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SOME PROPERTIES OF VAGUE GRAPH STRUCTURES

M. TAHERI', Y. TALEBI', H. RASHMANLOU!, §

ABSTRACT. A graph structure is a generalization of simple graphs. Graph structures
are very useful tools for the study of different domains of computational intelligence and
computer science. A vague graph structure is a generalization of a vague graph. In
this research paper, we present several different types of operations including cartesian
product, cross product, lexicographic product, union, and composition on vague graph
structures. We also introduce some results of operations.
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1. INTRODUCTION

Fuzzy graph models are advantageous mathematical tools for dealing with combinatorial
problems of various domains including operations research, optimization, social science,
algebra, computer science, and topology. Fuzzy graphical models are obviously better
than graphical models due to natural existence of vagueness and ambiguity. Fuzzy set
theory [24] is a very strong mathematical tool for solving approximate reasoning related
problems. Graph structures, introduced by Sampathkumar (2006), are a generalization
of graph which quite useful in studying structures including graphs, signed graphs, and
graphs in which every edge is labeled or colored. Gau and Buehrer [7] proposed the concept
of vague set in 1993, by replacing the value of an element in a set with a sub-interval of
[0,1]. Namely, a true-membership function ¢,(x) and a false membership function f,(x)
are used to describe the boundaries of the membership degree. Kauffman defined in [9]
a fuzzy graph. Rosenfeld [18] described the structure of fuzzy graph obtaining analogs of
several graph theoretical concepts. Bhattacharya [5] gave some remarks on fuzzy graphs.
Several concepts on fuzzy graphs were introduced by Mordeson et al. [10]. Dinesh [6]
introduced the notion of a fuzzy graph structure and discussed some related properties.
Ramakrishna [11] defined the concept of vague graphs and studied some of their properties.
Sahoo and Pal [19, 20] studied different types of products on intuitionistic fuzzy graphs.
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Rashmanlou et al. [12, 13, 14, 15, 16, 17] investigated several properties of fuzzy graphs.
Ghorai and Pal [8] defined certain types of product bipolar fuzzy graphs. Akram [1]
given bipolar fuzzy graphs. Sheikh Hoseini et al. [21] introduced maximal product of
graphs under vague environment. Sunitha and Vijayakumar [23] studied some properties
of complement on fuzzy graphs. Shahzadi et al. [22] investigated pythagorean fuzzy soft
graphs with applications. Borzooei [2, 3, 4] introduced new concepts on vague graphs. In
this paper, we present several different types of operations, including cartesian product,
cross product, lexicographic product, union, and composition on vague graph structures.

2. PRELIMINARIES

A graph structure G* = (U, Ey, Es,--- , Ey), consists of a non-empty set U together
with mutually disjoint, irreflexive, and symmetric relations, Fy, Ea,---, E, on U. If G}
and G5 are two graph structures given by (U, Ey, Es,--- ,Ey) and (V,E{,Ej,--- , E})
respectively, then cartesian product of G7 and G3, is denoted by "G7 x G5” and given
by Gi x G5 = (U x V,E1 x E{,Ey X Ej,--- , E, x E}) where E; X E = {(u1v,uv)| v €
Viuiug € E;} U {(uvi,uv)| u € U,vjvg € El}, i =1,2,--- k. Composition of G} and G
is denoted by ”G7 o G3” and given by Gf o G5 = (UoV,E 0 E|,Ey0 E},--- |Ej, 0 E})
where UoV = U x V and E; o El = {(ujv,uv)| v € Vugug € E;} U {(uvy,uvs)| u €
U,vivg € El} U {(ujv1,ugv2)| ujug € Ej,v1 # v2}, i =1,2,--- k. Union of G} and G% is
denoted by "G} UG%” and given by Gf UG5 = (UUV,E1UE],E;UE),--- B, UE;) and
join of G} and G% is given by G7 + G5 = (U + V,E1 + E{, E2 + Ej, - - , Ej, + E}) where
U+V =UUV and E; + E, = E;UE/UE, for i = 1,2,--- ,k such that E is the set
consisting of all edges which join vertices of U with vertices of V.

Definition 2.1. [6] Let G* = (U, E1, Es, - - - , E}) be a graph structure and let v, p1, pa, -+ , pi
be the fuzzy subsets of U, Eq, Eo, - -+ , B} respectively such that:

Then G = (v, p1,p2,- -+, pk) is a fuzzy graph structure of G*.

Definition 2.2. [7] A vague set A on an ordinary finite non-empty set X is a pair (ta, fa)
where tg : X — [0,1] and fa : X — [0,1] are true and false membership functions,
respectively such that t4(x) + fa(x) <1, for allz € X. Let X and Y be ordinary finite

non-empty sets. Then we call a vague relation to be a vague subset of X X Y, that is an
expression R defined by:

R = {((a;,y),tR(a:,y),fR(a:,y)H T € X7y € Y}7
where tg : X xY — [0,1], fr : X xY — [0,1], which satisfies condition 0 < tg(x,y) +
fr(z,y) <1, for all (z,y) € X X Y.

Definition 2.3. [11] A vague graph is a pair of G = (A, B), where A = (ta, fa) is a
vague set on' 'V and B = (tp, f) is a vague set on E C V X V such that tg(zy) <
min(ta(z),ta(y)) and fp(ry) = max(fa(z), fa(y)), for zy € E.

Example 2.1. [11] Consider a vague graph G such that V = {a1,a2,a3} and E =
{a1a9, aza3,aras}. By routin computations, it is easy to show that G is a vague graph.
3. OPERATIONS ON VAGUE GRAPH STRUCTURES

Definition 3.1. G, = (A, By, By, -+, B,) is called a vague graph structure (VGS) of a
graph structure (GS) G* = (U, Ey, Ea,--- ,Ey), if A = (ta, fa) is a vague set on U and
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a,(0.4,0.3)

EEI:U.E.-U-{I I:U.LU.E:I ag[U.E,D.S‘}

FIGURE 1. Vague graph G

for eachi=1,2,--- ,n; B; = (tp,, [B,) is a vague set on E; such that:
tp,(wvy) < ta(z) Nta(y), [p,(vy) > fal@)V faly),

Vzy € E; C U x U. Note that tp,(xy) = 0=fp,(xy), for all zy € U x U — E; and
0 <tp(zy) <1,0< fp,(xy) <1, Voy € E;, where U and E;(i = 1,2,--- ,n) are called
underlying vertex set and underlying i-edge set of G, respectively.

Example 3.1. Let (U, Ey, E2) be a graph structure such that U = {a1,a9,a3,a4}, Fy =
{ay1ag,a2a3}, and Ey = {agaq,ar1a4}. Let A,By and By be vague subsets of U,Ey and E,
respectively such that:

A = {(a1,0.3,0.4), (az,0.3,0.5), (a3,0.2,0.3), (as, 0.3,0.3)},

By = {(a1a2,0.3,0.5), (a2as,0.2,0.5)},and By = {(aga4,0.2,0.3), (a1a4,0.2,0.4)}.

Then Gy, = (A, By, Ba) is a VGS of G* as shown in Fig. 2.

B,(0.3,0.5)

ay(0.304) o o 02(0.30.5)
B;(0.2.04) B,(0.2,0.5)
a,(0.3.0.3) ® ® .(0.203)

B,(0.2,0.3)

FIGURE 2. VGS G, = (A, By, B)

Definition 3.2. Let Gy = (A1, Bi1, B2, -+ , B1n) and Gy = (A, Boy, Boo, - -+ , Bay,) be
respective VGSs of GSs G} = (Ui, E11, Era, -+, F1y) and G5 = (Ua, Ea1, Eaa, -+, Eay).
The cartesian product Gy X Gya of Gyi and Guy is then a VGS of G x G5 = (Uy %
U2,E11 X E21,E12 X EQQ,....,Eln X Egn) 18 given by
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(A1 X AQ, B11 X BQ1, Blg X BQQ, s 7Bln X Bgn)suchthat

(Z) { LA x Ay ($y) = (tAl X tAz)(‘UJ) =ta, (l‘) Nta, (y)
farsas(@y) = (fay % far)(@y) = fa,(2) V far(y), Yoy € Ur x Uy

(

tBliXBQi((:L‘yl)(ny)) = (tBu X tBQi)((xyl)($y2)) =14 (ZL') A tB2¢(y1y2)

(1) § SBrixBe ((zy1)(zy2)) = (fB1; % [By)((zy1)(z12)) = fa,(2) V [By; (Y192),
Vo € Ui, y1y2 € Ey;,

tBh-ngi((.ﬁly)(ny)) - (tBu' X thi)((xly)(ny» =ta, (y) NiBy, (1'11‘2)
(’L“) fBliXBZi((xly)(x2y)) - (fBli X fBzi)((xly)(x2y)) - fA2(y) v fBli(x1x2)7
Vy € Uz, z172 € Eyy,

Example 3.2. Let Gy = (A1, B11, Bi2) and Goo = (Ag, Ba1, Ba2) be respective VGSs of
graph structures G} = (U1, E11, E12) and G5 = (Ua, Ea1, E92) such that Uy = {a1, a2, a3, a4},
Uz = {b1,b2,b3,bs}, En1 = {araz}, Er2 = {azas}, Eo1 = {biba}, and Egy = {bsbs}. Gun

and Gy are shown in Fig. 3,

a,(0.2,0.3) B, (0.1,0.4) a,(0.1,0.4) 5,(0.3,0.3) B,,(0.2,0.5) 5:(0.4.04)
[ @ @ 2
a,(0.1.0.4) B,,(0.1,0.5) a;(0.4.0.4) b5,(0.1,05) B, (0.1.0.6) b3(0.2,0.3)
& & [ &
Gy1 = (A1, B11,By3) Gya

FIGURE 3. Vague graph structures

and cartesian product Go1 X Gpa = (A1 X Ag, B11 X Bai, Bia X Baga) is shown in Fig. 4.

Theorem 3.1. Let G* = (Uy x Uy, E11 X E91,FE19 X Ea9,-+- , E1, X Fay,) be cartesian
product of GSs G5 = (U1, E11, B2, -+, E1n) and G5 = (Us, Ea1, Eaa, - -+ , Eay,). Let Gl =
(Aq, By1, Bia,- -+, Bip) and Gya = (Ag, Ba1, Baa, - -+ , Bay) be respective VGSs of G5 and
G; Then (A1 X AQ,BH X le,Bgl X BQQ, s ,Bln X an) isa VGS Of G*.

Proof. Case 1. When u € Uy, b1by € Eb;
tB1ixBa; ((Ubl)(Ub2)) =ty (u) N tBQi(ble) <ta, (u) A [tAQ (bl) Nta, (bQ)]

= [ta, () Atay(b1)] A [ta, (u) Ata,(bo)]
= tayxA,(ub1) Ata,xa,(ubs2)

fBliXBQi ((Ubl)(UbQ)) = fAl (u) v fBzi(ble) > fA1 (u) \4 [fAz (bl) \ fA2 (bQ)]
[fAl (u) \% fA2 (bl)] \% [fAl (u) \% fA2 (b2)]
= farxa,(ub1) V fa,xa,(ubs)
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a4 b,(0.2,0.3) Bii% Bzi(0.205) g p.(0.2,0.4) @183(0.2,0.3) BuX Bpx(0.10.6) g b,(0.1,0.5)
L L] ’
= ko = 5
~ E ~ ®
P B e =
5 & 3 =
[

a,b,(0.1,0.4) BuX Bau(0105) g b 0.1,04) 6yb5(0.1,04) Brz¥5(0108) g b 01,0.5)

Byy ¥ Bpa(0L2.0.5) Gy b,(0.4,0.4) a5 b5 (0.2,0.4) Bz Byz(0.1.0.6) azb,(0.1,0.5)
|

a5 b4(0.3,0.4)

Hpam S 0L0DEY
(50T0F s =ty
By Baul 001,059
(s0To)eg = lg

L '
421(0.1.0 : a,b;(0.1.0.4) a,by(0.10.4 : a4b,(0.1,0.
a b (0.1.04)  FrX B2(0105) S Bal § BEmRgihing) b,(0.1,0.5)

FIGURE 4. Cartesian product of two VGSs

for uby, uby € Uy x Us.
Case 2. When u € Us, biby € Ey;
tByix By (b1u) (bau)) = ta,(u) Atp,, (biba) < ta,(u) A [ta, (br) Ata,(bo)]
[tAQ (u) Nta, (bl)] A [tAQ (u) Nta, (b2)]
= tA;xA, (b1u> ANTA %Ay (b2u)

IBux By (bru)(bau)) = fa,(u) V fB,,(biba) > fa,(w) V [fa,(b1) V fa,(b2)]
= [fa,(w) V fa, (01)] V [fay (w) V fa, (b2)]
= fayxa,(b1u) V fa,xa,(b2u)
for byu, bou € Uy x Us. Both cases hold for i = 1,2,--- ,n. This completes the proof. [
Definition 3.3. Let G; = (A1, Bi1, B2, -+ , B1n) and Gy = (A, Boy, Boo, - -+ , Bay,) be
respective VGSs of GSs G} = (Ui, E11, Er2,- -+ , E1,) and G5 = (Ua, Ea1, Egg, - -+ , Eay,).

The cross product Gy % Gya of Gy1 and Guys is a VGS of Gix G5 = (U xUs, Eq1 % Ea1, Eqo*
Esg, -+, By x Eay,) is given by (Ay % Ag, B11 * Boy, Bia % Bag, - -+, Bip * Bay), such that

(0) { tareas (2y) = (ta, % tay)(@y) = ta, () Nta,(y)
fA1*A2<xy) = (fA1 * fAQ)(xy) = fA1(x) \ fA2(y)7 ny € Ur x Us,

(i7) { tBli*BQi(($1y1)($2y2)) = (tBh. * tBQi)((l'lyl)(l'QyQ)) =1tB,, (y1y2) A tBli($1:I?2),
IBroeBy (T1y1) (m212)) = (fBy, * [Bo) (1y1)(2212)) = [y (V12) V [y, (2122),
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Viyye € B, 112 € Ey;.

]*;xample 3.3. Let Gy1 and Gyabe VGSs as shown in Figure 3 and cross products Gy *
Gy = (A1 % Ag, By * Boy, Bia * Bag) is shown in Figure 5.

a,bs(0.2,0.3
a,b, (0.2,0.3) 2,5, (0.2,0.4) : HE ) a;b4(0.1,0.5)
-
- -
a,b,(0.1,04) a;b;(0.1.0.4) a3b,(0.1.0.4) a,8,(0.1,0.5)
25b,(0.3,0.4) azb;(0.40.4) a4b,(0.2,0.4) a,b,(0.1,0.5)
[ ] [ ]
[ ] -
b4(0.1,05
a4by (0.1,04) a,4b,(0.1,0.4) 845, (0.1,0.4) a4bs( )

FIGURE 5. Cross product of two VGSs

Theorem 3.2. Let G* = (U * Us, E11 % Eo1, F1g % Eagg, -+ | Eyy % Eop) be crossvprod—
uct Of GSS G* = (Ul,Ell,E}Q, tee 7E1n) and G* = (UQ,EQl,EQQ, e ,Egn). Let le ==
(A1, Bi1, Bi2, - -+, Bin) and Gya = (A2, Ba1, Baa, - -+ , Bay,) be respective VGSs of GSs G
and G%5. Then (Ay x Ag, Bi1 % B, Big % Baa, -+ , Biy * Bay,) is a GVS of G*.
Proof. For all byuy, bous € Uy x Usg;

tBiix By ((1un)(baus)) =ty (wiuz) Atp,,(bibs)
[ta,(u1) Atay(uz)] A [ta, (b1) Ata,(b2)]
[tAQ(Ul /\tA1 b1 ] [tA u2 /\tA1 b )]
tAl*AQ (blul) /\ tAl*AQ (bQUQ)

)

IN

FBrixBy (1un)(bauz)) = fp,,(wru2) V fp,,(biba
> [fay(wr) V fay(u2)] V [fa,(b1) V fa, (b2)]
[fA2(u1) Vv fa, (bl)] v [fAz(UQ) Vv fa, (bQ)]

= faixa,(b1u1) V fa 4, (bous)
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for i =1,2,--- ,n. This complete the proof. (|

Definition 3.4. Let Gy = (A1, Bi1, B2, -+ , B1n) and Gy = (A, Boy, Boo, - -+, Bay,) be
respective VGSs of GSs G} = (Ui, E11, Era, -+, E1y) and G5 = (Ua, Ea1, Ega, -+, Eay).
The lezicographic product Gy1 @ Gya of Gy and Guys is a VGS of GieGs = (UyeUy Eq
E21,E12 [ ] EQQ, s ,Eln (] Ezn) 18 given by (Al [ ] AQ, Bll [ ] Bgl, Blg [ ] ng, e ,Bln [ ] Bgn)
such that

(Z) { lAj04s (:Ey) (tAl i tAz)(xy) =ta, (:L’) A tAz( )
fareny (zy) = (fa, @ fa,)(zy) = fa,(2) V fa,(y), Yoy € Uy x Uy,
tB1s0B0; ((2y1) (Y2 ) (tB,, ®tp,,)((zy1) 1131/2 ) = ta,(z) Ay, (y192)
(1) & [BiyeBs (xy1)(@y2)) = (fB1; ® [B2) (my1)(@y2)) = fa, (@) V fBy, (y132),

Vo € Ur,y1y2 € Eo,

81,08 ((1y1)(22y2)) = (B, ® tBy,) ((2131)(22y2)) = tB,, (Y1y2) A by, (T122)
(1d) §  fBrseBy ((T191)(22y2)) = (fBy; ® B2:) ((2191) (2202)) = [y (Y192) V £y, (2172),
Viyye € Eoi, x172 € ;.

Example 3.4. Let Gy1 and Gye be VGSs shown in Figure 3 and lexicographic product
Gy1 0 Gyo = (A1 @ Ay, Byj @ Bay, Bis @ Bag) is as shown in Figure 6.

g, by (02T By, » By (0LZ0.5) o, b (0.2,0.4) o, by (0.20.3) Byg » By (IL1DE) a,5, (0.10.5)
2 . '
'y
L  J

8, B, (0.1.0.4) By, B (LDGY g B(Dlb4y  GB(MLDAY)  po.B 108  ab k0S5

B0304) By o By (DZ0E) gpbaDA04)  g,B (02047 D+ By (OLOE)  GxBu0LD5]
L .

* : ]
By (0L04) By e Boy (LS @By (L) g Bll0d) Bup B (LG  o,b,(0.LDS5)

FIGURE 6. Lexicographic product of two VGSs

Theorem 3.3. Let G* = (U; @ Uz, E11 @ Ea1, E12 @ Egg, -+, Ey,, @ Eay,) be lexicographic
product of GSs GT = (Ul, FEi1,E9,- - ,Eln) and G% = (UQ, FEs1, Eos, - -- ,Egn). Let évl =
(A1, B11,Bi2,- -+, Bip) and Gy = (Az, Bo1, Baa, - -+, Bay) be respective VGSs of G} and
G; Then (A1 [ AQ, Bll [ Bgl, Blg [ ] Bgz, ce ’Bln L] Bgn) is a VGS Of G*.
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Proof. Case 1. When u € Uy, biby € Eo;
tByeBs ((ubi)(ub2)) = ta,(u) Atpy,(bibe) < ta,(u) A [ta,(b1) Ata,(b2)]
= [tAl (u) Nta, (bl)] A [t/h (u) Nta, (bQ)]
= tA,04,(ub1) At en,(ubs)

[B1i0By; ((ub1)(ubz)) = fa, (W) V fBy;(biba) > fa,(u) V [fa,(b1) V fa,(b2)]
= [fa, (@) V fay(00)] V [fa,(w) V fa,(b2)]
= fajen,(ub1) V fa,e4,(ub2)
for uby, uby € Uy @ Us.
Case 2. When ujug € Ey;, b1by € Eq;
81,08, ((b1u1)(baus)) = tg,, (wiu2) Atp,, (b1ba)
< [tag(ur) Atag(u2)] A [ta, (br) Ata, (b2)]
= [ta,(ur) Ata, (b1)] A [tas(uz) Ata, (b2)]
= tajea,(b1u1) Atajen,(bouz),

SBrieBy (b1ur)(boug)) = fB,, (u1ug) V fB,, (b1b2)
> [fag(ur) V fay(u2)] V [fa, (b1) V fa, (b2)]
[fa,(u1) V fa, (b1)] V [fa,(u2) V fa, (b2)]
= fajesy(b1ur) V fa ea,(b2us),
n. This completes the proof. [J

Definition 3.5. Let le (Al, BH, 312, s 7B17’L) and Gvg = (AQ, BQl, BQQ, s ,Bgn) be

respective VGSs of GSs G1 (Ul,EH,Elg, -, Ein) and G5 = (Ua, Eo1, E92, - -+, Eay,).
The composztzon Go1 0 Gy of Go1 and Gy is then a VGS of Gy 0o G5 = (Uy o Us, Enp 0

E21,E12 (¢} EQQ, . Eln ¢} Egn) 18 gwen by (Al o AQ, Bll o Bgl, 312 o BQQ, . ,Bln e} Bgn)

such that

for biui, bous € Uy @ Us. Both cases hold fori =1,2,-- -,

(i) { tAi0A; (zy) = (tAl © tAQ)(xy) =14 (z) A tAz( )
fA10A2( y) fAlofA2)( ) fA1(x)va2( ) Vay € Ur x Us,
(tBu ° tBQz (( y J?yg ) =tla, (J?) NtBy; (ylyZ)

I8y © [By) ((zy1)(zy2)) = fa, () V fBo (Y192),

—

(
UBy;0By; ((xyl)('r )
(19) S fBuoBs: ((xy1)(zy2)) =
Vo € Ui, y1y2 € Ey;,
tBliOBQi ((xly) (ny)) = (tBli o tBZi)((x1y> (x2y>) =14, (y) A tBu(xlx?)
(’L“) fBuOBQi((xly)(ny)) = (fBu o fBzi)((xly)(ny)) = fA2 (y) \4 fBu‘ (1‘11’2),

Yy € Us, z122 € B,

tBysoBy; (T191)(22y2)) = (EBy; © tBy,) ((w191) (w2y2)) = tay (1) Aty (y2) ALy, (21202)
(10) & [BrioBy: ((x191)(2202)) = (fB; © [Bo:) ((x191)(22y2)) = fas (1) V fa,(y2) V B, (z122),

Yy1,y2 € U, z122 € Eyy,

such that y1 # yo.

Theorem 3.4. Let G* = (Ul e} UQ,EH e} Egl,Elg o EQQ, cee ;Eln e} Egn) be the com-
position of GSs G = (Ui, E11, B2, -+, E1n) and G5 = (Us, E91, Ea2,- -+, Eay,). Let
Gy1 = (A1, B, Bi2,- -+ , Bin) and Gy = (Aa, Ba1, Bag, - -+ , Bay,) be respective VGSs of
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G7 and G5. Then Gy 0 G‘vg:(Al o Ay, Byj 0 Boy, B1g 0 Bag, -+, B1y 0 Bay,) is a VGS of
G*.
Proof. Case 1. When u € Uy, biby € Eo;,
{B,;0By; ((Ubl)(UbQ)) = ta, (u) A tB2i(b]-b2) <ta (u) A [tAQ (bl) Nta, (b2)]
= [tAl (u) Nta, (bl)] A [tAl (u) Nta, (bQ)]
= 14,04, (U’bl) Ntaj0A, (Ub2)7

fBlioBQi ((Ubl)(Ub2)> = fA1 (u) v fB2i(b]-b2) > fAl (u) \ [fAz (bl) \ fAQ (bQ)]
= [fa, () V Fay(0)] V [Fa, () V fa, (b))
= far0a,(ub1) V fa,04,(ub2),

for uby, uby € Uy o Us.
Case 2. When u € Us, b1by € Ey;

{By;0By; ((blu)(bQU)) = ta, (u) A tBu(ble) < ta, (u) A [tAl (bl) Ata, (b2)]
= [tA2 (u) Ata, (bl)] A [tAg (u) A ta, (bQ)]
= tA,04,(010) ANta,0a,(bou),

FBrioBy (D1u)(b2w)) = fa,(u)V fBy,(b1b2) > fa,(u) V [fa,(b1) V fa,(b2)]

[fan (W) V fa, (b1)] V [fas(u) V fa, (b2)]
fA10A2 (blu) \ fA1OA2 (bQu)a

for biu, bou € Uy o Us.
Case 3. When b1by € Ey;, uy,us € Uy such that uy # us,

81,085 ((b1ur)(baug)) = ta,(ur) Ata,(uz) Atp,,(bibs)

ta, (ul) Nta, (UQ) A [tAl (bl) ANta, (bg)]
= [tA2 (ul) Nta, (bl)] A\ [tA2 (UQ) Nta, (bz)]
tA 04, (D1u1) Atajon,(bausg),

IN

fay(u1) V fa,(u2) V fB,,;(b1b2)

Sas (1) V fay(u2) V [fa, (b1) V fa,(b2)]
= [fas(wr) V fa, (b1)] V [fay(u2) V fa, (b2)]
= fajon,(b1ur) V fa 04, (baus),

for byuq,bous € Uy o Us. All three cases hold for ¢ = 1,2,--- ,n. This completes the
O

fBliOB2i ((blul)(bQUQ))

v

proof.

Definition 3.6. Let le = (Al, Bll, Blg, ce ,Bln) and évg = (AQ, Bgl, BQQ, e ,Bgn) be
respective VGSs of GSs Gy = (Ui, E1, E2,-- -, E1n) and G = (Uz, E21, E29, - -+ , Eay,)
and let Uy N Uy = 0. The union Gy U G of Gpi and Gy is then a VGS Gl UGS =
(U1 U Uz, E11 U Eo1, E12 U Ega,- -+, E1y U Eay) is given by (Ay U Az, Bi1 U Bap, Bia U
Bgg, -+, Bip U Bay,) such that Ay U As is defined by

taua, (z) = (ta, Uta,)(x) = ta, () Via,(2)
fA1UA2(‘T) = (fA1 U fAz)('T) = fAl(‘T) A fA2($)7 Vo € Uy UUs,
(assuming ta;(v) =0, fa,(x) =0, ifz €U, j=1,2)
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and B1; U By, fori=1,2,--- ,n is defined by
tByuBy, (TY) = (tBy, Utn,,)(xy) =tB,, (zy) V tBy, (2y)
IB1uBy (xYy) = (B U [By)(xy) = fBy,(2y) A [y (TY), Yy € Eri U By,
(assuming tp;, (vy) =0, fp,,(zy) =0, if vy ¢ Eji, j =1,2).

Exe}mplev3.5. Let Gy and Gya be VGSs as shown in Figure 8. Their union represented
by Gp1 UGy = (A1 U As, B11 U By, Boy U B22) is shown in Figure 7.

62(0:1,04) B, (0409 2,(0.4,04) S 1120-3)
[ ] o [ ] L
in =
= = S s
= b = 5
— [ = ==}
=) = ] %
= 3 = 5
= B 2 =
i a = =
® ® ® ®
2, (0.2,07) B,(0.3,0.9) 2,(0.1,04) b, (0.1.0.5)

FIGURE 7. Union of two VGSs

Theorem 3.5. Let G* = (U1 U Us, E11 U FEy,E19U Ey, -+, Eip U Egn) be the union
of GSs GF = (Ul,EH,Elg,"' ,Eln) and G; = (UQ,EQl,EQQ,"' ,Egn). Let le =
(A1, B11,Bi2,- - ,Biyp) and Gy = (A2, Bo1, B2, - -+, Bay) be respective VGSs of G| and
G; Then (Al U As, B11 U Bo1,B1oUBgy, -+, B, U Bgn) is a VGS of G*.

Proof. Let uijug € Eq; U Eo;.
Case 1. When u1,ug € Uy, then by Definition 3.6

tay(ur) = ta,(uz) = tp,,(uruz) =0, fa,(u1) = fa,(u2) = fp,,(u1u2) = 0.
So,we have
tB,,UBy (Wu2) = tg,, (wu2) V tp,, (u1ug) = tg,, (w1u2) V 0
[tAl (u1) ANta, ('LLQ)] V0
[ta, (u1) VO] A [ta, (u2) VO]
[tAl(Ul) Vta, (ul)] A [tAl (uz) V ta, (uz)]
= taua,(u1) Ataua,(uz),

IN

IBruBy (iug) = fpy (u1u2) A fpy, (u1ug) = fp,, (u1ug) AO
> [fa,(u1) V fa,(uz)] AO
[fa, (1) AOJV [fa, (uz) AO]
= [fa,(w1) A fag(wa)] V [fa, (u2) A fa,(ug)]
= faua(u1) V fa,ua,(u2),

for uy,us € Uy U Us.
Case 2. When uy,us € Us, then by Definition 3.6,

ta, (U1) =14 (UQ) = tBli(u1u2) =0, fAl (ul) = fA1 (UQ) = fBu (U1UQ) =0,
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so, we have

tBliUBQi (’LL1UQ) = tBli(UIUZ) V tBQ,- (U1UQ) =0V thi (UlUQ)
< 0V [ta,(w) Ata,(ug)]
= [O\/tAQ(iu)] A\ [O\/tAQ(’U/Q)]
[tAl (ul) Vita, (ul)] A [tAl (u2) Vita, (UQ)]
= taua,(u1) Ata,ua,(u2),
[BLUBs, (uiu2) = fry,(wiu2) A [, (u1ug) = 0 A fp,, (uruz)
> OA [fay(u1) V fa,(u2)]

0OA

= [0A fay(u1)] V[OA fa,(u2)]

[ (u1) A fA2(u1)] v [fAl (u2) A fAz(UZ)]
fAlqu (u1) V fa,ua, (u2),

for w1, us € Uy U Us. Both cases hold for ¢ = 1,2,--- ,n. This completes the proof. O

4. CONCLUSION

It is well known that graphs are among the most ubiquitous models of both natural
and humman-made structures. They can be used to model many types of relations and
process dynamics in computer science, biological, social systems and physical. So we have
applied the concept of vague sets to graph structures. We have discussed some operations
on vague graph structures. In our future work, we will define vague soft graph structures,
cubic vague graph structures, bondage number and non-bondage number of vague graph
structures, and give some applications that will be useful in our daily life.
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