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FURTHER RESULTS ON K-PRODUCT CORDIAL LABELING

K. J. DAISY!, R. S. SABIBHA?, P. JEYANTHI**, M. Z. YOUSSEF*, §

ABSTRACT. Let f be a map from V(G) to {0,1,...,k — 1} where k is an integer, 1 <
k < |V(Q)|. For each edge uv assign the label f(u)f(v)(mod k). f is called a k-product
cordial labeling if |vs(i) —vr(5)] < 1, and lef(i) —es(5)| < 1, 4,5 € {0,1,....,k — 1},
where vy (z) and ef(z) denote the number of vertices and edges respectively labeled with
z (x =0,1,...,k — 1). In this paper, we investigate the k-product cordial behaviour of
G + K;. In addition, we find an upper bound of the size of connected k-product cordial
graphs.

Keywords: Cordial labeling, product cordial labeling, k-product cordial labeling, 4-
product cordial graph.

AMS Subject Classification: 05C78.

1. INTRODUCTION

The concept of labelings of graphs has gained a lot of popularity during the last six
decades due to its wide range of applications. Labeling is a function that allocates the
elements of a graph to real numbers, usually positive integers. In 1967, Rosa [15] pub-
lished a pioneering paper on graph labeling problems. Thereafter, many types of graph
labeling techniques have been studied by several authors. Gallian [2] in his survey beauti-
fully classified them into graceful labeling and harmonious labelings, variations of graceful
labelings, variations of harmonious labelings, magic type labelings, anti-magic type label-
ings and miscellaneous labelings. The concept of cordial labeling was due to Cahit [1].
Sundaram et al. [16] extended the concept of cordial labeling and introduced product
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cordial labeling. Also, they proved that if G is a product cordial graph of even order then
G + K is also product cordial. Many researchers have shown interest on this topic and
proved that several classes of graphs admit product cordial labeling [2].

Ponraj et al. [14] further extended the concept of product cordial labeling and intro-
duced ’k-product cordial labeling’. They proved that k-product cordial labeling of stars
and bistars further they studied the 4-product cordial labeling behavior of paths, complete
graphs and combs. Javed and Jamil [4] proved that rhombic grid graphs are 3-total edge
product cordial graphs. Jeyanthi and Maheswari [12] proved that if G is a 3-product
cordial graph with 3m vertices and 3n edges and G is any 3-product cordial graph then
G1 UGy is also 3-product cordial graph and also gave the maximum number of edges in a

3-product cordial graph of order p is p2_§p+6 if p = 0(mod 3), p2_§p+7 if p = 1(mod 3) and

pszpﬂ if p = 2(mod 3). For further results on 3-product and 4-product cordial labeling
an interested reader can refer to [2].

Inspired by the concept of k-product cordial labeling and the results in [14], we further
studied on k-product cordial labeling and showed that the following graphs admit k-
product cordial labeling: union of graphs [5]; cone and double cone graphs [6]; fan and
double fan graphs [7]; powers of paths [8]; Napier bridge graphs [9]; paths [10] and product
of graphs [11]. In this paper, we further investigate the k-product cordial labeling of some
graphs. We organize this paper as follows: In the next section, we give the definitions
and notations which are useful for the present study. In Section 3, we establish the k-
product cordial labeling of G+ K; and also we find an upper bound of the size of connected
k-product cordial graphs. It is followed by conclusion.

2. DEFINITIONS AND TERMINOLOGY

In this section, we give the definitions and terminology used in this paper. All graphs
considered here are simple, finite, connected and undirected. We follow the basic notations
and terminology of graph theory as in [3].

Definition 2.1.[1] Let f be a function from the vertices of G to {0,1} and for each edge
xy assign the label |f(z) — f(y)|. Then f is called a cordial labeling of G if the number of
vertices labeled 0 and the number of vertices labeled 1 differ by at most 1, and the number
of edges labeled 0 and the number of edges labeled 1 differ at most by 1.

Definition 2.2.[16] Let f be a function from V(G) to {0,1}. For each edge uv, assign
the label f(u)f(v). Then f is called product cordial labeling if |vf(0) —vs(1)] < 1 and
lef(0) —ef(1)] < 1 where v¢(i) and ey (i) denotes the number of vertices and edges respec-
tively labeled with i(i = 0,1).

Definition 2.3.[14] Let f be a map from V(G) to {0,1,....,k — 1} where k is an in-
teger, 1 < k < |V(G)|. For each edge uv assign the label f(u)f(v)(mod k). Then
f is called a k-product cordial labeling if |vf(i) —vs(j)] < 1, and |ef(i) —er(j)| < 1,
i,j € {0,1,...,k — 1}, where vy(x) and es(x) denote the number of vertices and edges
respectively labeled with = (z =0,1,....,k — 1).

Definition 2.4.[3] The union G; U G2 of two graphs G; and G has the vertex set
V(G1) UV (G2) and the edge set E(G1) U E(G2).

Definition 2.5.[3] The join G;+Gj3 of two graphs G and G2 has vertex set V(G1)UV (G2)
and edge set E(G1) + E(G2) = E(G1) UE(G2)U {uv : uw € V(G1) and v € V(Ga)}.
Definition 2.6.[13] The Euler’s phi function ¢(n) denotes the number of positive integers
less than or equal to n and relatively prime to n.

Definition 2.7.[3] The complement of a graph G is a graph G, whose vertex set is same
as the vertex set G and two distinct vertices in G are adjacent if and only if they are not
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adjacent in G.

3. MAIN RESULTS

Theorem 3.1. If G is a (p,q) k-product cordial graph with p = 0(mod k) then G + K; is
a k-product cordial graph for every 1 <t < ¢(k), where ¢(k) is Euler’s ¢ function. Here,
the order and size of the graph are denoted by p and q respectively. We take p > 0 and
q=>0.

Proof. Let f be a k-product cordial labeling of G. Since G has p = 0(mod k) vertices then
p = nk. Therefore, vf(i) = n for 0 < i < k — 1 which implies that |vs(i) — vs(j)| = 0
for 0 <i,j < k—1. Since f is a k-product cordial labeling then |ef(i) — ef(j)] < 1 for
0<i,j<k—1.

Define a injection function g : V(K;) — {i :i < k and g.c.d. (i,k) = 1}.

Since vg(i) = 0 or 1 then |vy(i) —vg(j)| < 1for 0 <i,5 <k —1.

Now define a function h: V(G + K¢) — {0,1,2,....,k — 1} by

[ flv) ifveV(G)
h(v) = { g(v) if ve V(K.

Therefore, vy, (i) = v (i) + vg(i) for 0 <i <k —1.

We have,
lvn (i) —on(G)| = [vp(i) +vg(2) — vr(d) — ve ()]
< up(@) —op ()] =+ vg (@) — vg(4)]
< 0+1
lop,(3) —on(g)] < 1;0<4,j<k-—1.

Clearly, ey (i) = ef(i) +tn for 0 <i <k —1.
Also we have,
len(@) —en() = les(i) +tn —ep(j) —tnf
= lef(@) —er ()]
< 1;0<4,5<k-1

Therefore, h is a k-product cordial labeling of G + K;. Hence, G + K; is a k-product
cordial graph. O

An example of 5-product cordial labeling of Ps + K3 is shown in Figure 1.

Figure 1: 5 — product cordial labeling of Ps+ K3
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In the following theorems, we establish an upper bound of the size of connected k-
product cordial graphs.

Theorem 3.2. If G(p,q) is a 4-product cordial graph with p = 0(mod 4) then q <
p(p4—4) +3.

Proof. Let f be a 4-product cordial labeling of G(p, q). Since p = 0(mod 4) then p = 4n.
Clearly, v¢(i) = n for 0 <4 < 3. Hence, ef(1) < % + @ =n(n—1). Since f is a
4-product cordial labeling then |ef(i) —ef(j)| <1 for 0 <id,j <k —1.

Therefore,

er(0) < n(n—-1)+1,
6f(2) < n(n_1)+17
ef3) < n(n—-1)+1.
We have,
q = ep(0)+er(l)+er(2)+ef(3)
< nn—-1)+4+1+nn—-1)4+nn—-1)+1+nn-1)+1
= 4n(n—1)+3
_ plp—4)
= T + 3.
—4
Hence, ¢ < % + 3. ]

An example of 4-product cordial graph with p = 8 and g = 11 is shown in Figure 2.
0o o 1 3 3 2 2
@

1 N3 1 2 10

@0 O3 7 @)
Figure 2 : 4 — product cordial labeling of G(8,11)

Theorem 3.3. If G(p,q) is a 4-product cordial graph with p = 1(mod 4) then q <
(p—1)°
+ 3.
1

Proof. Let f be a 4-product cordial labeling of G(p, ¢). Since p = 1(mod 4) then p = 4n+1.
Clearly, vs(i) =mn or n+1 for 0 <4 < 3. Hence, es(1) < n?. Since f is a 4-product cordial
labeling then |ef (i) —ef(j)| <1 for 0 <i,j < 3.

Therefore,

n? 4+ 1,

n? + 1,

n? + 1.

er(0)
er(2)
ef(3)

VAN VANPVAN

We have,

er(0) +er(1) +ep(2) +ef(3)
4n? +3

(p—1)?

- T 43
T+

<
VA
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Hence, ¢ < % + 3. ]

An example of 4-product cordial graph with p =5 and ¢ = 7 is shown in Figure 3.

0 0 3 1 2 2
Figure 3 : 4 — product cordial labeling of G(5,7)

. . . - 248
Theorem 3.4. If G(p,q) is a 4-product cordial graph with p = 2(mod 4) then q < 2=,
Proof. Let f be a 4-product cordial labeling of G(p, ¢). Since p = 2(mod 4) then p = 4n+2.

Clearly, v¢(i) =n or n+ 1 for 0 <i < 3. Hence, ef(1) < n(n+1). Since f is a 4-product
cordial labeling then |ef(i) —er(j)| < 1 for 0 <i,5 < 3.

Therefore,
ef(0) < n(n+1)+1,
er(2) < nn+1)+1,
er(3) < n(n+1)+1.
We have,
g = €ef(0)+es(l)+ep(2) +er(3)
< 4dn(n+1)+3
_ p*+38
= T
Hence, ¢ < ”24—+8. ]

An example of 4-product cordial graph with p = 6 and ¢ = 11 is shown in Figure 4.

Figure 4 : 4 — product cordial labeling of G(6,11)

Theorem 3.5. If G(p,q) is a 4-product cordial graph with p = 3(mod 4) then q <
(p+1¥p—3) + 3.

Proof. Let f be a 4-product cordial labeling of G(p, ¢). Since p = 3(mod 4) then p = 4n+3.
Obviously, vf(i) = n or n+ 1 for 0 < i < 3. Therefore, ef(1) < n(n + 1). Since f is a
4-product cordial labeling then |ef(i) —ef(j)] <1 for 0 <i,j < 3.

Hence,
er(0) < n(n+1)+1,
ef(2) < n(n+1)+1,
er(3) < n(n+1)+1.
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We have,
q = ep(0)+er(l)+er(2)+ef(3)
< 4dn(n+1)+3
_ D=3 4
4
Hence, ¢ < W + 3. O

An example of 4-product cordial graph with p = 7 and ¢ = 11 is shown in Figure 5.
0 0 1

Figure 5: 4 — product cordial labeling of G(7,11)

The unification of an upper bound of the edges of the connected 4-product cordial graph
is given in Corollary 3.1 from the results obtained in Theorems 3.2 - 3.5.

Corollary 3.1. If G(p,q) is a 4-product cordial graph then q < 4[7%1] Lpl—lj + 3.

Theorem 3.6. If G(p,q) is a k-product cordial graph with p = 0(mod k) and k is a prime
E—ly,
numberthenqﬁw—i-(%) if k>3 andqﬁ@—i—l if k= 2.

Proof. Let f be a k-product cordial labeling of G(p, q). Since p = 0(mod k) then p = kn.
Then, vp(i) = n for 0 < i < k—1. Let S = {z:j?=a(mod k) for 1 <j<k—1}.
Clearly S is a subset of {0,1,2,....k — 1}. For k >3, ef(i) < n(n —1) + (53)n? if i € S.
Since f is a k-product cordial labeling then |ef(i) —ef(j)| <1 for 0 <i,j <k—1.
Therefore, ef(i) <n(n—1) + (52)n? + 1 fori € {0,1,2,....,k — 1} \ S.

We hayve,

E=1Y,_
Hence, g < p[(552)p—k] + (%)

3
For k =2, ef(1) < "("271). Since f is a 2-product cordial labeling then e(0) < "("271) +1.

Thus,q:ef(0)+ef(1)§w+1:@+1_ 0

An example of 4-product cordial graph with p =5 and g = 8 is shown in Figure 6.



K. J. DAISY, R. S. SABIBHA, P. JEYANTHI, M. Z. YOUSSEF: FURTHER RESULTS ON ... 987

Figure 6 : 4 — product cordial labeling of G(5,8)

Theorem 3.7. If G(p, q) is a k-product cordial graph with p = 1(mod k) and k is a prime
number then q < (%)W—l—(%) if k>3 and g < #-}—1 if k =2.

Proof. Let f be a k-product cordial labeling of G(p, ¢). Since p = 1(mod k) then p = kn+1.
Clearly, v¢(i) =norn+1for0<i<k—1.

Let S = {z: j> = 2(mod k) for 1 < j <k —1}. Clearly Sisasubset of {0,1,2, ...,k — 1}.
For k >3, ef(i) < (51)n? if i € S. Since f is a k-product cordial labeling then |es(i) —
ef()] <1 for 0 <i,j < k—1. Therefore, ef(i) < (552)n?+1fori € {0,1,2,....k — 1}\S.
We have,

q = gef(i)
(1) ()
_ <k;1>(p—k1)2+<k;1>_

Hence, ¢ < (@) (p_kl)Q + (%)
1)

2
For k =2, ef(1) < n(n; . Since f is a 2-product cordial labeling then e(0) < n(";l) +1.
Thus, g = ef(0) +ep(1) < 220 41 = 270 4, O

An example of 5-product cordial graph with p = 6 and ¢ = 13 is shown in Figure 7.

Figure 7: 5 — product cordial labeling of G(6,13)

Theorem 3.8. If G(p, q) is a k-product cordial graph with p = 2(mod k) and k is a prime
number then ¢ < (p—2) [(%) @ + 1} +(%) ifk>5andq< w—iﬂ if k= 3.

Proof. Let f be a k-product cordial labeling of G(p, ¢). Since p = 2(mod k) then p = kn+2.
Clearly, v¢(i) =norn+1for0<i<k—1.

Let S = {z: j2 = x(mod k) for 1 < j < 53}, Clearly, S is a subset of {0,1,2,...,k — 1}.
For k >4, ef(i) < n(n+ 1)+ (52)n? if i € S. Since f is a k-product cordial labeling
then |ef(i) — ep(j)| < 1 for 0 <4,j < k — 1. Therefore, e(i) < n(n+1) + (52)n? + 1
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fori € {0,1,2,....,k —1}\ S.
We have,
k—1

kn(n+1)+k <k;3> n? + (k;r?’)
- a5 2] ().

Hence, ¢ < (p —2) [(45) O +1] + (45°).
For k =3, ef(1) < n(n+1). Since f is a 3-product cordial labeling then ef(0) < n(n+1)+1
and ef(2) <n(n+1)+ 1.
+1)(p—2
Thus, g = e4(0) + e;(1) + e(2) < 3n(n+ 1) +2 = @HE=2) 4 o -

IN

An example of 5-product cordial graph with p = 7 and g = 19 is shown in Figure 8.

Figure 8 : 5 — product cordial labeling of G(7,19)
Theorem 3.9. If G(p,q) is a k-product cordial graph with p = k — 1(mod k) and k is a
p+1[/k—1 k+1 )
P2 (E=2 1) — LRI ITI RSN
k[(Q (p+1)—k| + 5 if k>3
2

p4_1+1 if k= 2.

prime number then q <

Proof. Let f be a k-product cordial labeling of G(p,q). Since p = k — 1(mod k) then
p:knJrkfl. Clearly, v¢(i) =norn+1for0<i<k—1.

Let S = {z: j> = 2(mod k) for 1 < j <k—1}. Clearly Sisasubset of {0,1,2, ...,k — 1}.
For k>3, es(i) <n(n+1)+(%2) (n+1)2ifi € S. Since f is a k-product cordial labeling
then |ef(i) —ef(j )|<1f0r0<1j<k—1

Therefore, ef(i) <n(n+1) + (552)(n+1)2 + 1 for i € {0,1,2,....k — 1} \ S.

We have,
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1 _
Hence, 4 < P51 [(552) (4 1)~ 6] + (51).
For k = 2, we showed that [Theorem 3.8] ¢ < % +1. O

An example of 3-product cordial graph with p =5 and g = 8 is shown in Figure 9.

Figure 9 : 3 — product cordial labeling of G(5,8)

4. CONCLUSIONS

In this paper, we study the k-product cordial behaviour of G+ K;. Further, we find an
upper bound of the size of connected k-product cordial graphs. In future, we propose to
find an upper bound of the size of disconnected k-product cordial graphs.
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