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THE EDGE-TO-VERTEX STEINER DOMINATION NUMBER OF A
GRAPH

J. JOHN'™ S. ANCY MARY?, §

ABSTRACT. A set W C F is said to be an edge-to-vertex Steiner dominating set of G if
W is both an edge-to-vertex dominating set and a edge-to-vertex Steiner set of G. The
edge-to-vertex Steiner domination number vse, (G) of G is the minimum cardinality of its
edge-to-vertex Steiner dominating set of G and any edge-to-vertex Steiner dominating
set of cardinality Ysev(G) is a 7Ysev-set of G. Some general properties satisfied by this
concept are studied. The edge-to-vertex Steiner domination number of certain classes
of graphs are determined. Connected graph of size ¢ > 3 with edge-to-vertex Steiner
domination number ¢q or ¢ — 1 are characterized. It is shown for every pair a, b of integers
with 2 < a < b, there exists a connected graph G such that e, (G) = a and Yseo (G) = b.

Keywords: Edge-to-vertex Steiner domination number, Edge-to-vertex Steiner number,
Edge-to-vertex Steiner distance, Edge-to-vertex domination number.
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1. INTRODUCTION

By a graph G = (V,E), we mean a finite undirected connected graph without loops or
multiple edges. The order and size of G are denoted by p and ¢ respectively. For basic
definitions and terminologies we refer to [1]. Two vertices u and v are said to be adjacent
if uv is an edge of G. The open neighbourhood of a vertex v in a graph G is defined as
the set Ng(v) = {u € V(G) : wv € E(G)}, while the closed neighbourhood of v in G is
defined as Ng[v] = Ng(v) U {v}. For any vertex v in a graph G, the number of vertices
adjacent to v is called the degree of v in G, denoted by degg(v). If the degree of a vertex
is 0, it is called an isolated vertex, while if the degree is 1, it is called an end-vertex. The
minimum degree of vertices in G is defined by §(G) = min{deg(v) : v € V(G)}. The
maximum degree of vertices in G is defined by A(G) = maz{deg(v) : v € V(G)}. A
cut-vertex (cut-edge) of a graph G is a vertex (edge) whose removal increases the number
of components. For a cut-vertex v in a connected graph G and a component H of G v,
the subgraph H and the vertex v together with all edges joining v and V(H) is called a
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branch of G at v. A vertex v is called a universal vertex if degg(v) = p — 1. For any set S
of vertices of G, the induced subgraph (S) is the maximal subgraph of G with vertex set
S. A vertex v is an extreme vertex of G if (N(v)) is complete. An edge of a connected
graph G is called an extreme edge of G if one of its ends is an extreme vertex of G.

A subset S C V(G) is called a dominating set if every vertex v € V(G)\S is adja-
cent to a vertex u € S. The domination number (G) of a graph G denotes the minimum
cardinality of such dominating sets of G. A minimum dominating set of a graph G is hence
often called as a y-set of G. The domination concept was studied in [4]. A subset S C E(G)
is said to be an edge-to-vertex-dominating set of G if every vertex in GG is dominated by an
edge in S. The edge-to-vertex domination number 7., (G) of G is the minimum cardinality
of its edge-to-vertex dominating sets. Any edge-to-vertex domination set of cardinality
Yeu(G) is called a ve,-set of G. The edge-to-vertex domination number of a graph was
studied in [12-15]. It has applications in game theory, telephone switching centres, facility
locations, distributed computing, information retrieval, and communication networks.

The distance d(u,v) between two vertices u and v in a connected graph G is
the length of a shortest u — v path in G. An u — v path of length d(u,v) is called
an u — v geodesic. For subsets A and B of V(G), the distance d(A, B) is defined as
d(A,B) = min{d(z,y) : * € A,y € B}. An u — v path of length d(A, B) is called an
A — B geodesic joining the sets A, B, where u € A and v € B. A vertex z is said to lie on
an A — B geodesic if z is a vertex of an A — B geodesic. For A = {u,v} and B = {z,w}
with uv and zw edges, we write an A — B geodesic as uv — zw geodesic and d(A, B)
as d(uv,zw). Let G = (V, E) be a connected graph with at least three vertices. A set
S C F is called an edge-to-vertex geodetic set if every vertex of G is either incident with
an edge of S or lies on a geodesic joining a pair of edges of S. The edge-to-vertex geodetic
number ¢e,(G) of G is the minimum cardinality of its edge-to-vertex geodetic sets and
any edge-to-vertex geodetic set of cardinality g.,(G) is an edge-to-vertex g, set of G. The
edge-to-vertex geodetic number of a graph was studied in [5,9-11]. Let W be a subset of
a set of vertices V of G. A Steiner tree for W (Steiner W - tree) is a connected subgraph
of G with a minimum number of edges that contains all vertices of W. The number of
edges in a Steiner W-tree is the Steiner distance d(W) of W in G. The Steiner distance
of a graph was studied in [2]. The Steiner interval S(W') contains all the vertices that lie
on some Steiner W - tree. If S(W) = V, we call W a Steiner set of G. A Steiner set
of minimum cardinality is a minimum Steiner set or simply a s-set and its cardinality is
the Steiner number s(G) of G. The Steiner number of a graph was introduced in [3] and
further studied in [6,7].

For a non-empty set W of edges in a connected graph in G, the edge-to-vertex
Steiner distance de, (W) of W is the minimum size of a tree containing V(W) and is
called an edge-to-vertex Steiner tree with respect to W or a Steiner We,-tree of G. For
a given set W C E(G), there may be more than one Steiner We,-tree in G. In fact,it
may occur that 77 and T are Steiner We,-trees with V(T1) # V(T3); however V(W) C
V(1) NV (T3). For W C E, let Se,(W) denote the set of all vertices of G that lie on
some Steiner We,-tree. If Se,(W) =V, then W is called an edge-to-vertex Steiner set
of G. The edge-to-vertex Steiner number s¢,(G) of G is the minimum cardinality of its
edge-to-vertex Steiner sets and any edge-to-vertex Steiner sets of cardinality s.,(G) is a
minimum edge-to-vertex Steiner set of G or se,-set of G.For the graph G given in Figure
1.1, W = {viva, vav10, V405, 0708} IS & Seyp-set of G so that s.,(G) = 4. The edge-to-
vertex Steiner number of a graph was introduced in [8]. Steiner tree problem is used in
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combinatorial optimization and computer science especially in design of computer circuits.
They have numerous applications in industries. Applying the edge-to-vertex Steiner tree
concept improves the effectiveness in networks.

Throughout the following G denotes a connected graph with at least three vertices. The
following theorems are used in the sequel.

Theorem 1.1. [8] If v is an extreme vertex of a connected graph G, then every edge-to-
vertex Steiner set contains at least one extreme edge that is incident with v.

Theorem 1.2. [8] Let G be a connected graph and W be a Sey-set of G. Then no cut-edge
of G which is not an end-edge of G belongs to W.

2. THE EDGE-TO-VERTEX STEINER DOMINATION NUMBER OF A GRAPH

In general edge-to vertex dominating set is not an edge-to-vertex Steiner set in a
connected graph G. Also the converse is not valid in general. This has motivated us to
study the new edge-to vertex domination conception of edge-to-vertex Steiner domination.
In this section, some general properties satisfied by this concept are studied and also we
determine the edge-to-vertex Steiner domination number of some standard graphs.

Definition 2.1. A set W C E is said to be an edge-to-vertex Steiner dominating set of
G if W is both an edge-to-vertex dominating set and an edge-to-vertex Steiner set of G.
The edge-to-vertex Steiner domination number Ysep of G is the minimum cardinality of its
edge-to-vertex Steiner dominating set of G and any edge-to-vertex Steiner dominating set
of cardinality Ysey(G) 15 a Ysev-set of G.
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Example 2.1. For the graph G in Figure 2.1, W = {v1vg, v103, 0405, V19011 } IS @ minimum
edge-to-vertex Steiner dominating set of G so that Ysen(G) = 4..

Remark 2.1. There can be more than one Ysep-set of G. For the graph G in Figure 2.1,
W1 = {vyv2, v1v3, UgV10, VoV11} @S another Yse,-set of G.

Theorem 2.1. For a connected graph G of size ¢ > 2, 2 < max(Yer(G), $eu(G)) <
Ysew(G) < q.

Proof: A ~4.,-set needs at least two edges and so s (G) > 2. Also the set of all

edges of G is an edge-to-vertex Steiner dominating set of G so that Ysen(G) < ¢. Thus
2 <maz{Ves(G), 80 (G)} < Yse0(G) < 4. O

Remark 2.2. The bounds in Theorem 2.1 are sharp. For G = Cy, Vsen(G) = 2. For the
star G = K14 (¢ > 2), it is clear that the set of all edges is the unique so that Yse,(G) = q.
Also the bound in Theorem 2.1 can be strict. For the graph G given in Figure 2.1, e, (G) =
Sev(G) = 3,750 (G) =4 and ¢ = 13. Thus 2 < max{Vev(G), Sev(G)} < Ysen(G) < q.

Theorem 2.2. If v is an extreme vertex of a connected graph G, then every edge-to-vertex
Steiner dominating set of G contains at least one extreme edge that is incident with v.

Proof: Since every edge-to-vertex Steiner dominating set of G is an edge-to-vertex Steiner
set of G, the result follows from Theorem 1.1. ]

Corollary 2.1. Every end edge of a connected graph G belongs to every edge-to-vertex
Steiner dominating set of G.

Proof: The follows from Theorem 2.2. OJ

Theorem 2.3. If G is any connected graph of size q with number of end edges k, then
maz{2,k} < Ysen(G) < q.

Proof: This follows from Theorem 2.1 and Corollary 2.1. U

Theorem 2.4. Let G be a connected graph with cut vertices and W an edge-to-vertex
Steiner dominating set of G. Then every branch of G contains an element of W.

Proof: Suppose that there is a branch B of G at a cut vertex v which has no element of
W. By Corollary 2.1, B does not contain any end-edge of G. Therefore |V(B)| > 2. Let u
be a vertex of G such that u # v. Since W is an edge to-vertex Steiner dominating set of
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G, u lies on a Steiner We,-tree of GG, say 1. Since W contains no element of B and V is
a cut-vertex of G,v lies on T'. Which implies T contains a cycle, which is a contradiction
to T is a tree. OJ

Theorem 2.5. Let G be a connected graph with cut edges and W an edge to-vertex Steiner
dominating set of G. Then for any cut-edge of G, which is not an end-edge, each of the
two-components of G — e contains an element of W.

Proof: Let ¢ = uv. Let G and G5 be the two components of G — e. Without loss of
generality, let us assume that u € V(G1) and v € V(G3). Let By be the branch at u and
B be the branch at v. The G contains By and G2 contains Bs. Hence by Theorem 2.4,
each of G7 and G5 contain an element of W. O

Theorem 2.6. Let G be a connected graph and e be an end edge of G. Let W be a 7ysey-set
of G. If f is a cut edge of G which is adjacent to e and not an end edge of G, then f ¢ W.

Proof: The proof is similar to the proof of Theorem 1.2. O

Corollary 2.2. For any non-trivial Ysey (1) > k, where k is the number of end edges of
G.

Proof: This follows from Corollary 2.1. O
Corollary 2.3. For the star G = K14 (¢ > 2) , Yse0(G) = q.

Proof: This follows from Corollary 2.2. g
Corollary 2.4. If G is a double star, then vse,(G) = ¢ — 1.

Proof: This follows from Corollary 2.1 and Theorem 2.6. O

Theorem 2.7. For p even, a set W of edges of G = K,, (p > 4) is a minimum edge-to-
vertex Steiner dominating set of K, if and only if W consists of p/2 independent edges.

Proof: Let W be any set of p/2 independent edges of K),. Since V(W) = V, the spanning
tree of G is a Steiner We,-tree of G, so that W is a edge-to-vertex Steiner dominating set
of G. It follows that sy (G) < p/2. If Y50 (G) < p/2, then there exists an edge-to-vertex
Steiner dominating set W' of K, such that | Wll |< p/2. Therefore, there exists at least
one vertex v of K, such that v is not incident with any edge of W'. Hence v does not lie on
any Steiner W,-tree of GG, which is a contradiction. Thus, W is a minimum edge-to-vertex
Steiner dominating set of K. Conversely, let W be a minimum edge-to-vertex Steiner
dominating set of K. Let W' be any set of p/2 independent edges of K. Then by first
part of this theorem, W' is the minimum edge-to-vertex Steiner dominating set of K,.
Therefore | W, | = p/2. Hence | W | = p/2. If W is not independent, then there exists a
vertex v of K, such that v is not incident with any edge of W. Therefore v does not lie
on any Steiner We,-tree of G. Hence it follows that W is not an edge-to-vertex Steiner
dominating set of G, which is a contradiction. Therefore, W consists of p/2 independent
edges. O

Theorem 2.8. A set W of edges of G = Ky, (n > 2) is a minimum edge-to-vertex
Steiner dominating set of G if and only if W consists of n independent edges.

Proof: Let W be any set of n independent edges of G = K, , (n > 2). Since V(W) =V,
the spanning tree of G is a Steiner W, tree of G, it follows that s.,(G) < n. If s, (G) < n,
then there exists an edge-to-vertex Steiner dominating set W' of K, ,, such that |[W'| < n.
Therefore, there exists at least one vertex v of K, , such that v is not incident with any
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edge of W'. Hence v does not lying on any Steiner W,-tree of G, which is a contradiction.
Hence W is a minimum edge-to-vertex Steiner dominating set of K, ,. Conversely, let
W be a minimum edge-to-vertex Steiner dominating set of G. Let W' be any set of n
independent edges of G. Then as in the first part of this theorem, W' is a minimum
edge-to-vertex Steiner dominating set of G. Therefore, |[W'| = n. Hence |W| = n. If
W is not independent, then there exists a vertex v of GG such that v is not incident with
any edge of W and also v does not lie on any Steiner W,,-tree of G. Hence W is not an
edge-to-vertex Steiner dominating set of GG, which is a contradiction. Thus W consists of
n independent edges. ]

Corollary 2.5. For the complete graph K, (p > 4) with p even, vsen(Kp) = p/2.
Theorem 2.9. For the complete graph G = K,, (p > 5) with p odd, Yseo(Kp) = ——.

-3 ’
b independent edges of K, and S consist of 2

Proof: Let S consist of any set of

adjacent edges of K, each of which is independent with the edges of S. Let W = S'U s’

Then V(W) = V. Therefore the spanning tree of G is an edge-to- vertex Steiner We,-tree

1 1 1
of G. It follows that se,(G) < ]% +2= 2% If s5¢0(G) < ]%, then there exists an

! ! 1
edge-to-vertex Steiner dominating set W' of K, such that | W' | < I% Therefore there

exists at least one vertex v of K, such that v is not incident with any edge of W'. Hence

the vertex v does not lie any Steiner We,-tree of G, which is a contradiction. Thus W is
p+1

= —. O

a minimum edge-to-vertex Steiner dominating set of K,. Hence s¢,(G) 5

Corollary 2.6. For the complete bipartite graph G = Ky n (n > 2), Yser(G) = n.
Theorem 2.10. For the complete bipartite graph G = Ky, p, (2 <m < n), Ysen(G) = n.

Proof: Let X = {z1,z9,..., 2}, and Y = {y1,y2,..,yn} be the bipartition of G. Let T
consist of the set of m — 1 independent edges z1y1, Z2Yy2, ..., Tm—1Ym—1 and T consist of
the n—m—+1 adjacent edges TmYm, TmYmi1s - TmYn. Let W = TUT'. Then S(W)=V.
Hence it follows that vsey (G) = m — 1+ n —m+ 1 =n. If 74, < n, then there exists an
edge-to-vertex Steiner set W' of G such that | W' |< n. Therefore there exists at least
one vertex v of G such that v is not incident with any edge of W'. Hence v does not lie
any Steiner W,-tree of G, which is a contradiction. Therefore vse, (G) = n. O

Theorem 2.11. For the cycle G = Cp, (p > 3),

2 ifp=34068
Vsev(cp) =73 ifp=>5,7
b )
[ﬂ ifp>9

Proof: Let us prove this result by the method of mathematical induction. Clearly this
result is true for p = 3,4,5,6 and 7. Assume that it is true for p = k.

i.e., Ysew(Cr) = {ﬂk >9.

E+1
To provo s Corr) = [ 23],
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Clearly ')’sev(ckz) < 'Ysev(ck+1) < ')’sev(ck’—i-l) + 1.
’Ysev(CkJrl) + 1 2 P)/sev(ck)

[ e22=

B (k+1)—1] . _

= 1 J since [—z] = |—z]
GRS

=—|-—F—+ 4J

{_(kzl)J n HJ} since [z] + [y] < [z + y]
_(k;r DJ n BlJ} since 2] < |~z

Y
|

IV
|
>N~

_ ¢ 1‘1)} + Lﬂ since |—z| = — |-z
CEDI
Ysev(Cry1) > (ljl)] ..... (1)
Also in a cycle, an edge can dominate almost 4 vertices and so
Yoeo(Cra1) < {%} ..... )
From (1) and (2)
Yol Corn) = [F32].
Hence by mathematical induction , yse,(Cp) = g—‘ Jfor k> 9. ]

3. SOME RESULTS ON THE EDGE-TO-VERTEX STEINER DOMINATING NUMBER OF A
GRAPH

In this section, we characterized connected graphs G of size ¢ with ~yse, = q or g— 1.
Also we give some realization results concerning the edge-to-vertex Steiner domination
number of G.

Theorem 3.1. Let G be a connected graph with ve,(G) = 2. Then Y5 (G) < 3.

Proof: Let S = {e, f} be a ve-set. If d(e, f) = 2, then S is a 7sep-set of G so that
Ysew(G) = 2. Suppose that d(e, f) = 1. Then there exists v € G such that w is not
incident with e and u is not incident with f. Let x be a vertex which is incident with

either e or f. Then {e, f,zu} is an edge-to-vertex steiner dominating set of G so that
Ysen(G) < 3. O

Theorem 3.2. Let G be a connected graph of size q > 4 which is not a tree. Then
'VSEU(G) S q— 2.

Proof: If the graph G is a cycle Cp (p > 4), then by Theorem 2.11, 74, (G) < ¢ — 2.
If the graph G is not a cycle, let C' : vy,v9,v3,...,v5,v1 (K > 3) be a smallest cycle
in G and let v be a vertex such that v is not on C' and v be adjacent to v;(say). Now
W = E(G)—{viva, vivg } is an edge-to-vertex Steiner dominating set of G so that yse, (G) <
q— 2. O
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Remark 3.1. The bound in Theorem 3.2 is sharp. For the graph G given in Figure 3.1,
W = {v1v4,v203} i a Ysen-set of G so that Vsey(G) =2 =q — 2.

Theorem 3.3. For any connected graph G, with size ¢ > 3, Ysen(G) = q if and only if G
18 a star.

Proof: Let G be a star. Then by Corollary 2.3, s, (G) = q. Conversely, let vse0 (G) = q.
Suppose that G is not a star. Then G contains at least one edge e, which is not an end
edge of G. Then W = E(G) — e is an edge-to-vertex Steiner dominating set of G so that
Ysev(G) < ¢ — 1, which is a contradiction. Therefore G is the star K 4. O

Theorem 3.4. For any connected graph G with q¢ > 3, Yse(G) = q — 1 if and only if G
is either C's or a double star.

Proof: Let ¢ = 3. If G = (5 then we have done. If G = Py, then G is a double star. So
we have done. If G = K 3, then 74, (G) = 3 = ¢, which is not so. Let us assume that
g > 4. If G is not a tree, then by Theorem 3.2, vs¢,(G) < g — 2, which is a contradiction.
Therefore G is a tree. If GG is a double star, then we have done. Suppose that G is not
a double star. If G is a star, then by Theorem 3.3, 75, (G) = ¢, which is not so. If G
is neither a star nor a double star, then G contains at least two internal edges. Which
implies, Vser (G) < ¢ — 2, which is a contradiction. Therefore G is either C3 or a double
star. Converse is clear. [l

In view of Theorem 2.1, we have the following realization results.

Theorem 3.5. For every positive integers a and b such that 2 < a < b, there exists a
connected graph G such that Ve, (G) = a and Ysey(G) = b.

Proof: Let P; : u;, v, w;,x; (1 <i < a—1) be a copy of path on four vertices. Let H
be a graph obtained from P; (1 < i < a — 1) by introducing a new vertex y and joining
y with each u; (1 <1 < a — 1), and joining with each z; (1 <i < a—1). Let G be a
graph obtained from H by adding the new vertices 21, 22, ..., Zb—q+1 and joining each z;
(1<i<b—a+1) with y. The graph G is shown in Figure 3.2.

First we show that 7.,(G) = a. Let W be a ve-set of G. It is easily observed
that W contains at least one edge from G — y. Therefore v.,(G) > a — 1. Let W =
{viw1, V1w, ..., Vg—1wa—1}. Then W is not a ve,-set of G and so Ve, (G) > a on the other
hand W U {yu;} is a Yey-set of G so that 7., (G) = a.

Next we prove that vse, (G) = b. Let Z = {yz1,y22, ..., Y2p—a+1} be the set of all end
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edges of G. By Corollary 2.1, Z is a subset of every ~,-set of G. It is easily observed that
every 7vsey-set of G contains at least one edge from G—y and 80 Ysep (G) = b—a+14+a—1 = b.
Now Wi =W U Z is a ysep-set of G so that vse,(G) = b. O

Theorem 3.6. For every positive integers a and b such that 2 < a < b, there exists a
connected graph G such that se¢y(G) = a and Vs (G) = b.

Proof: Let P; : u;,v;,w; (1 < i < b—a) be a copy of path on three vertices and P :
z,wy,v1,u1,x,y be a path of order 6. Let H be a graph obtained from P; (1 <i<b—a)
and P by joining each u; (2 <i <b—a) with y, and w;(2 <i < b—a) with z. Let G be a
graph obtained from H by adding vertices z1, 22, ..., 2—1 and joining each z; (1 <i < a—1)
with z. The graph G is shown in Figure 3.3.

First we prove that s.,(G) = a. Let Z = {221, 229, ..., 224—1} be the set of end edges
of G. By Theorem 1.1, Z is a subset of every edge-to-vertex Steiner set of G. It is clear
that Z is not an edge-to-vertex Steiner set of G and o ¢, (G) > a. Now Z U {zy} is an
edge-to-vertex Steiner set of G so that s¢,(G) = a.

Next we prove that s, (G) = b. By Corollary 2.1, Z is a subset of every edge-
to-vertex Steiner dominating set of GG. Also it is easily observed that every edge-to-
vertex Steiner dominating set of G' contains each v;w; (1 <7 < b— a) and s0 Vsep (G) >
a—1+b—a=b-1. Let S = ZU{vjwy,vows, ..., 0p—qwp—_q}. Then S is not an edge-to-
vertex Steiner dominating set of G and s, (G) > b. However SU{zy} is an edge-to-vertex
Steiner dominating set of G so that e, (G) = b. O

4. CONCLUSION

In this article, we introduce and studied the concept of the edge-to-vertex Steiner
domination number of a graph. In general, every edge-to-vertex Steiner set of G need
not be an edge-to-vertex geodetic set of G. By the similar way, every edge-to-vertex
Steiner dominating set of G need not be an edge-to-vertex geodetic dominating set of
G. Hence it can be further investigated to find out under which condition the inequality
Ygev(G) < Ysew(G) OF Ysew(G) < Ygew(G) holds true.
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