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CERTAIN GENERATING FUNCTIONS INVOLVING THE
INCOMPLETE [I-FUNCTIONS

S. MEENA!, S. BHATTER!, K. JANGID?, S. D. PUROHIT?, K. S. NISAR?, §

ABSTRACT. In this paper, we have derived a set of generating functions for incomplete
I-functions. Bilateral along with linear generating relations are derived for incomplete
I-functions. The results obtained are of a general nature, as special cases, the generating
relations obtained for the incomplete I-functions.

Keywords: I-function, Generating functions, Incomplete Gamma functions, Incomplete
I-functions, Mellin-Barnes type contour.
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1. INTRODUCTION AND DEFINITIONS

Working with a continuous function is sometimes much easier than working with a
sequence, so linear, bilinear, and bilateral generating functions play a significant role in
investigating the useful properties of the sequences they generate. Generating functions
have useful applications in combinatorial problems, recurrence equations, physics and
many fields of study. The extensive application of generating functions involving special
functions has attracted the attention of many researchers. There are several methods
available in the literature for generating functions involving special functions (see [6, 8,
9, 14, 12, 11]). Motivated by the above work, this paper sets out certain generating
functions in the form of linear and bilateral functions involving incomplete I-functions
and incomplete I-functions. First of all, we recall some of the basic definitions available
in the literature in order to establish the main results.
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In 1997, Rathie [7] introduced a new function which is known as I-function. The I-
function is represented by the following Mellin-Barnes type contour integral

(617 P1; E1)7 ceey (607Pc§ EC)
(fi,o15F1), ..., (fa, 045 Fq)

1

" 2mi

Iy(2) =124 [Z /E W) 2* de, (1)

where

100, - 0,60 TG~ €5+ p36))
d

W(E) = (2)

C

[T M= fi+0;01 TI [T(ej — p;O)]™
j=a+1 j=b+1
In the above definition, z # 0, a, b, ¢, d are positive integers satisfying 0 < b <¢, 0 <a <d
with pj, Ej(j = 1,--+ ,¢) and 0}, Fj(j = 1,--- ,d) € R". Also ¢;, f; € C and an empty
product is interpreted as unity.

We next recollect and define the lower and upper incomplete gamma functions (&, z)
and I'(¢, z) as follow (see [1, 2, 10]):

e = [F ey (RO >0 22 0) )
and N
L& 2) = / Yo eV dy, (2>0; RE) >0 if z2=0). (4)
These functions fulfill the following relation
V(& 2) +T(&,2) =T(E), (R(E) > 0). (5)

Using the above defined incomplete gamma functions, Jangid et al. [3] (see also, [4])
discovered and defined the incomplete I-functions 714" (z) and ''I,/3"(z) in the following
manner:

1

=— ) 25
-5 [ dew Fae ©)

’YIavb Py (el,PhEl : ‘T)’ (627p2;E2)7' o 7(eCapc;EC)
¢d (fi,015F1), (f2, 00, F), -+, (f4,04; Fa)

and

1 ) 2
(f1,01; F1), (fo, 00, F2), -+, (fa, 00, Fa) | 2772'/5 o) = de, (1)

for all z # 0, where

FIa,b [2’ | (elapl;El 2.1‘)7(62“02;E2),'-- 7(€Capc;EC)
c, d

B = e+ mE )P TN, - 0,15 TN - ¢ + p,6)]5
0(¢,x) = y = — = .
T [P = fi+ 05015 T [Tey — pi))™
j=a+1 j=b+1
and
[C(1—e1 + & x)) ™ f[l[r(fj — ;6] ,:[F(l —ej+ pi€)]"
O, ) = y — — : (9)
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For Fy = 1, the definitions (6) and (7) at once yield the following relation
7b I ’b 7b
ng,d (2) + Izd () = If,d (), (E1=1), (10)

where IZ’ZZ(Z) is defined in (1).
The incomplete [-functions defined in (6) and (7) exist for all > 0, under the set of
conditions given by Rathie [7], with

A> 0, larg (2)] < A g

where

A:ZFjUj — Z Fjo; —i—Z E;p; — Z Ejp;.
j=1

Jj=a+1 j=b+1

2. MAIN RESULTS

In this section, we established certain new generating functions for the incomplete I-
functions.

Theorem 2.1. Ifa, b, ¢, d € Ny with0 < b< ¢,0< a< d,pj,Ej(j=1,---,¢),
0, F;(1,---,d) € R and ej, fj, X € C, then the following linear genemtmg Telatwn
holds:

i >\+l—1 rrab |, (e1,p1; E1 2 x), (e, pjs Ej)2,e—1, (A +1,0;1) ;
& d A+141;1),(f5,045 Fj)2.4 Y

1=0
(A1), (f5,045 Fj)2.d

Proof. To prove the result, let us take the left-hand side of (11)

s A=\ oa (e1,p1; E1 : 2), (€, pj; Ej)2.e—1, A+ 1,0;1) |
LHS = lz:;( I > 1.4 [z ‘ A+1,1;1),(f5,05 Fj)2.d v

=<1—y>”fz7§[z<1—y>' (e 13 B 2), e, 053 B ”“’(””]. (1)

Write incomplete I-function in terms of Mellin-Barnes type contour integral, we get

= (Atl-1 1 ¢ l
Lﬂsg( l )(M/£9<§,x)z d£>y

Now, change the order of the summation and integration, then after some calculation, we
have

[r(1—el+pls,x>]E11j[ (s — o361 TLI( — €5 + pi6)

- 1 Jj=2 I3
LHS = o /[; . — - P
AT A= f5+ 05917 11 [Tej — pi&)]™
j=a+1 j=b+1

ZAFI—E-1\T(A=¢)
Xlo( l ) roy V%
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Using the following generalized binomial expansion formula;

i(s+i—1> = (1— )

k=0

We have

[D(1 = ej + p;€)]"s

=

D=1+ pé ) [0, - 6]

=y
LHS = : /L

211 d c—1
I Q= f 405015 T1 [Tej — pi )™
j=a+1 Jj=b+1

X ”?(;f) (2(1—y))° d&.

Finally, using (7) we obtain the right-hand side of the assertion (11) of Theorem 2.1. O

Continuing to follow the related Theorem 2.1 process and then using the (6) definition,
we get the following theorem concerning the lower incomplete I-functions:

Theorem 2.2. Ifa, b, ¢, d e Ngwith0< b< ¢,0< a< d, p;,E;(j=1,---,¢),
o;, Fj(1,---,d) € R" and ¢j, f;, A € C, then the following linear genemtmg relatzon
holds:

> <>\+l—1> ypab |, (e1,p1; E1 : 2), (€5, p53 Ej)2,e-1, (A +1,0;1) "
L l cd A+ 1,151), (5,045 Fj)2.a
“A ypa s By s @), (65,55 Ej)2,e-1, (A, 051)
—(1— )\'y]—,b 1 (617,01, 1+ IACYEN AR ) ) 12
( Y) c, d [2( ) ‘ (A 151), (fqu]aF)Q,d (12)

Theorem 2.3. Ifa, b, c,d € Ny with0 < b< ¢,0< a< d,pj,Ej(j=1,---,¢),
0, Fj(1,--+,d) e R" and a, B, e;, fj € C, then the following bilateral genemtmg relatzon
holds:

a+1
Z%ﬂ n) oy = el

Ira,b e | (e, p15Er : 2), (e, p53 Ej)2e
I s 1+ ’ s 13
c,d y( C) (fj:o'j;Fj)l,d ( )

where, ¢ = t(1 + )T, @[z] = Z Q, 2", {Qn}02 is an arbitrary complex sequence and

P (@y) = D (~n)mk Q2
k=0

x L yabtl (e1,p15E1 : 2), (—a = (B + 1)n, €1), (¢, pjis Ej)2c
e 1,d+1 (fj 05 Fj)1,4, (—a— Bn — mk, € 1)
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Proof. To prove the result, we first use the Mellin-Barnes type contour integral form of
the incomplete I-function defined in (7), we have

[n/m]
(a, B) 1 ¢ Fl+a+B+n+e), k
Pn,m (az,y) = o /ﬁe(fvz)y Z F(l Ta+ Bn+mk+ 65)( n)mk O x dg,

k=0
(14)

where, O(¢, z) is given in (9).
Putting (14) into the LHS of the bilateral generating relation (13), and after changing
the order of the summation and integration, we obtain

> tm 1
1=3 Py = | e
n=0 :

oo [n/m]
Ay (04 +e§ + (B + 1)”>tn 3 : (—=n) ks Qe F .

—~ n — 1+ a+ e+ Bn)mk
(15)

Now, use the following result given by Srivastava [8]

= (ot (04 D\, G 2 (040 & a0

D n t Z(1+a+5n) BT 1-8C D C T

n=0 k=0 mhk & k=0 '
with - a+ € and Cyp — k! Qi k >0, using (15) we get

(140 & k / e

where ¢ = t(1 + ¢)P*L.

At last, use the definition (7) and ®[z], we get the desired result (13). O
Theorem 2.4. Ifa, b,c,d e Ngwith0< b< ¢,0< a< d, pj,Eji(j=1,--,¢),

0, Fj (1, ,d) e R" and «, B, e;, f;, € C, then the following bilateral genemtmg relatzon
holds:

n 1 a+1
ZRS“ ey = S (o)

(e1,p1; E1 : 2), (e, pjs Ej)a,e

Y a,b €
X Mela [y +C) (fj:05 Fj)1,d (1D

where, ¢ = t(1+ )P, @[z] = 3 Q, 2", {Qn)5%, is an arbitrary compler sequence and
n=0
P () = D (—n)mk Q2

»YIa b+1 (el,Pl;El : Z)a (—Oé - (5 + 1)’/1,6; 1)7 (ejvpj;Ej)Q,C
(fjaaj;Fj)l,d7 (—Oé - BTL - mka € ]-)
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¢, 0 <a<d pj,Ej(j=1,---,0),

Theorem 2.5. Ifa, b, ¢, d € Ny with 0 < b <
€ C, then the following bzlateml genemtzng

oj, I} (1,---,d) € R* and «a, f, €j, fj7 w
relation holds:

n a+1
ZQ D i)t = S a1+ ¢

y(1+ Q)"

FIa7b
¢ d (fjr05:Fj)1,a

(e1, p1;5B1 : 2), (€5, pj: Ej)ac ] o as)

o0
where, ¢ = t(1+ )P, ®[z] = 3 Qp 2", {Q,}5°, is an arbitrary complex sequence and
n=0

[n/m]
Q) wiwy) = D (=n)mi Y *
k=0

x Tpabtl (e1,p15 B 2 2), (—a = (B + 1)n — wk, &1), (¢, pj; Ej)2,e
ct+1,d+1 (fj: 053 Fj)ra, (—a — Bn — (w+m)k, € 1)

Proof. To prove the result, we first use the Mellin-Barnes type contour integral form of
the incomplete I-function defined in (7), we have

[n/m]

(@.B) /. .. 1 Fl+a+ (B+1)n+wk+€) B i
QU = g [ O D e iy o p i ey e 2t 6

(19)

where, O(¢, z) is given in (9).
Putting (19) into the LHS of the bilateral generating relation (18), and after changing
the order of the summation and integration, we obtain

=Y Qrwin) = o [ o.2)
n=0 ’

i <a +ec+(B+ 1)n) " WZ”” (=) (1 + 0 + €€ + (B + L)n)oy, Qp 2

dg.
* n—=0 n k=0 (1 +a+ef+ Bn)(w—i—m)k .
(20)
Now, use the following result given by Srivastava and Buschman [9],
o0 [n/m]
a+(B+ 1>n> ny CWmk(d+at B+ D)ok -k
,;)( no ) kgo Atatmems  *°
1 a+1
- om0l @
with o — o + €&, we have from (20)
_ (149 €
1= a0 1+ O x5 [ Ot @)

where, ¢ = t(1 + ¢)#*! and (¢, 2) is defined in (9).
At last, use the definition (7) and ®[z], we reached at the desired bilateral generating
relation (18). O
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<c¢0<a<d p,E(j=1-,0),

Theorem 2.6. Ifa, b, ¢, d € Ny with 0 < b
€ C, then the following bilateral generating

oj, I} (1,---,d) € R* and «a, f, €j, fj7 w
relation holds:

N 0@ (b = L L mmg o
;)Qn,m Wiz y) g = 7 g 2l =01+ 0]

b e1, p1; 1 1 2), (e, pj; Ej)e,
R R B i )

o0
where, ¢ = t(1+ )P, @[z] = 3 Q, 2", {2,152, is an arbitrary complex sequence and

n=0
[n/m]
QN wi,y) = > (—n)mk U ¥
k=0

ctld+l (fj,05: Fj)1a, (—a— pn — (w+m)k, e 1)

Remark 2.1. If we set w = 0 in (18) and (23) we get the relations (13) and (17),
respectively.

o Vbt !y ' (e1,p15 E1 1 2), (—a = (B + 1)n — wk, € 1), (€5, pj; Ej)2,c

Remark 2.2. If we seta=A—1,8=0 and { =t/(1 —1t) in the relations (13) and (17),
respectively, we get the below Theorems 2.7 and 2.8.

Theorem 2.7. Ifa, b, ¢, d e Ngwith0< b< ¢,0< a< d, p;,E;(j=1,---,¢),
0, Fj(1,---,d) € Rt and \, e;, fj € C, then the following bilateral generating relation
holds:

"

c+1,d (fjvo-j;‘Fj)l’d nt

SRS <$z]§>! [x<1it>mr

k=0

o0
Z@T(UC) T ra, b+1 [y ‘ (e, p1;3 Er : 2),(1 = A —n,e1), (e, pj;: Ej)2e
n=0

(e1,p1;E1 : 2), (1 = X —mk, e 1), (e, pjis Ej)2.c

x FI“”’“[ y . (24)

erld 1 (1 —t)e (fi>05: Fj)1d
[n/m]
where, o™ (z) = > (1) QU 2¥ and {4}, is an arbitrary complex sequence.
k=0

Theorem 2.8. Ifa, b, ¢, d e Ngwith0< b< ¢,0< a< d,p;,Ej(j=1,---,¢),
0, Fj(1,---,d) € Rt and \, e;, f; € C, then the following bilateral generating relation
holds:

tn

00

, b+1 61aP1§E13Z, 17)‘771’56;1’ e"p';E'Z,
ng)ws+1,d[y‘ ( M R
n=0 )

(fj, 05 Fi)ia

=<1—“A§%<n?£)! [m<1it>mr

k

(e1,p1;E1 1 2),(1 = X —mk, e 1), (5, pj; Ej)ac
(fjr05 Fi)a

X ’yIa7 b+l [ L ) (25)

c+1,d (1 _ t)e
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[n/m]
where, o (x) = > (1) Qi 2 and {Q};2, is an arbitrary complex sequence.
k=0

3. SPECIAL CASES

In this section, we derive the generating functions for the incomplete I-functions.
If we set Fj (j =1,---,a) = 1 in the definitions (6) and (7), respectively, we obtain the

incomplete I-functions ”’Ti’ s (z) and Ffi’ 2(2) in the following manner

(flaa-l; 1)7 o 7(fa70a; 1)7

<€b+17pb+1§Eb+1)7 s 7(€capc;EC) (26)
(far1,0a413 Fag1), - s (fas 005 Fa) |’

Moy =710 [z ‘ (e1, p1; E1 2 ), -+, (en, po; Eb),

and

(flaal; 1)5 T a(fayO'aQ 1)5

<€b+17pb+1§Eb+1)7 s 7(€capc;EC) (27)
(far1:0a413 Fag1), - s (fas 005 Fa) |7

T a,b - a,b €1, 1;E1:$,“‘, €b, b;Ebv
Flzd(z):r[gd[z‘ ( P ) ( p )

Il iS inleresting 0 note hat
] 7d(a) l ’d(z) l ,d(z) ( )
C, c, c, ’ 28

where, I Z(z) denotes the familiar I-function given by Rathie[7].

Now, if we set F;j(j =1,---,a) =1 in Theorem 2.1, Theorem 2.3, Theorem 2.5 and
Theorem 2.7 then we obtain the linear and bilateral generating relations involving incom-
plete 'T Z:S(z) function and given as corollaries:

Corollary 3.1. Ifa, b, ¢, d € Ngwith0< b< ¢,0< a< d, pj,Ej(j=1,---,c¢),
0, Fj(1,---,d) € RY and ej, fj, A\ € C, then the following linear generating relation
holds:

— (A+1-1 ryab |, (e1,p1; Er - x), (e2, p2; E2), - -+, (en, po; Ep),
0 ! ¢ d ()‘+l71;1)7(f2502;1)7"' >(faaga;1)a

(6b+17 Pb415 Eb+1)7 Tty (6671, Pc—1; chl)a (>‘ + lv O; 1) yl
(fa+1a Oa+15 Fa+1)a T, (fdv 0d; Fd)

1=

(e1,p1; E1 = x), (e, p2; E2), -+, (ew, po; Eb),
()‘7 1; 1)? (f27 02; 1)7 R (faa Oa; 1)7

(€pt15 Pot15 Eby1), -+ (€c—15 pe—1; Ee—1), (X, 05 1)
(fat+1:0a+41; Fag1), -+, (fa, 045 Fa) ’
(29)

=(1-yTe] [Z(l ~y)

Corollary 3.2. Ifa, b, ¢, d e Ngwith0< b< ¢,0< a< d, pj,E;j(j=1,---,¢),
0, Fj(1,--+,d) e R" and a, B, e;, fj € C, then the following bilateral generating relation
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holds:
t (1 + C)Oé-i-l
§ PP (2, y)— = = @[z (— )™
I'7a,b € (elapl;El 5$)7(€2ap2§E2)7"' 7(ebapb;Eb)7
I 1
¢, d y( +C) (fl:al;l)a"' ,(fa,O'a;l),

(eb-i-l)pb—i-laEb-i-l)a : 7(€CapC;EC) (30)
(fa+170a+1a a+1)> a(fdaad;Fd)

o
where, ¢ = t(1+ )P, @[z] = 3 Q, 2", {Qn)S2, is an arbitrary compler sequence and
n=0

P (@y) = D (—n)mk O 2
k=0

FI a, b+1 (elapl;El : 33)’ (_Oé - (/B + 1)”) € ]-) ) (627p2;E2)7 e ,(Gb,pb;Eb)7
1, d+1 Y (fr,o131),--+, (fa, 045 1),

(eb-i-l’ Pb+15 Eb+1)7 Ty (607 Pe; EC)
(fa+170a+1;Fa+1)a R (fdao-d;Fd)7 (—Oé - BTL - mk‘,e; 1)

c, 0 <a<d pj,Ej(j=1,--,0),

Corollary 3.3. If a, b, ¢, d € Ny with 0 < b <
w € C, then the following bzlateml genemtmg

0, Fj(1,---,d) € R" and a, B, e;, fj, w
relation holds:

S 0 () = AT o 4 o)

(e1,p1; E1 1 2), (€2, p2; E2), -+ -, (€b, pi; Ep),
(f1a01;1)7"' a(favgzﬁl):

(€b+15 Pot15 Ebr1), -+, (€cy pe; Ee) (31)
(fat+1:0a41; Fagr1), -+, (fa,0a; Fa) |’

I'7ab
x 1.4

y(1+ Q)

o0
where, ¢ = t(1+ )P, 2] = 32 Qp 2", {Q,}5%, is an arbitrary complex sequence and
n=0

[n/m]
Q) @iz, y) = D () U
k=0

(e1,p1; B1 : 2), (—a — (B+ 1)n — wk, €; 1), (e2, p2; E2), - -+, (ep, pp; Ep),

T b+1
Igﬂ d+1 [ 1+ (f1,0131), - (far 0as 1),

(ev+1, Po+1; Epy1),- - (€c, pe; Be)
(fa+1,0a+15 Fag1), -5 (fa, 0a; Fd) (—a—fn = (w+m)k 1)
Corollary 3.4. Ifa, b, ¢, d € Ng with0 < b< ¢,0< a< d, p;,Ej(j=1,---,¢),

0, Fj(1,---,d) € Rt and \, e;, f; € C, then the following bilateral genemtmg relatwn
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holds:

ctl, d (f1701;1)7"‘ 7(fa70a;1)7

(€vor1y Poy1s Bog1), 5 (€ pes Ee) | 1
(fat1,0a41; Fav1), -+ 5 (fa,0a; Fy)

n!
- (1—’5)_A§<$2>! [”“’<1it>mr

'+ a, b+1 Yy
<

io_’;n('%) FT a, b+1 y (617P1§E1 : Z)? (]- - - n, e, 1)7 (627p2;E2)7 Tt 7(eb7pb;Eb)7
n=0

(e1,p15 E1 1 2), (1 = X —mk, €; 1), (e2, p2; E2), -+ -, (eb, pv; Eb),
(f1,0151), -+, (fa,0a; 1),

e ) ; B I (-
eGSR [ (62
[n/m]
where, o (z) = > (1) QU 2 and {Q};2, is an arbitrary compler sequence.
k=0

Remark 3.1. If we set Ej (j=b+1,--- ,¢c)=1and Fj(j =1,--- ,a) =1 in above corol-
laries, then we may obtain the linear and bilateral generating relations involving incomplete
H-functions defined by Srivastava et al. [13].

Remark 3.2. Again, if we set Ej(j =,---,¢) =1 and Fj(j = 1,--- ,d) = 1 in above
theorems, then we obtain the linear and bilateral generating relations involving incomplete
H-functions given by Jangid et al. [5].

4. CONCLUSION

We have derived linear and bilateral generating functions involving incomplete I-functions
and incomplete I-functions. The results obtained are of a general nature, as special cases
may result in generating functions involving special functions such as H-function, G-
function, Fox-Wright function and hypergeometric functions.

Acknowledgements. The authors would like to express their sincere thanks to the
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