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EXISTENCE OF FIXED POINT AND BEST POINT OF PROXIMITY
FOR MULTIFUNCTIONAL NON SELF MAPPINGS IN A PARTIAL
METRIC SPACE

MOSTEFA DJEDIDI', ABDELOUHAB MANSOUR, §

ABSTRACT. In this paper we give some theorems of existence of best points of proximity
for a multifunctional non-self-mapping in a partial metric space and some approxima-
tions on the sets of the best points of proximity. Other results are also given.
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1. INTRODUCTION

Let A, B be two nonempty subsets of a metric space (X,d). The aim of this paper
is to establish the existence theorems of a best proximity point T € A, which satisfies
inf{p(T,y) :y € F(Z)} = dist(A, B) for a non-self-mapping multifunction I’ : A — 25.
In this article, we prove that the results obtained in [3] can be enhanced and managed on
partial metric spaces. We define

d(z,B) = yiggd(x,y), e(A,B) = Slelgd(fv, B)

and

D(A, B) = max(e(A, B),e(B, A)).
Here e(A, B) is the excess of A over B and D(A, B) is the Pompeiu-Hausdorff distance
between A and B. And let

Ay ={r € A:d(z,y) = d(A,B), for somey € B},

By={y € B:d(x,y) =d(A,B), for somez € A}.
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Definition 1.1. [3] Let (X,d) be a partial metric space and (A, B) a pair of nonempty
subsets of X, and A # ().
We say that the pair (A, B) satisfies the P-property if and only if

d(z1,91) = d(A, B) -
{d($2,y2) =d(A, B) = d(x1,y1) = d(z2,92).

Where x1,x9 € Ay and y1,y2 € By.
Theorem 1.1. [3] Let (X, d) be a complete metric space and A, B two closed and nonempty

subsets of X such that Ay # 0 and the pair (A, B) satisfies the P-property. We assume
that F : A — 28 o multifunction with bounded and closed value. If there exists a constant

0 € (0,1) such that [D(F(ac),F(y)) < 0d(z,y), Ve,y € Al and F(z) C By for all
x € Ag. Then F has a best proximity point T in A.

Definition 1.2. We say that the function p: X x X — [0,4+00[ is a partial metric on X
if the following conditions are satisfied:

(a) p(x,x) = p(y,y) = p(x,y) if and only if x =y for all x,y € X,

(b) p(x,z) < p(x,y) for all x,y € X,

(c) p(z,y) =p(y,z) for all z,y € X,

(d) p(z,z) < p(z,y) +p(y,2) = p(y,y) for all x,y,z € X.
Then (X, p) is called a partial metric space.

For a partial metric p on X, the function p* : X x X — R™ given by

p°(z,y) = 2p(x,y) — p(z,z) — p(y,y) (1)
and
p"(z,y) = p(z,y) — min{p(z, ), p(y,y)} (2)

are metrics on X. Each partial metric p on X Generates a Tp-topology 7, with a basis the
families of open p-balls {B,(z,¢) : x € X, € > 0}, where By(z,e) = {y € X : p(z,y) <
p(z,z) + e} for all z € X and £ > 0.

Definition 1.3. [17]

(i) A sequence {zy} in a partial metric space (X,p) converges to x € X if and only if
p(x,x) = limy, 00 p(z, T1).
(1i) A sequence {x,} in a partial metric space (X, p) is called Cauchy sequence if and
only if imy, ;00 P(Tn, Tm) exists and finite.
(7i1) A partial metric space (X,p) est is complete if any Cauchy sequence {x,} in X
converges to a point x € X such that p(x,x) = limy, pm_, 0o P(Tn, Tm).

Lemma 1.1. [17]
(al) A sequence {xy} is Cauchy in a partial metric space (X,p) if and only if {x,} is
Cauchy in the space (X, p®).
(a2) A partial metric space (X, p) is complete if and only if the space (X, p®) Is complete.
Morewer
lim p®(z,z,) =0 < p(z,z) = hm p(:v Tn) = lm p(an,zm). (3)

n—oo n,m—_ o0
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Let A, B be two nonempty subsets of a partial metric space (X, p), the partial surplus
ep(A, B) from A to B and D,(A, B) are the partial distance of Pompeiu-Hausdorff between
A and B defined as follows:

p(z, B) = inf p(x,y),
yeB

p(A, B) = supp(z, B)
T€A

and

p(A, B) = max(ep(A, B), ep(B, A)).

Remark 1.1. [6] Let (X, p) be a partial metric space and A a nonempty subset of X, then
ac€A<spla,A) =pla,a).

Lemma 1.2. [7] Let (X,p) be a partial metric space and A, B two closed, nonempty and
bounded subsets of X, and h > 1. Then for each a € A, there exists b € B, such that
p(a,b) < hD,(A, B).

We next apply the notations
Ao ={x € A:p(z,y) =p(A, B), for somey € B}
and

By={y € B:p(x,y) = p(A, B), for somex € A}.

Definition 1.4. Let (X,p) be a partial metric space and (A, B) a pair of nonempty subsets
of X, and A # ().
We say that the pair (A, B) satisfies the P-property if and only if

= plx1,y1) = p(x2,y2).

p(z1,y1) = p(4, B)
p(x2,92) = p(4, B)
Where x1,x9 € Ag and y1,y2 € By.

2. MAIN RESULTS

2.1. Existence of best proximity point for non-self mapping multifunction.

Theorem 2.1. Let (X,p) be a complete partial metric space and A, B two closed and
nonempty subsets of X such that Ay # 0 and the pair (A, B) satisfies the P-property . We
assume that F : A — 2B a multifunction with bounded and closed values. If there exists a
constant § € (0,1) such that

Dy(F(z), F(y)) < bp(z,y), Y,y € A
And F(x) C By for each x € Ag. Then F has a best prozimity point T in A.
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Proof. Let xy € Ay, and yo € F(x9) C By. Then there exists x1 € A, such that
p(x1,90) = p(A, B). On the other hand, by lemma 1.2 we obtain y; € F(x1) C By such that

p(yo, y1) < Dy(F (x0), F(21)) + 6.

Futher more, there exists xo € Ay, such that p(x1,y1) = p(A, B), and yo € F(x2) C By
such that

p(y1,y2) < Dp(F (1), F(22)) + 6%,

One continues for getting x,, € Ay, such that p(z,,yn—1) = p(A4, B), and y,, € F(z,) C By
such that

P(Yn—1,Yn) < Dp(F(zn-1), F(x,)) + 0"

Since p(Zn+1,yn) = p(A, B) and p(zn,yn—1) = p(A, B), by the P-property, we obtain
P(xn, Tpt1) = D(Yn—1,Yn). Which gives

Dy(F(zp-1), F(xy)) + 0"

Op(xp—_1, ) + 6"

Op(Yn—2,Yn—1) +0")

O(Dy(F(2n—2), F(n-1)) +6") + 6"

02p(2p_2, Tp_1) + 20"

P(Tn, Tnt1) = P(Yn—1,Yn)

VAN VAN VAR VARSI VAN

IN

0"p(xo, 1) + nO" — 0, whenn — +oo.

Next by definition of p®, we get p*(zpn, Zn41) < 2p(n, Tnip) — 0, when n — +00. We now
prove that (x,) is a Cauchy sequence in (X, p®). Suppose that there exist an € > 0 and
k € N, there exist myg,ng € N such that my > ng > k and p(zp,, xn,) > €. We have

p(A, B)

(
p(ynk_17 xnk) +p(xnk7 xmk) _p(mnk’xnk)
(ynkfla xnk) + p(xnka xmk)

(

VAN VAR VARSI VAN

Taking the limits on k we get
lim p(Yn,—1,Tn,) + Hm p(zn,, Tm, ) = p(A, B).
k—o00

k—o0
Which gives klim P(Tnys Tmy) = 0. Since p*(zp,, Tm,,) < 2p(Zp,, Tm, ) — 0, then (x,,) is a
—00
Cauchy sequence in (X, p®), and since (X, p) is complete then by lemma 1.1, (X,p°) is a
complete metric space and so the sequence (x,) converges in X. Let Z = lim z,,. Since A
n

is closed, we have T € A.
Now, since p(Zn, Tp+1) = P(Yn—1,Yn), the sequence (y,,) is convergent in X. Let 7 = lim y,,.
n
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Sine B is closed, we have § € B. On the other hand, by lemma 1.1, we have
p(Z, ) = lim p(z,,T)= lm p(z,,z,) =0

n—-4o0o n,m—-+00

and

p@,7) = lm p(yn,7) = Um  p(yn,ym) =10

n—-+o0o n,m—-+o0o
and p(Z,y) = p(A, B). Hence,
0 < plyn, F (7))
< Dp(Fl(zn), F(T))
< Op(xn,T).

We take the limit n — 400, we obtain p(y, F(z)) = 0 which gives p(y, F(z)) = p(y,7),
using remark 1.1, to get ¥ € F(T) = F(7). One obtains that T is a best proximity point
in A which satisfies p(7, F(Z)) = p(A, B). O

As a direct result of Theorem 2.1, we have the following result.

Corollary 2.1. [7] Let (X,p) be a complete partial metric space and F : X — 2% be a
multifunction with bounded and closed values. If there exists a constant 6 € (0,1) such
that

D,(F(z),F(y)) < 6p(z,y), Vx € Xand Vy € X.

Then F has a fized point T in X.
In the following, let PF; be the set of best proximity points for a multifunction F;.

Theorem 2.2. Let (X,d) be a complete metric space and A, B two closed nonempty
subsets of X such that Ay # 0 and the pair (A, B) satisfies the P-property. Let F; :
A — 28 i =1,2 be two multifunctions with compact non empty values. If there exist two
constants 61,02 € (0,1) such that

D(Fi(z), Fi(y)) < 61d(z,y) Vo € Aand Vy € A,

D(Fy(x), Fa(y)) < bad(x,y) Vo € Aand Vy € A
and Fi(x) C By,i = 1,2, for each x € Ag. Then

D(PFy,PF,) < D(F; F: :
(PFy, PF) < 1_mm{91’02}[§gfp‘ (F1(z), Fa(x))]
Proof. Let € > 0, we choose f > 0 such that f) nfy < 1 and a = ( 669 ] Let
)

By the P-property, we get d(xo,z1) = d(y0,1, yo). Which gives
d($0, CL‘1) < D(Fl (xo), Fg(l‘g)) + €.
We take y; € F(z1) C Bp such that

d(yo,y1) < D(Fa(x0), Fa(r1)) + 620
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Furthermore, there exists x1 € Ag, such that d(z1,y1) = d(A, B), and there exists
y2 € Fy(x2) C By such that

d(y1,y2) < D(Fa(x1), Fa(x2)) + 030

We continue to find x,, € Ag, such that d(z,,yn—1) = d(A, B), and there exists y, €
F5(zy,) C By such that

d(Yn-1,yn) < D(F2(zn-1), F2(z0)) + 050,
Since d(xp+1,Yn) = d(A, B) and d(zp, yn—1) = d(A, B), by the P-property, we get d(xy, Tp+1) =
d(Yn—1, yn). Which gives

d(@n, Tnt1) = d(Yn—1,Yn) D(Fy(xn-1), Fa(zn)) + O30
Ood(zp—1,n) + 05

O2d(Yn—2,Yyn—1) + 03

Oo(D(Fy(xn—2), Fo(xn_1)) + 05~ 1) + 05a

03d(zy_2, Tn_1) + 205

(VAN VAN VAN VAN VAN

05 d(xo, x1) + nbya — 0, whenn — +o0.
(4)

On the other hand, we prove that (z,) is a Cauchy sequence in A. One suppose that
there exists € > 0 and for all £ € N, there exist my,ni € N such that m; > ngp > k and
d(xy,, Tn,) > €. We have

d(Aa B) d(ynkfla mmk)

(ynk_17 xnk) + d(xnwwmk)
(ynkfla l‘nk) + d(-Tnk s xmk)
(

Ynp—1, xnk) + d(xnk7xnk+1) + ...+ d(.’I}mk_l, xmk)

QU X

d

VAN VAN VANRR VAN

Taking the limit, we get

klingo Ad(Ynyp—1,%n,,) + klggo d(xp,, Tm,) = d(A, B).
Which gives klim d(zpn,, Tm,) = 0. We get (z,) a Cauchy sequence in a complete metric
—00
space and so the sequence (z,,) is convergent in X. Let T3 = lim z,,. Since A is closed, we
n

get T3 € A.
Since d(xpn, Tn+1) = d(Yn—1,Yn), the sequence (y,) converges in X. Let ¥ = lim y,,. Since
n

B is closed, we get 2 € B and

d(yna F2(x72))
D(F(zn), F2(732))
92d(xn, Tg)

VAN VAN VAN
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Taking the limit, n — 400, we get d(y, F2(Z2)) = 0. We obtain 73 as the best proximity
point in A which satisfies d(7z, F5(Tz)) = d(A, B). Then we get

d(xO)TZ) < Zd(‘rnaxn—&—l)
< ) (85d(wo, 1) + nba)
n=0
< ——d( + Z oy
S 1 _9 1‘0,1‘1 Z ln 2a
< o (d() +e)
< 1g, w0 m) te
1
= 1z o (D(Fi(20), Fa(x0)) + 2¢)
(6)
We obtain for all € > 0,
1
d(wo,1,T2) < =0, (D(Fi(zo,1), Fa(w0,1)) + €).
As previously, let xgo € PFy, there exists 71 € PF; such that
1
d(z0,2,71) < 77— 0 (D(Fi(zo,1), Fa(o,1)) +€), Ve > 0.
O

Theorem 2.3. Let (X,p) a complete partial metric space and A, B two closed nonempty
subsets of X such that Ay # 0 and the pair (A, B) satisfies the P-property. Let F; :
A — 2B i = 1,2 two multifunctions with compact values. If there exist two constants
01,62 € (0,1) such that

Dy(Fi(z), Fi(y)) < bip(z,y) Vo € A, Vy € A4,

Dy(Fa(2), Fo(y)) < fop(z,y) Yo € A, Vy € A,
and Fj(x) C By,i = 1,2, for each x € Ag. Then

D,(PFy, PF: D,(F F .
p(PF, PRy < 1 —max{91,92}[asclelg p(F1(@), Ra))]
Proof. Let € > 0, we choose § > 0 such that f) nfy < 1 and a = a Bs B Let

xo1 = xg € PFy, there exist yo1 € Fi(xo) C By such that d(zg,y0,1) = d(A, B). Other-
wise, there exist yo € Fa(xg) C By and z1 € Ag such that p(x1,y0) = p(A, B). By the
P-property, we get p(zo,21) = p(Yo.1, Yo), Which gives

p(xo, 1) < Dp(Fi(xzo), Fa(z0)) + €.
We take y; € F(x1) C By such that

p(yo,y1) < Dp(Fa(20), Fa(21)) + b2

Else, there exists x; € Ay, such that p(z1,y1) = p(A, B), and there exists y2 € F(x2) C By

325
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such that
p(y1,y2) < Dp(Fa(w1), Fa(x2)) + 65.

We continue to find z,, € Ao, such that p(x,,yn—1) = p(4, B), and y,, € Fa(z,) C By such
that

P(Yn—1,Yn) < Dp(Fa(wp—1), Fa(zy)) + 65.

Since p(zp+1,Yn) = (A, B) and p(xy, yn—1) = p(A, B), by the P-property, we get p(zp, pn41) =
P(Yn—_1,yn). Which gives

P(Tn; Tnt1) = PUn—1,Yn) < Dp(Fa(zn-1), Fo(zn)) + 03
< Oop(wp—1,2n) + 6%
< O2(Dp(Fa(yn—2); Fo(yn-1)) +057)
< Oz(Dp(Fa(wn—2), Fa(wn_1)) + 6571 + 04
< 03p(n-2,Tn—1) + 205
< 03p(zo, 1) +nby — 0, whenn — +o0.

By definition of p®, we get p*(xy, Zn+1) < 2p(zp, Tntp) — 0, when n — +00. On the other
hand, we prove that (z,) is a Cauchy in (X, p®). One suppose that there exist ¢ > 0 and
for all k& € N, there exists my,ny € N such that my > ng > k and p(zp,, xn,) > €. We
have

p(A, B) P(Yny—1,Tmy,)

(
(ynk 15 xnk) + p(ib‘nk, xmk) - p(xnk s xnk)
(
(

3

p ynk 1ank)+p(‘rnkaxmk)
P\Yn;,— 1,:L‘nk)—I—p(l’nk,xnk+1)+-.-+p(xmk,1,$mk).

(VAN VAN VAN VAN

Taking the limit we get

im p(yn,—1,Tn,) + hm p(xnk,a;mk) = p(A, B).

k—o0

Which gives klim P(Tny, s Tm,) = 0. Since p*(an,, Tm,) < 20(Tn,, Tm,) — 0, we get (z,) a
—00

Cauchy sequence in (X, p®), and since (X, p) is complete then by lemma 1.1, (X,p°) is a

complete metric space and the sequence (z,) converges in X. Let T3 = lim x;,. Since A is

n
closed we have T3 € A. Next, since p(@n, Tnt+1) = P(Yn—1,Yn), the sequence (y,,) converges
in X. Let §¥ = limy,. Since B is closed we have § € B.
n

Otherwise, by lemma 1.1, we have

p(fz,fz)—ngrf p(Tn,T2) = n%1_>m+ p(Tn, Tm) =0,
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p(@,7) = lim p(y,,¥) = Um  p(yn,ym) =0,
n—-+o0o

n,m—-+oo

and p(Z3,7) = p(A4, B). As result,
0 < plyn, Fo(72))
Dy (Fo(n), F2(T2))

02p(xn7 3372) °

ININ A

Taking the limit n — +oo, we get p(y, F2(T2)) = 0 which gives p(y, F2(72)) = p(7,7),
using remark 1.1, to get § € F»(Z3) = F3(T2). Then we obtain T3 as a best proximity
point in A which satisfies p(Zz, F2(72)) = p(A, B). Then we get

00 00
p(l‘o,@) < Zp(xnaxn—l—l)_zp(mmxn>
n=0 n=1

0o
< Zp(xny xn—i—l)
n=0

o0
< 2(93}7(300, z1) + nbya)
n=0
1 o0
< 1o 92}?(580,561) +) nbza)
n=1
< o (pleo.m) + <)
€
< g, Plrom
1
S 1_792(DP(F1(SU0),F2($0)) +25)
(7)
We obtain for all € > 0,
_ 1
p(20,1,T2) < 7— % (Dp(Fi(20,1), Fa(w0,1)) +€).
As previously, let xgo € PFy, there exists z1 € PFy such that
1
p(z02,71) < 7— 0 (Dp(Fi(wo1), F2(20,1)) +¢€), Ve > 0.
O

3. CONCLUSIONS

In this paper, we have proved some results of best points of proximity for a multifunc-
tional non-self-mapping in a partial metric space and some approximations on the sets of
the best points of proximity.
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