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FUZZY INJECTIVE S-ACT ON MONOIDS

ARBAH S. ABDUL-KAREEM1, SADDAM R. SALIH2, §

Abstract. The fuzzy injectivity and their generalizations on R-modules were studied
by many authors. It is well known that the act of semigroups or monoids is a gener-
alization of R-modules, here we will define the fuzzy injective S-acts or S-systems and
studied some of their properties first we discuss when the subacts of fuzzy S-acts is fuzzy
injective S-act , we studied the retracts ,the factor fuzzy injective S-act and finally we
studied their direct product.
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1. Introduction

Action of monoids on sets are very powerful , useful and used in a very wide range in
mathematics and computer sciences as in: Conjugation ,translation as well as in Automata
theory and pattern recognition , In the other hand fuzzy action was studied and used in
many applications, by many authors as on rings and modules [16, 17] and the fuzzy action
on semigroups or monoids see [7, 8, 12, 3].
In this paper we will study the action of monoid on a set for this we recall that a semigroup
is a non-empty set with associative binary operation , If the semigroup S has an identity
then it is called a monoid [4] . Also A right S-act AS over a monoid S is a non-empty set ,
with a function A×S → A , that is (a, s)→ (as) such that the following properties hold :
(as)r = a(sr) for all a ∈ A and s, r ∈ S. And ae = a where e is the identity of S .
If S is an S-act over itself then we denoted by SS [11].
So it is clear from the definition that the theory of monoid and S-act are generalizations
of the theory of rings and modules since every R-module is an S-act but the converse is
not true in general. The injectivity is one of the important concepts of the action in the
module theory and semigroup theory many authors has been studied the fuzzy injectivity
on R-modules [1, 5]. And the injectivity of S-act, See on injectivity on S-act [14, 6] ,and
[10, 18].
Here we will give the concept of fuzzy injective S-act, Fuzzy injective S-subact and some
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of their properties , This has many application in Automata theory and fuzzy languages
[15].

2. Preliminaries

We must mention that the theory of the S-act the following names are also used for the
same concept :
S-sets, S-operands, S-polygons, S-systems, transition systems, S-automata.
In this section first we will recall some of the needed concepts in the semigroup theory

Definition 2.1 ([10]). A non-empty subset C of an S-act AS such that cs ∈ C for all
c ∈ C and s ∈ S then C is called an S-subact of AS .

Definition 2.2 ([10]). A map f is said to be S-homomorphism from an S-act AS into the
S-act BS if f(as) = f(a)s ∀a ∈ AS and s ∈ S.

Definition 2.3 ([10]). An S-homomorphism f : AS → BS is called a retraction if there
exist an S-homomorphism h : BS → AS such that f ◦ h = IBS

and BS said to be a retract
of AS.

Definition 2.4 ([2]). Let AS and BS be two S-acts then we say that AS is BS-injective
S-act if for any S-monomorphism g from an S-act NS into BS and any S-homomorphism
f from NS into AS , there exists a homomorphism h from BS into AS such that h◦g = f .
furthermore we said that AS is injective if and only if AS is BS-injective for all S-act BS.

Definition 2.5 ([9]). A congruence R on an S-act AS is an equivalent relation on AS
such that if (x, y) ∈ R then (xs, ys) ∈ R ∀s ∈ S , the identity congruence of AS is denoted
by IR .

Definition 2.6 ([10]). Let R be congruence on an S-act AS define the factor set on R by
AS/R = {[a]R|a ∈ AS} and the multiplication by an element of S on the factor set AS/R
by: [a]Rs = [as]R ∀s ∈ S Then AS/R becomes an S-act called the factor S-act of AS by R

Definition 2.7 ([10]). Define the Cartesian product of a family {Xi}i∈I of S-acts by of∏
i∈I Xi = ×i∈IXi. Also one can define the projections pi : ×i∈IXi → Xi, i ∈ I by

pj(x1, . . . , xj , . . . ) = xj.
Secondly we will recall some needed concepts in the fuzzy set on semigroups.

Definition 2.8 ([12]). Let S be a semigroup a fuzzy subset α : S → [0, 1] is called fuzzy
semigroup of S if α(xy) ≥ α(x) ∧ α(y) for each x, y ∈ S.

Definition 2.9 ([13]). Let (S, *) be a monoid and let α be a fuzzy subset of S then α is
called a fuzzy monoid of S if α(xy) ≥ α(x)∧α(y) for each x, y ∈ S and ∀a ∈ Sα(e) ≥ α(a)
where e is the identity of S .

Definition 2.10 ([3]). Let (A, σA) and (B, σB) be two fuzzy S-acts then an S-homomorphism
f from A into B is called fuzzy S-homomorphism from (A, σA)→ (B, σB) if
σB(f(a)) ≥ σA(a) ∀ a ∈ A

Definition 2.11 ([7, 3]). Let AS be an S-act on S and let ∂ : AS → [0, 1] be a fuzzy subset
on AS we said that ∂ is a fuzzy subact of AS if ∂(as) ≥ ∂(a)for all a ∈ AS and s ∈ S.
Then (AS , ∂) called fuzzy S-act or fuzzy S-system.

Lemma 2.1 ([3]). Let AS be an S-act and C be a subset of AS. Then the characteristic
function ∂C of C is a fuzzy subact of AS if and only if C is an S-subact of AS.
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Definition 2.12 ([3]). A fuzzy S-act (A, σA) is called retract of a fuzzy S-act (B, σB) if
there exist a fuzzy S-homomorphisms τ : (B,αB) → (A,αA) and ϑ : (A,αA) → (B,αB)
such that ϑ ◦ τ = IA

Definition 2.13 ([8]). By an n-array fuzzy operation τ in fuzzy set Aτ we mean a fuzzy
function from An to A such that for each a1, . . . , an ∈ A
∧i=1,. . . ,n µ(ai) ≤ µ(τ(a1, . . . , an)) Where µ : A→ [0, 1]

3. Fuzzy injective S-act over monoid

In this section we will introduce the definition of fuzzy injective S. act over monoid.

Definition 3.1. Let (A, σA) and (B, σB) be two fuzzy S-acts over the monoid S then we
say that σA is σB-injective if:

(1) A is aB − injective.
(2) σB(b) ≤ σA(θ(b)) ∀ θ ∈ Hom(a,B) and b ∈ B.

Furthermore we said that (A, σA) fuzzy injective S-act if it is σB-injective for each S-act
(B, σB).

In [10] they investigate the injectivity of S-act and retract of injective S-act :

Theorem 3.1 ([10]). A retract of an injective S-act is injective.

Proposition 3.1 ([10]). If an injective S-act Qs is an S-subact of an S-act As, then it is
a retract Of As.

Here give similar results of 3.2 and 3.3 for the fuzzy injective S-acts.

Theorem 3.2. A retract of fuzzy injective S-act is a fuzzy injective S-act.

Proof. Let (A, σA) and (B, σB) to be two fuzzy S-acts such that (B, σB) is a retract of
(A, σA), Let (A, σA) be a fuzzy injective S-act so A is injective so

σQ(q) ≤ σA(h(q)) for any S − act Q, q ∈ Q, f ∈ Hom(Q,A) (1)

But B is a retract of A so by theorem (3.2) B is an injective S-act.
To show that σQ(q) ≤ σB(t(q)) for any S − act Q, q ∈ Q, t ∈ Hom(Q,B)
By definition of the fuzzy retract for any fuzzy S-homomorphism
f : (A, σA)→ (B, σB) that is σB(f(A)) ≥ σA(a) there exist a fuzzy S-homomorphism

g : (B, σB)→ (A, σA) that is σA(g(b)) ≥ σB(b) (2)

Such that

f ◦ g = IA (3)

Now by (1), (2), (3) we will get σQ(q) ≤ σA(h(q))

= σA(g ◦ f(h(q)))
= σA(g(f(h(q))))
≥ σB(f(h(q)))

σQ(q) = σB(f ◦ h(q)),

So B is fuzzy injective S-act as in figure (1).
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Figure (1).
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Proposition 3.2. If an injective fuzzy S- act (C, σC) is a subact of a fuzzy S-act (A, σA)
then it is a fuzzy retract of (A, σA)

Proof. Let (C, σC) be a fuzzy injective S-subact of (A, σA) and id : C → C so by the
injectivity of C there exist an extension f of id (i.e. f ◦ inc = id ) and σA(a) ≤ σC(f(a))

so f is a fuzzy S-epiomorphism from A onto C hence f(c) = c ∀c ∈ C yields−−−→ ∃ inc : C → A
which is clearly fuzzy S-homomorphism f ◦ inc(c) = c ,Hence (C, σC) is a fuzzy retract of
(A, σA) .(see figure (2))

C
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Figure (2)

�

To study the factor fuzzy injective S-act in theorem (3.8) we must first prove the fol-
lowing two propositions:

Proposition 3.3. Let A and B be two S-acts and let the quotient S-act A/R if B is
A-injective then B is A/R-injective .

Proof. let C/R be a subact of A/R and f : C/R→ B be an S-homomorphism ,
πC : C → C/R so πC ◦ f : C → B but B is A – injective ,
There exist g : A→ B which is an extension of πC ◦ f see figure (3)
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Figure (3).

Define g̀ : A/R→ B by g̀([a]R) = g(a) ∀a ∈ A then g̀ is well defined :
Let [a1]R = [a2]R for each a1, a2 ∈ A ,
→ [a1]R = iC/R ◦ πC(x1) and [a2]R = i(C/R) ◦ πC(x2) ∀x1, x2 ∈ C
→ i(C/R) ◦ πC(x1) = i(C/R) ◦ πC(x2)→ πC(x1) = πC(x2)→ f(πC(x1)) = f(πC(x2))
→ g(a1) = g(a2) since f is well defined.
→ g̀([a1]R) = g̀([a2]R).
g̀ is S-homomorphism and an extension of f
: ∀[a]R ∈ A/R, s ∈ S we have g̀(s[a]R) = sg(a) = g(sm) = g̀([sa]R)
Now ∀[x]R ∈ C/R, i(C/R)([x]R) ∈ A/R we have g̀(i(C/R)([x]R)) ∈ B ,
→ g̀([x]R) = g(x) = f(πC(x)) = f([x]R).
Hence B is A/R-injective . �

Proposition 3.4. Let A be an S – act and C be a subact of A if A has fuzzy subact then
C and A/R has fuzzy subacts.

Proof. Let σA be a fuzzy subact of A then σC = σA|C is the fuzzy subact of C.
For the second part of the proof define ϑ : A/R → [0, 1] by ϑ([a]R) = σA(a) ∀a ∈ A to
show that ϑ is a fuzzy subact of A/R,
by ϑ([sa]R) = sϑ([a]R) = sσA(a) = σA(sa) ≥ σA(a) = ϑ([a]R)
that is ϑ([sa]R) ≥ ϑ([a]R) so ϑ is a fuzzy subact of A/R.

�

Now we are ready to prove the following theorem:

Theorem 3.3. Let (A, σA) and (B, σB) be two fuzzy S-acts and let σB/R
be the fuzzy

subact of B/R where R is the congruence on B then if σA is σB − injective then σA is
σB/R

− injective .

Proof. Let σA is σB − injective so A is B − injective and ,
σB(b) ≤ σA(f(b)) ∀f ∈ Hom(A,B)
By proposition (3.6) we get A is B/R − injective also by proposition (3.7) there exist a
fuzzy subact of B/R defined by δ([x]R) = σB(x) ∀x ∈ B
to prove δ([x]R) ≤ σA(g([x]R) ∀g ∈ Hom(B/R,A) see figure (4) .
δ([x]R) = σB(x) ≤ σA(f(b)) but f = goπB

= σA(goπB) = σA(g[x]R)
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The direct product of an injective S-act is again an injective S-act and vice versa [10]
here we will investigate the direct product of the fuzzy injective S-act.

Proposition 3.5 ([10]). Take Qs, (qi)i∈I) with Qs =
∏
i∈I Qi where Qi, i ∈ I are S-acts

.Then Qs is injective if and only if Qi are injective for all i ∈ I.

Lemma 3.1. Let A be an S-act over a monoid S and C be an S-subact of A if there exist
a fuzzy subact of A then there exist a fuzzy subact of C.

Proof. Let σA be a fuzzy subact of A then we can put σC = σA|C then it easy to see that
σC is a fuzzy subact of C.

�

Proposition 3.6. let (A, σA), (B, σB) be two fuzzy S-acts, C subset of A and σC a fuzzy
subact on C such that σA is σB − injective then σA is σC − injective if σC ⊂ σB|C .

Proof. Since σA is σB − injective then A is B-injective and σB(b) ≤ σA(α(b)) for each
α ∈ Hom(A,B) and b ∈ B , Now for each function f from a subset of C into A there
exist α ∈ Hom(A,B) hence we can take β = α|C ∈ Hom(C,A) , So A is C-injective,
for the second part of the fuzzy injectivity, Since σB(b) ≤ σA(α(b)) and C ⊂ B so
σB(c) ≤ σA(α(c)) ∀c ∈ C , By hypothesis we will get

σC(c) ≤ σB(c) ≤ σA(α(c))
yields−−−→ αC(c) ≤ σA(α(c))

So σA is σC − injective. �

Theorem 3.4. Let (A,µ) be a fuzzy S-act ,where A =
∏
i∈I Ai, I = 1, . . . , n direct product

of S-acts , σAi fuzzy subact of Ai and σA =
∏
i∈I |σAi direct product of fuzzy subacts of Ai

then µ is σAi − injective if and only if µ is σA − injective

Proof. Let µ is σA − injective so A is A-injective and

σA(a) ≤ µ(f(a))foreachf ∈ Hom(A,A) (4)

To prove µ is σAi − injective (i.e. to prove A is Ai − injective and
σAi(ai) ≤ µ(g(ai)) for each g ∈ Hom(Ai, A))
For the first part of the prove we get it from proposition (3.11) For the second part :

Let ai = (0, . . . , ai, . . . , 0) then σA(ai) = σ(A1)(0)∧ . . . ∧ σAi(ai)∧ . . . ∧ σAn(0) = σAi(ai)
(5)

By (4) and (5) we have : σAi(ai) = σA(ai) ≤ µ(f(ai)) (6)
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But f is an extension of g so f(ai) = g(ai) (7)

By (6) and (7) we get σAi(ai) = σA(ai) ≤ µ(g(ai))
Hence µ is σAi − injective.
Conversely to prove µ is σA − injective (i.e. to show that A is A-injective and σA(a) ≤
µ(f(a)) ∀f ∈ Hom(A,A) and a ∈ A
Since µ is σAi − injective so A is Ai − injective and σAi(ai) ≤ µ(g(ai))∀g ∈ Hom(Ai, A)
we can defined f from A into A such that f is an extension of g that is f |Ai = g which is
an S-homomorphism by proposition (3.9) hence A is A-injective.
For each a ∈ A =

∏
i∈I Ai → a = (a1, a2, . . . , an)

σA(a) = σA(a1, a2, . . . an)
= σA1(a1) ∧ . . . ∧ σAi(ai) ∧ . . . ∧ σAn(an)
≤ σAi(ai)
≤ µ(g(ai)) = µ(f(ai)) for each i

This induces that σA(a) ≤ ∧{µ(f(ai))} for each i but µ is fuzzy S-act so by definition
2.14

≤ µ(f(a1, a2, . . . an)) = µ(f(a)).

�

4. Conclusion

In this work, we have defined the fuzzy injective S-act where S is a monoid and studied
its properties for S-subact , retract ,the direct product of fuzzy injective S-act .
This paper can be extended and generalized for fuzzy principal injective, weak principal
injective and quasi-injective S-acts.
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