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SOME SUMMATION THEOREMS FOR APPELL FUNCTION OF
FIRST KIND HAVING ARGUMENTS + 1

M. I. QURESHI!, M. S. BABOO?, A. AHMAD!, §

ABSTRACT. The motive of this paper is to find the closed forms of the summation theo-
rems for Appell’s double hypergeometric function of first kind with suitable convergence
conditions, having the arguments +1.
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1. INTRODUCTION

In the usual notations, let R and C denote the sets of real and complex numbers,
respectively. For definitions of Pochhammer symbol, generalized hypergeometric function
pFy, we refer monumental work of Abramowitz and Stegun [1], Appell and Kampé de
Fériet [3],Luke [8], Rainville [14]and Srivastava-Manocha [17].

The Appell’s function of first kind is defined as
= (A)r4s(B)r(C)s 2" y°

Fi[A; B, C; Dz, y :TSZO (D) sl (1)
_ - (A)r(B)ra” A+, C, _ - (A)s(C)s v A+ s, B;
_; D 2P| DY —g(D)S B T e @

(max{|z|,|y|} <1and D € C\Z; ).

In our investigations we shall use the following standard results.
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Series manipulation formula ([17, p-100 Lemma 1])

DD B(rs)=> > B(r—s,5) (3)

r=0 s=0 r=0 s=0
provided that involved double series are absolutely convergent.
Series decomposition Identity([17, p.200 Equation (1)])

> w(r) :Z\I/(Qr)+z\ll(2r+l) (4)
r=0 r=0 r=0

Kummer’s first summation Theorem ([6, p.852 Equation (1.3)] )
a, f3; rli+a-0)I{1+%
2F1 |: a B o 1:| ( — ) ( 2) (5)
B Fl+5-8rl+a)
<1+oz—ﬁ € C\Zo; R(B) < 1
Put o = —r in equation(5), we get
.y PA=r—fT(1+r)
F ) ) _ 1 — J _
“[1—?"—/3; ] -5 a2 ©)
where r = 0,1,2,... and g € C\Z.
Dixon’s theorem( [4, p.12, Equation 3.1(1)])
P [ A s 1] _ DA+l + A=)l + 5 = p—w)l(1+3)
LA Al A —w; I‘(1+é\—,u)F(l—i—;‘—w)F(l—l—)\—,u—w)F(l—l—)\)( |
7

<5R(§\—M—W) > —1;1+)\—u,1+)\—w€C\Za>
Whipple’s theorem( [4, p.16, Equation 3.4(1)])

Al =\ w; } B al(o)T(1 + 2w — o) (8)
0,1+ 2w — o; 22w—1r(/\%)r(w + 1+/;fo)r(1f;+a)r(1 +w— /\+U)

3Fy [

<§R(w) >0;U,1+20J—0’€(C\Za>

Watson’s theorem([4, p.16, Equation 3.3(1)])

" [ A, s ] VAT (w + HP(HFN(w + =57 ©
342 1+3+“,2w; F(IJQFA)F( +“)F(w—|— 1— A) (w IT/L)
(éR(l — A= p2w) > 0; 25 2w € C\Zy >
Saalschiitz’s theorem ([4, p.9, Equation 2.2(1)])
—N, A p; (w=A)n(w—p)N
F ! 1
32[w)\+u w—N+1, ] (WN(w—=A—p)N (10

<)\,,u,w,)\—|—u—w—N+16C\Z&>;N:O,1,2,3...
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Legendre’s duplication formula

JAT(22) = 2210 (2)T (= + %)

(22 #£0,-1,-2,-3,...)
F(z+ 1) = 2T'(2)

I'(z)I'(1 iy 2 #0,+1,+£2,+3 ..

Z

o - sm(ﬂ'z
sin(38) = cos(%) = ‘2[}1 ,sin(g) = ‘{fl
cos(7mr) = ,co8(2r +1)5 =0, where r = 0, £1,£2,.
(a)_r: e oz;éO 141,42,
(a)or = 22T(E)T(QTH)T

2. SECTION

Using series iteration technique, we can obtain

A A+1 B:
Fl[Aa B>B7 Dv xz, —ZL‘]:3F2|: 2’ 2D,+1? 1'2:|7

D
29 92
(Jzl <1; AeC; BeEC\Z; DeC\Zy)
Proof of (13)
Consider the series
- (A)r1s(B)r(B)s (_1)S$T+S
Fi[A: B, B; D ; —z] =
1[ ) ) ) ; I, J:] rgz:o (D)r+s rlgl

Replacing r by (r-s) and applying Series manipulation formula (3), we get

. . . _ = (A)r(B)r " - (B+71)-s(B)s (=1)°
Fi[A; B, B; D; z, —x] _Z D), (1)7“; Tt m

_ i (A)T(ijx P, [ 1_;«,3; 3 1} .

—
r=0
Now using Kummer first summation theorem (6), we get

(A);(B)yz" I'(1 =7 — B)cos(%)
(D) T(l=35=B)I(1+3)

o
F[A; B,B; D; =z, —a]=)

= (A)2r(B)ara® (1 — 2r — B)(—1)"
[A; B, B; D; x —x]—; D, M0 B +0
_ - (A)2T(B)2r$2r(1_B —2r(=1)" _ . (g)r(%)AB)rsz
B Z::O (D)2rri(1 — B)—r a ZZ:O (5)r(B5h),r!
— 3F2 |: %722;7_‘_3;7 $2:|
29 2

(11)

(12)
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3. APPLICATION OF REDUCTION FORMULA (13) IN SUMMATION THEOREMS

When the values of parameters leading to the results which do not make sense, are
tacitly excluded. Then

In the equation (13) put A = a,B = b,D = 1+ 2b — a and x = 1, use the Dixon’s
summation theorem (3), we get

I(H2-24)1(1 + 2b — a)
220T(1 + 2b — 2a)T(42)’

Fila;b, b;1+2b—a;l,—1] = (14)

<%(2a—b)<1; (l—i—Zb—a)E(C\Za).

In the equation (13) put A = —2m,B =b,D = 1+b—2m and = = 1, use the Saalschiitz’s
summation theorem (6), we get

Fi[-2m; b, b;14+b—2m;1,-1] = (15)

(14b—2m) e C\Zy ; m € Ny).
In the equation (13) put A= —2m —1,B =b,D =b—2m and x = 1, use Saalschiitz’s
summation theorem (6), we get

Fi[-2m—1; b, b;b—2m;1,—1] = (16)
((b—2m) e C\Zy ; m e Ny).

In the equation (13) put A = MT_3, B= d+1 ,D =dand z =1, use Watson’s summation
theorem (5), we get

o [20-3d+1 d+1
W2 g

(2-v2)(1 - d)r(§)/(7)

PGP (24 sin(m(452))”

o d ;1,—1] = (17)
(R(d) <5; d#1, de C\Zy).

In the equation (13) put A = %, B= %, D =d and x = 1, use Watson’s summation

theorem (5), we get

(18)

2d—1 d d Vi) s )
Fl[ 54’45“1"}:F<2d§i”>r<d+5) e )
(R(d) <2; de C\Zy).

In the equation (13) put A = 2, B = %, D =d and x = 1, use Watson’s summation
theorem (5), we get

d—2 3d+2 3d+2
2 4 7 4

P(HEHI(%5Y)

/AT (5) (19)

Fl{ ;d;l,—l}

(R(d) < 2; d e C\Zy).
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In the equation (13) put A =a, B = 37‘1, D =2a+1 and z = 1, use Watson’s summation
theorem (5), we get

= e
D)0 (242) cos(F)
(R(a) <2; (2a+1) € C\Zg).

In the equation (13) put A = g, B = %,D = d and x = 1, use Watson’s summation
theorem (5), we get

Fl[a;?;l,gza;Qa—l—l;l,— (20)

a—2
d 3d—2 3d-2 277 T(Hhr(Ee
Fl |:2 73T7 BT ; d 717_1:| = 5d+22 ) 6—d4 )7 (21)
( 8 )F(T
(?R(d) < 2 ; de C\Zg).
In the equation (13) put A = d‘H , B=3" D =d and x = 1, use Watson’s summation
theorem (5), we get
d—1
1 3d- — 277 T(§)r(°34
I d+ ;3d 7’ 3d 7;d;1,—1 _ 2 (%) (4)’ (22)
9 4 4 F(3d8—3)1—\(138—d)

(R(d) <5; deC\Zy).
In the equation (13) put A = %,B =b,D = M’Tﬂ and z = 1, use Whipple’s summation
theorem (4), we get

1 4b+1 r
F1[2;b,b;+;1,—}— kG (23)

)
2 23017 (22D (S (ML)
(R(b) > 0; 2EH e C\Zy).
4. CONCLUSIONS

We conclude our present analysis by observing that several interesting summation the-
orems for Appell function of first kind can be derived in an analogous manner. Moreover,
presented summation theorems should be beneficial to those who are interested in the field
of applied mathematics and applied physics.

Remark: Summation Theorems can be applied for some other branches of applied
mathematics such as numerical improvement of weighted quadrature rules [12] whose
residue is controllable by some new mathematical inequalities [9, 10] and classical sym-
metric hypergeometric polynomials [11].
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