τ, τ) ≤ κmax{P(g1τ, τ),P(f1t, g1τ),P(τ, τ),P(g1τ, τ),P(τ, f1τ)}
≤ κP(f1τ, τ),

a contradiction. Hence, f1τ = τ = g1τ implies that the pair (f1, g1) has a common fixed
point (namely: τ). Similarly, one can easily show that τ is a common fixed point of the
pair (f2, g2). For that reason, τ is a common fixed point of the mapping f1, g1, f2 and g2.

For uniqueness, we consider that w (w 6= τ) be another common fixed point of the
mapping f1, g1, f2 and g2. Then condition (1) gives arise

P(τ, w) = P(f1τ, f2w)

≤ κmax{P(g1τ, g2w),P(g1τ, f1τ),P(g2w, f2w),P(g1τ, f2w),P(g2w, f1τ)}
= κmax{P(t, w),P(t, t),P(w,w),P(τ, w),P(w, τ)}
= κP(τ, w),

which deals a contradiction. Thus, τ = w and the uniqueness follows. This completes the
proof. �

Theorem 3.2. Theorem 3.1 remains true if condition (ii) is replaced by the following:

(ii)
′
f1(X) ⊂ g2(X) and f2(X) ⊂ g1(X).

Proof. Since, the pairs {f1, g1} and {f2, g2} satisfy (E.A.) common property, so there exist
two sequences {ςn} and {σn} in X, such that

lim
n→∞

f1ςn = lim
n→∞

g1ςn = lim
n→∞

f2σn = lim
n→∞

g2σn = τ, for same τ ∈ X.

Since, τ ∈ f1(X) and f1(X) ⊂ g2(X), so there exists u ∈ X such that g2u = τ . By the
proof of Theorem 3.1, one can show that the pair (f2, g2) has a coincidence point, namely

u, i.e. f2u = g2u. Since, τ ∈ f2(X) and f2(X) ⊂ g1(X), then there exists v ∈ X such that
g1v = τ . Similarly, one can show that the pair (f1, g1) has a coincidence point, namely
v, i.e. f1v = g1u. The rest of the proof runs along the lines of the proof of Theorem 3.1,
hence it is omitted. �

We can have the following corollary of Theorem 3.2, which is also a variant of Theorem
3.1.

Corollary 3.1. Theorems 3.1 and 3.2 remain true if conditions (ii) and (ii)
′

are replaced
by the following:
(ii)

′′
f1(X) and f2(X) are closed subsets of X provided f1(X) ⊂ g2(X) and f2(X) ⊂

g1(X).

Theorem 3.3. Let (X,P) be a partial symmetric space and f1, f2, g1, g2 : X → X are
such that

(i) the pair {f1, g1} (or {f2, g2}) satisfy (E.A.)-property,
(ii) f1, f2, g1 and g2 satisfy the condition (1),
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(iii) f1(X) ⊂ g2(X) (or f2(X) ⊂ g1(X))
(iv) g1(X) (or g2(X)) is a closed subset of X.

Then, the pairs (f1, g1) and (f2, g2) have a coincidence point. Moreover, if the pairs
{f1, g1} and {f2, g2} are weakly compatible, then f1, f2, g1, g2 have a unique common fixed
point in X.

Proof. In view of Lemma 3.1, the pairs {f1, g1} and {f2, g2} share the (E.A.) common
property, i.e., there exist two sequences {ςn} and {σn} in X, such that

lim
n→∞

f1ςn = lim
n→∞

g1ςn = lim
n→∞

f2σn = lim
n→∞

g2σn = τ, for same τ ∈ X.

If g1 is closed subset of X, then by the proof of Theorem 3.1, the pair (f1, g1) has a
coincidence point, namely u, i.e., f1u = g1u. Since, f1u ∈ f1(X) and f1(X) ⊂ g2(X), then
there exists v ∈ X such that f1u = g2v. Now, we assert that f2v = g2v. Let on contrary
that f2v 6= g2v, then by (1), we have

P(f1ςn, f2v) ≤ κmax{P(g1ςn, g2v),P(g1ςn, f1ςn),P(g2v, f2v),

P(g1ςn, f2v),P(g2v, f1ςn)}
on making limit as n→∞, we have

P(τ, f2v) ≤ κmax{P(τ, g2v),P(τ, τ),P(g2v, f2v),P(τ, f2v),P(g2v, τ)}
or P(g2v, f2v) ≤ κmax{P(g2v, g2v),P(g2v, g2v),P(g2v, f2v),

P(g2v, f2v),P(g2v, g2v)}
≤ κP(g2v, f2v)

a contradiction. Then f2v = g2v, hence v is a coincidence point of the pair (f2, g2). Rest
of the proof is on the lines of the proof of Theorem 3.1, therefore details are omitted. �

Remark 3.1. Theorem 3.3 is also a partial improvement of Theorem 3.1 besides relaxing
the closedness of one of the subspaces.

Now, we furnish the following example which illustrates Theorem 3.1

Example 3.1. Consider X = [5, 25) and partial symmetric space P : X × X → [0,∞]
defined by, P(ς, σ) = (max{ς, σ})2 for all ς, σ ∈ X. Define self-mappings f1, f2, g1 and g2
on X by:

f1ς =

{
5, ς ∈ {5} ∪ (6, 25);
6, ς ∈ (5, 6],

f2ς =

{
5, ς ∈ {5} ∪ (6, 25);
5.5, ς ∈ (5, 6],

g1ς =


5, ς = 5;
13, ς ∈ (5, 6];
ς+94
20 , ς ∈ (6, 25),

g2ς =


5, ς = 5;
16, ς ∈ (5, 6];
ς+119
25 , ς ∈ (6, 25).

By choosing sequences, {ςn} = {6 + 1
2n}, {σn} = {5} and {ςn} = {5} {σn} = {6 + 1

2n} in
X, we have

lim
n→∞

P(f1ςn, 5) = lim
n→∞

P(g1ςn, 5) = lim
n→∞

P(f2σn, 5) = lim
n→∞

P(g2σn, 5) = P(5, 5).

Therefore, both the pair (f1, g1) and (f2, g2) enjoy the (E.A) common property. Also, g1
and g2 are closed subset of X. Thus, all the conditions of then Theorem 3.1 are satisfied
and ς = 5 is a unique common fixed point os the pairs (f1, g1) and (f2, g2) which also
remains coincidence point as well. Also, all the involved mappings are even discontinuous
at their unique common fixed point (namely ς = 5). Moreover,

f1(X) = {5, 6} * [5, 5.95] ∪ {16} = g2(X)
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and

f2(X) = {5, 6} * [5, 5.76] ∪ {13} = g1(X).

The following example illustrates Theorems 3.2 and 3.3.

Example 3.2. In setting of Example 3.1, replace the self-mappings f1, f2, g1 and g2 by:

f1ς =

{
5, ς ∈ {5} ∪ (6, 25);
6, ς ∈ (5, 6],

f2ς =

{
5, ς ∈ {5} ∪ (6, 25);
7, ς ∈ (5, 6],

g1ς =


5, ς = 5;
17, ς ∈ (5, 6];
ς+4
2 , ς ∈ (6, 25),

g2ς =


5, ς = 5;
2ς, ς ∈ (5, 6];
ς+14
4 , ς ∈ (6, 25).

It is easy to check that, f1(X) = {5, 6} ⊂ [5, 9.75] ∪ (10, 12] = g2(X) and f2(X) =
{5, 6} ⊂ [7, 14.5] ∪ {17} = g1(X). Thus, all the conditions of then Theorems 3.2 and 3.3
are satisfied and ς = 5 is a unique common fixed point os the pairs (f1, g1) and (f2, g2)
which also remains coincidence point as well. Also, all the involved mappings are even
discontinuous at their unique common fixed point (namely ς = 5). As g2 is not a closed
subset of X so that Theorem 3.1 is not applicable in the context of the present example.

We further need the following definition in our next fixed point results via (CLRg)-
property in partial symmetric spaces:

Definition 3.2. [20] Let f and g be two self-mappings defined on a partial symmetric space
(X,P). The maps f and g are said to satisfy (CLRg)-property if there exists sequence
{ςn} in X such that

lim
n→∞

fςn = lim
n→∞

gςn = gτ, for some τ ∈ X.

Definition 3.3. Let f1, f2, g1 and g2 be two self-mappings defined on a partial symmetric
space (X,P). The maps f1, f2, g1 and g2 are said to satisfy (CLRg1g2) common property
if there exist two sequences {ςn} and {σn} in X such that

lim
n→∞

f1ςn = lim
n→∞

g1ςn = lim
n→∞

f2ςn = lim
n→∞

g2ςn = ζ, for same ζ ∈ g1(X) ∩ g2(X)

whenever lim
n→∞

f1ςn = lim
n→∞

g1ςn = g1τ = ζ, for some ζ ∈ g1(X) and lim
n→∞

f2σn =

lim
n→∞

g2σn = ζ, for some ζ ∈ g2(X).

Firstly, we give the following lemma which is needed in our subsequent discussions:

Lemma 3.2. Let (X,P) be a partial symmetric space and f1, f2, g1, g2 : X → X such
that:

(Li) {f1, g1} satisfies (CLRg1)-property (or {f2, g2} satisfies (CLRg2)-property),
(Lii) f1(X) ⊂ g2(X) (or f2(X) ⊂ g1(X)),

(Liii) g1(X) and g2(X) are closed subsets of X,
(Liv) If for every sequence {σn} in X g1σn converges then f1σn converges (or if for every

sequence {σn} in X g2σn converges then f2σn converges),
(Lv) f1, f2, g1 and g2 satisfy the condition (1)

Then {f1, g1} and {f2, g2} satisfy (CLRg1g2) common property.

Proof. Assume that, {f1, g1} enjoys (CLRg1)-property, then there exists {ςn} in X such
that

lim
n→∞

f1ςn = lim
n→∞

g1ςn = ζ, for some ζ ∈ g1(X).
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By condition (Lii), we have f1(X) ⊂ g2(X), then for each {ςn} in X there exists {σn} in X
such that f1ςn = g2σn. Since, g1(X) is closed then lim

n→∞
f1ςn = lim

n→∞
g2σn = ζ. Therefore,

ζ ∈ g2(X) so that ζ ∈ g1(X) ∩ g2(X). Hence, we get f1ςn → ζ, g1ςn → ζ and g2σn → ζ.
Now, we will show that f2σn → ζ. Let on contrary that f2σn → w 6= ζ. Then by using
(1), we have

P(f1ςn, f2σn) ≤ κmax{P(g1ςn, g2σn),P(g1ςn, f1ςn),P(g2σn, f2σn),

P(g1ςn, f2σn),P(g2σn, f1ςn)}

on making n→∞, we have

P(ζ, w) ≤ κmax{P(ζ, ζ),P(ζ, ζ),P(ζ, w),P(ζ, w),P(ζ, ζ)},
≤ κP(ζ, w)

which deals a contradiction. Hence, ζ = w, that is, f2σn → ζ which shows that {f1, g1}
and {f2, g2} satisfy (CLRg1g2) common property. �

By using Lemma 3.2, we show the existence of unique common fixed point in the
following Theorem:

Theorem 3.4. Let (X,P) partial symmetric space and f1, f2, g1, g2 : X → X are such
that

(i) the pairs {f1, g1} and {f2, g2} satisfy (CLRg1g2) common property,
(ii) f1, f2, g1 and g2 satisfy the condition (1).

Then, the pairs (f1, g1) and (f2, g2) has a coincidence point. Moreover, if the pairs {f1, g1}
and {f2, g2} are weakly compatible, then f1, f2, g1, g2 have a unique common fixed point in
X.

Proof. Since the pairs {f1, g1} and {f2, g2} satisfy (CLRg1g2) common property, then there
exist two sequences {ςn} and {σn} in X, such that

lim
n→∞

f1ςn = lim
n→∞

g1ςn = lim
n→∞

f2σn = lim
n→∞

g2σn = ζ, for same ζ ∈ g1(X) ∩ g2(X).

Since f1(X) ⊂ g2(X), so there exists a point ς ∈ X, such that f1ς = ζ. Now, we show
that f1ς = g1ς = ζ Let on contrary that f1ς 6= g1ς. Then by using (1), we have

P(f1ς, f2σn) ≤ κmax{P(g1ς, g2σn),P(g1ς, f1ς),P(g2σn, f2σn),

P(g1ς, f2σn),P(g2σn, f1ς)}

by taking limit as n→∞, we have

P(f1ς, ζ) ≤ κmax{P(g1ς, ζ),P(g1ς, f1ς),P(ζ, ζ),P(g1ς, z),P(ζ, f1ς)}
≤ κP(f1ς, ζ),

a contradiction. Hence f1ς = ζ = g1ς, so that ς is a point of a coincidence of the pair
(f1, g1). As ζ ∈ g2(X), then there exists a point σ ∈ X such that g2σ = ζ. We claim that
f2ς = g2ς = ζ Let on contrary that f2ς 6= g2ς. Then by using (1), we have

P(f1ςn, f2σ) ≤ κmax{P(g1ςn, g2σ),P(f1ςn, g1ςn),P(f2σ, g2σ),

P(g1ςn, f2σ),P(g2σ, f1ςn)}

by taking n→∞, we have

P(ζ, f2σ) ≤ κmax{P(ζ, g2σ),P(ζ, ζ),P(f2σ, g2σ),P(ζ, f2σ),P(g2σ, ζ)}
≤ κP(ζ, f2σ),



M. ASIM, M. IMDAD: COMMON FIXED POINT RESULTS IN PARTIAL SYMMETRIC SPACES 225

a contradiction. Hence, f2σ = ζ = g2σ implies that σ is a coincidence point of the pair
(f2, g2).

Since the pair (f1, g1) is weakly compatible. Therefore f1ζ = f1g1ς = g1f1ς = g1ζ.
Suppose that, f1ζ 6= ζ, then by using (1), we have

P(f1ζ, ζ) ≤ κmax{P(g1ζ, ζ),P(f1ζ, g1ζ),P(ζ, ζ),P(g1ζ, ζ),P(ζ, f1ζ)}
≤ κP(f1ζ, ζ),

which deals a contradiction. Hence, f1ζ = ζ = g1ζ implies that ζ is a common fixed point
of the pair (f1, g1).

Similarly, since the pair (f2, g2) is weakly compatible. Therefore f2ζ = f2g2σ = g2f2σ =
g2ζ. Suppose that, f2ζ 6= ζ, then by using (1), we have

P(ζ, f2ζ) ≤ κmax{P(ζ, g2ζ),P(ζ, ζ),P(f2ζ, g2ζ),P(ζ, f2ζ),P(g2ζ, ζ)}
≤ κP(ζ, f2ζ),

which deals a contradiction. Hence, f2ζ = ζ = g2ζ implies that ζ is a common fixed point
of the pair (f2, g2). For uniqueness, we consider that w (w 6= ζ) be another common fixed
point of the mapping f1, g1, f2 and g2. Then condition (1) gives arise

P(ζ, w) = P(f1ζ, f2w)

≤ κmax{P(g1ζ, g2w),P(g1ζ, f1ζ),P(g2w, f2w),P(g1ζ, f2w),P(g2w, f1ζ)}
= κmax{P(ζ, w),P(ζ, ζ),P(w,w),P(ζ, w),P(w, ζ)}
= κP(ζ, w),

which deals a contradiction. Thus, ζ = w and ζ is unique common fixed point of the
mapping f1, g1, f2 and g2. This completes the proof. �

By restricting the underlying contraction one can derived the following corollary. Which
can be viewed as variants of several previously known results specially due to [19]:

Corollary 3.2. The conclusions of Theorems 3.1, 3.2, 3.3 and 3.4 remain true if the
contractive condition (1) is replaced by any one of the following:

(i) P(f1ς, f2σ) ≤ κmax
{
P(g1ς, g2σ),P(g1ς, f1ς)

}
;

(ii) P(f1ς, f2σ) ≤ κmax
{
P(g1ς, g2σ),P(g1ς, f1ς),P(g2σ, f2σ)

}
;

(iii) P(f1ς, f2σ) ≤ κmax
{
P(g1ς, g2σ),P(g1ς, f1ς),P(g2σ, f2σ), P(g1ς,f2σ)+P(g2σ,f1ς)2

}
;

(iv) P(f1ς, f2σ) ≤ κmax
{
P(g1ς, g2σ), P(g1ς,f1ς)+P(g2σ,f2σ)2 ,P(g1ς, f2σ),P(g2σ, f1ς)

}
;

(v) P(f1ς, f2σ) ≤ κmax
{
P(g1ς, g2σ), P(g1ς,f1ς)+P(g2σ,f2σ)2 , P(g1ς,f2σ)+P(g2σ,f1ς)2

}
.

4. Conclusion

In this paper, we adopt the definitions of (E.A)-property, (E.A) common property,
(CLRg)-property and (CLRg) common property for four self maps in our newly introduced
partial symmetric spaces and utilize the same to prove some common fixed point results for
pairs of weakly compatible mappings. Moreover, we adopt some examples to established
the utility of our newly proved results.
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