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GRACEFUL COLORING OF LADDER GRAPHS

D. LAAVANYA'™, S. DEVI YAMINT!, §

ABSTRACT. A graceful k-coloring of a non-empty graph G = (V, E) is a proper vertex
coloring f : V(G) — {1,2,..,k}, k > 2, which induces a proper edge coloring f* :
E(G) — {1,2,...,k — 1} defined by f*(wv) = |f(u) — f(v)|, where u,v € V(G). The
minimum k for which G has a graceful k-coloring is called graceful chromatic number,
Xg(G). The graceful chromatic number for a few variants of ladder graphs are investigated
in this article.
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1. INTRODUCTION

All the graphs G = (V, E) discussed in this paper are connected, simple and finite.
Graph labeling introduced by Alexander Rosa in 1967 [10], is an assignment of integers to
the vertices, edges (or both) of a graph G subject to certain conditions. Graph labeling
and its types are extensively studied in the literature [4]. Among the various labelings, (-
labeling is one of the prominent labeling. It is also referred as graceful labeling by Golomb
[5], which was initiated to solve the famous Ringel conjecture [10]. Graceful labeling has
an extensive range of applications in network addressing, coding theory, communication
networks, X-ray crystallography, dental arch, etc.

Let G = (V, E) be a graph with m edges. An injective function f : V(G) — {0,1,2,...m}
is a graceful labeling if it induces a bijective function f* : E(G) — {1,2,...,m} with the
property that for every edge zy € E(G), f*(zy) = |f(z) — f(y)|. If there exists a graceful
labeling for a graph G, then G is a graceful graph.

A proper coloring of a graph G is an assignment of colors to the vertices or edges of the
graph such that every pair of adjacent vertices or edges receive distinct colors respectively.
Chromatic number (x(G)) is the least number of colors required for proper coloring the
vertices of the graph G, whereas the chromatic index (x'(G)) is the least number of colors
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needed for proper coloring the edges of the graph. In [6], the existence of graceful graphs
with arbitrarily large chromatic number was proved.

As an extension of graceful labeling, the concept of graceful chromatic number was
introduced by Gary Chartrand in 2015 [2]. A graceful k-coloring of a non-empty graph
G = (V,E) is a proper vertex coloring f : V(G) — {1,2,....,k}, k > 2, which induces a
proper edge coloring f* : E(G) — {1,2,...,k—1} defined by f*(uv) = |f(u) — f(v)|, where
u,v € V(G). The minimum k for which G has a graceful k-coloring is called graceful
chromatic number, x,(G).

In the introductory paper [2] on graceful coloring, the graceful chromatic number for
some well known graphs were computed.

Theorem 1.1. [2] For a cycle Cp, n >4,

4, ifn#b

5 ifn=5
Theorem 1.2. [2] For a path P,, n > 5, x4(P,) = 5.
Theorem 1.3. [2] For a wheel graph Wy, n > 6, x4(Wp) = n.

Theorem 1.4. [2] If T is a tree with mazimum degree A, then xq4(T) < f%}

Theorem 1.5. [2] If G is a complete bipartite graph of order n > 3, then x4(G) =
Theorem 1.6. [2] If G is a r-regular graph, then x4(G) > r + 2, where r > 2.
Theorem 1.7. [2] For a nontrivial connected graph G, x4(G) > A + 1.
Theorem 1.8. [2] For a subgraph G of G, x4(G') < x,4(G).

Theorem 1.9. [2] Let f : V(G) — {1,2,....k}, k > 2 be a coloring of a nontrivial
connected graph G. Then f is a graceful coloring of G if and only if
(i) for each vertex v of G, the vertices in the closed neighborhood N[v] of v are assigned

distinct colors by f and

(ii) for each path (x,y,z) of order 3 in G, f(y) # f(x}a])c(Z)‘

Let Ta j, denote the rooted tree (root v) with every vertex at a distance less than the
height A from v having degree A and the remaining vertices are at a distance h from v as
leaves [3].

Theorem 1.10. [3] For each integer A > 2, xq(Ta2) = [5(3A +1)].
Theorem 1.11. [3] For each integer A > 2, x4(Ta3) = [£(13A +1)].
Theorem 1.12. [3] For each integer A > 2, x4(Ta4) = [55(53A +1)].
Theorem 1.13. [3] For A >2, h > 2+ [1A], x4(Tan) = [3A].

The graceful chromatic number of caterpillars were investigated along with a character-
ization in [13]. The graceful chromatic number for some subclasses of the following graphs
have been established in the literature: unicyclic graphs[1]; graphs with diameter at least
2 [7]; regular and irregular graphs [8].
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2. PRELIMINARIES

Denote [a, b] as {a,a+1,...,b} and [a] as [1, a], where a,b € ZT such that a < b. A closed

ladder Ly, n > 2 is a graph obtained from two paths P, with V(L,) = {x;,y; : 1 <i < n}
and E(Ly) = {xizit1,yivi+1 : 1 <i <n—1} U{ay; : 1 <i<n}. An open ladder OL,,
n > 2 is a graph formed by removing the edges x1y1 and x,y, from the closed ladder L,,. A
slanting ladder SL,, n > 2 is a graph obtained from two paths P,, with V(SL,,) = {z;,v; :
1 <i<n}and E(SLy,) = {zizit1, YiYi+1, Tivit1 : 1 < i < n—1}. A triangular ladder
TL,,n > 2is a graph obtained from two paths P, with V(T'L,) = {x;,y; : 1 <i <n} and
E(TL,) = {zizit1,YiVit1, TiVit1 : 1 <i <n—1} U{z;y; : 1 <7 <n}. An open triangular
ladder O(T'L,), n > 2 is a graph obtained by removing the edges x1y; and z,y, from the
triangular ladder T'L,,. A diagonal ladder DL,, n > 2 is a graph obtained by adding the
edges zj+1yi, 1 <i<n—1in TL,. An open diagonal ladder O(DL,), n > 2 is a graph
formed by removing the edges x1y; and z,y, from the diagonal ladder DL,. A circular
ladder graph C'L,, n > 2 is a graph obtained by adding the edges ziz, and y;y, in the
closed ladder L,,. These variants of ladder graphs [12] are illustrated in Figure 1.
The cartesian product GOG' of two simple connected graphs G and G isa graph with
vertices V(GOG) = V(G) xV(G') and two vertices (a,a’) and (b,b') in GG’ are adjacent
if the distance between a and b is 0; and @’ and b is 1 or the distance between a and b is
1; and ¢’ and b’ is 0. The strong product GR G’ of two connected simple graphs G and G’
is a graph with vertices V(GR G') = V(G) x V(G') and two vertices (a,a’) and (b,b') in
GR G are adjacent if the distance between a and b is 0; and @’ and b is 1 or the distance
between a and b is 1; and a and b’ is 0 or the distance between both a and b; and a and
b s 1 [11]. Note that, the cartesian product of P, with Py; and C,, with P; is equivalent
to L, and C'L, respectively. Also, the strong product of P, with P results in DL,.

.XI1 X2 X3 £1 X2 gg
I I [ 4 I —®
n Y2 Ys 1 Y2 Y3
Ls OL;
X1 X2 33 X1 X2 X3
ARSI N N
n Y2 Ys " Y2 Y3
Sls TLs
X1 X £3 X1 X2 X3
:\k
Y1 Y2 Ys Y1 Y2 Y3
O(TL3) DL;
X1 X2 X3 X1 X3
Y1 Y2 Ys n Y3
O(DL3) CL;

FiGURrE 1
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3. MAIN RESULTS

Observation 3.1. If [A+1i], i € ZT colors are applied in graceful coloring, then the vertex
of maximum degree will receive the first and last ¢ colors from [A + 4].

Proof. Let w be a vertex of maximum degree and let X = { first ¢ colors and last ¢ colors
}. We prove f(w) € X. Suppose on the contrary, let f(w) = a, where a ¢ X. Then the A
neighbours of w should be distinctly colored from {1,2,...,a —1,a +1,...,A 4+ i}. Hence
there exist at least two neighbours p and ¢ of w such that f(p) = a+ v and f(q) = a — u,
u € [1,A — 1], a contradiction to the proper edge coloring (f*(wp) = f*(wq)). Hence
f(w) € X. O

Theorem 3.2. x,(Ly,) = {5 -3
, N2

Proof. Let V(L,) = {x;,y:i,1 < i < n} and E(Ly,) = {z;zi+1,¥iYi+1,1 < i <n—1} U
{ziyi, 1 <i <n}. Let x;xit1 = e;, yiviv1 =€, 1 <i<n—1and z;y; =e€;, 1 <i<n.
Case 1 (n = 2): Note that Ly = C4 and hence x4(L2) = 4, by Theorem 1.1.

Case 2 (n = 3): Since Ly is a subgraph of L3, x4(L3) > x4(L2) = 4, by the Theorem 1.8.
We now show that x,(L3) # 4. Suppose that there exist a graceful 4-coloring of Lj. It
is clear from the Observation 3.1, the vertices of maximum degree are colored using the
colors 1 and 4. Without loss of generality, let f(x2) =1 and f(y2) = 4. Then f(z1) =3
and f(y1) = 2. Now, the vertices x3 and y3 can be colored using the colors which are
at distance at least 3 from them. Thus, f(x3) = 2, and hence f(y3) = 3 which is a
contradiction to the proper edge coloring (f*(x3y3) = 1 = f*(y2y3)). Hence x4(L3) > 5.
In addition, we prove x4(L3) < 5.

1, ifv=ux9

2, ifv=uwxs3,y1
Define a proper vertex coloring f : V(L3) — [1,5] as f(v) =< 3, ifv=um

4, ifv=uyj

5, ifv=uys

which induces a proper edge coloring f* : E(L3) — [1,4] as
1, ife:elje;,eg

2, ife= ell, es

3, ife=e]

4, ife=eo

Consequently, x4(L3) = 5.

Case 3 (n > 3): From the Theorem 1.8, x4(Ly) > x4(L3) = 5, for n > 3. We show that
Xg(Ln) <5 by describing a proper vertex coloring f : V(Ly) — [1,5] as

ifv=ua;:i=2(mod4),y; : j=0(mod 4):1<4,j<n
ifv=x;:i=3(mod 4),y;: j=1(mod 4):1<14,5<n
ifv:xl
ifv=ua;:i=0(mod4),y; :j=2(mod 4):1<4,5<n
ifv=ua;:i=1(mod 4),y; : j=3(mod 4):1<i,j<nandi#1

Ry

—~

<

N~—

Il
I N

which induces f*: E(Ly,) — [1,4] as
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1, ife:{el},{e;},{e;‘-}:i,jEO(mon):1§i,j§n—1
() = 2, ife:{ell,e;}:iES(modél),{e;}:jEl(m0d4):1§i,j§n—1
13, ife={ex}:k=1(mod1):1<k<n
4, ife={e;} :i=1(mod 4),{e}}: j=3(mod 4): 1<i,j<n—landi#1l
Hence x4(Ly) = 5, for n > 3. O

Corollary 3.1. x4(OL,) =5,n>3
Theorem 3.3. x,(SLy,) =5,n > 4.

Proof. Let SL, be the slanting ladder with the vertex set V(SL,) = {zi,yi,1 <i < n}
and the edge set E(SL,) = {xi%it1,Yi%i+1, TiVit1,1 < i < n — 1}. Let zjzi11 = e;,
YiYi+1 = €, T;yiy1 = €;. Clearly Ly, is a subgraph of SL,, x4(SLyn) > Xx4(Ln) = 5, by the
Theorem 1.8. Define f : V/(SL,) — [1,5] as

1, fv=ua4y;:i=1(mod4),j=0(mod 4):1<4,j<n

)2, ifv=uwyj:i=3(mod4),j=2(mod4):1<1i,j<n
Jo) = 4, ifv=ua;y;:i=2(mod4),j=1(mod4):1<4,j<n
5, ifv=uwy;:1=0(mod4),j=3(mod4):1<4,j<n

which induces f* : E(SLy) — [1,4] as

1, ife=¢:1<i<n-1

2, ife:e;,ez:jEQ(m0d4),kEl(mod4):1§j,k:§n—1
3, ife:eg-,ez:jEl(mon),k:EO(mon):lgj,kgn—l
4, ife=eje;:j=0(mod4d),k=3(mod4):1<jk<n-—1

f(e) =

Therefore, x4(SL,) < 5 implies x4(SLy) = 5, for n > 4.

6, n=3,4

Theorem 3.4. x4(TL,) = {7’ n>5

Proof. Let V(TLy) = {xi,y;,1 < i < n} and E(TL,) = {xi%i+1, YiYit1, TiYit1, 1 < 0 <
n— 1} U{zy;, 1 <i<n}. Let xxiy; = e;-, YiYiv1 = €F, TiYiy1 = @i, 1 <1 <n—1and
ryi =€, L <1< n.

Case 1 (n = 3,4): Since the maximum degree of T'L,, is 4, we get x4(T'L,) > 5, by the
Theorem 1.7. We claim that, x4(T'Ly) # 5. Suppose on the contrary, x4(T'L,) = 5. It is
clear that f(w) & {2,3,4}, where w is a vertex of maximum degree, by the Observation
3.1. For n = 3, without loss of generality, let f(z2) = 1 and f(y2) = 5. Obviously,
f(z1) ¢ {1,3,5} and hence f(z1) € {2,4}. Without loss of generality, assume f(z1) = 2,
then the only choice of color for the vertex y; is 4. Now f(ys3) ¢ [1,5] (by the Theorem 1.9),
which is a contradiction to the assumption that x4(7'L,) = 5. Same argument holds when
f(z1) = 4. For n = 4, an induced subgraph of maximum degree vertices of T'L,, form a
cycle of length 4 which can be gracefully colored with four distinct colors, by the Theorem
1.1. But we have only two colors {1,5}, which is a contradiction to the assumption that
Xg¢(T'Lyp) = 5. Hence, at least 6 colors are needed for graceful coloring of T'L,,, for n = 3, 4.
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Thus x4(T'Ly) > 6. Define f: V(TLy,) — [1,6] as

1, ifv=uy

2, ifv=uao
floy= {5 T
, ifv=x1,24

5, ifv=uys

6, ifv=ua3

which induces f*: E(TL,) — [1,4] as

if e=eq,e9,e3,¢e4

. / !
F(e) = , ife=-eg,e3,€],€3

, ife=ai,a2,a3

=~ W N

. ’
, ife=ey, €5

Therefore, x4(TLy,) < 6, implies x4(T'Ly) = 6, for n = 3,4.

Case 2 (n > 5): Since T'Ly is a subgraph of T'L,, x4(T'L,) > xg(T'Ls) = 6 (by the
Theorem 1.8). We show x4(T'Ly) # 6. Assume the contrary that, x4(7'L,) = 6. It is
clear from the Observation 3.1, f(w) ¢ {3,4}, w is a vertex of maximum degree. Let
H be an induced subgraph of maximum degree vertices in T'L,. Note that L,, n > 3 is
also a subgraph of H which cannot be gracefully colored using four colors {1,2,5,6}, by
the Theorem 3.2. Hence at least 7 colors are needed for graceful coloring of T'L,,. Thus
Xg(TLy) > 7. We now define a graceful 7-coloring f of T'L,,. Define f : V(T'L,) — [1,7]
as

1, fv=y;:j=0mod3):1<j<n

2, fv=x;:i=1(mod 3):1<i<n

3, fv=x;:i=2(mod 3):1<i<n
flw)=<4, fv=1

5, ifv=y;j:j=1(mod3):1<j<nandj#1

6, fv=x;:i=0(mod 3):1<i<n

7, fv=y;j:j=2(mod3):1<j<n

which induces f* : E(TL,) — [1,6] as

(1, ife={e;}:i=1(mod 3),{a}:1=0(mod3):1<il<n-1

2, ife={ei},{€j},:j=1(mod 3),{ai}: I =2(mod 3): 1 <1,j<n-—1
and j # 1

3, ife={ef},{e;}:i=2(mod 3),{ex}:k=1(mod 3):1<i<n-—1,

fie)= 4<k<n

4, ife={e;}:i=0(mod 3).{ej}:j = 0(mod 3),{ex} : k = 2(mod 3) :
1<4,j<n—-1,1<k<n

5, ife={ex}:k=0(mod 3),{a;}:l=1(mod 3):1<k<n,1<I<n-1

(6, ife={ej}:j=2(mod3):1<j<n-1

Therefore, x4(T'L,) < 7, implies x4(T'Ly) =7, for n > 5. O
Corollary 3.2. x,(O(TLy,))=7,n>5
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8, n=>5,6

Th 3.5. DL,) =
eorem Xg(DLy) {9’ n>7

Proof. Consider the diagonal ladder DL, with the vertex and the edge set as follows:
V(DLn) = {zi i, 1 <@ < nj, BE(DLp) = {Ziit1, YilYie1, TiYit1s Yitipr, L <@ <n— 11U
{ziyi, 1 < i < n}. Let xxip1 = €, Yiliy1 = €, TiYit1 = a;, Yi%it1 = af, 1 <1 <n—1
and x;y; = €5, 1 <i<n

Case 1 (n =5,6): T'Ly, is a subgraph of DL,,, x¢(DLy) > x4(TLy) = 7 (by the Theorem
1.8). We now show that x4(DLy) # 7. Suppose on the contrary, x4(DLy,) = 7. Observe
that f(w) & {3,4,5}, where w is a vertex of maximum degree (by the Observation 3.1).
Let H be an induced subgraph of maximum degree vertices in DL,. Also TL, (n = 3,4)
is a subgraph of H which cannot be gracefully colored with 4 colors {1,2,6,7} (by the
Theorem 3.4), which implies that our assumption x4(DLy,) = 7, for n = 5,6 is wrong.
Hence at least 8 colors are needed for graceful coloring of DL,,. Therefore, x4(DL,) > 8.
Define f : V(DL,) — [1,8] as

1, ifv=ux4

2, ifv=1ys,vys5

3, ifv=uaj
TOES Sl

5, ifv=ux, x4

6, ifv=y,

7, ifv=umx9, x5

8, ifv=ys

which induces f* : E(DL,) — [1,7] as

1, ife={ep,es}, {ay,ay},{as, a}}

, ife={ey, e3 e}, {e], €3, €5}

, dfe= {alha;na:é}’ {a#lk: a;}

if e = {es}, {e}}

if e = {eg,€3,¢e4,€5}

, dfe= {621}7 {65}

e = {af)

Thus, x4(DLy) < 8. Consequently, x4(DLy) =8, for n =5,6.

Case 2 (n > 7): Obviously, x4(DLyn) > x¢(DLg) = 8. We show that, graceful coloring
of DL, need at least 9 colors. Assume the contrary that, x4(DL,) = 8. It can be seen
that f(w) & {4,5}, where w is a vertex of maximum degree (by the Observation 3.1). Let
H be an induced subgraph of maximum degree vertices in DL,,. Indeed, T'L,, n > 5is a

subgraph of H. By the Theorem 3.4, the colors [1,3] U [6, 8] are inadequate for graceful
coloring of DL,. Hence, at least 9 colors are required for graceful coloring of DL,,. Thus,

e R =S I U
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Xg(DLy) > 9. It remains to show x4(DLy) <9 by describing f : V(DL,) — [1,9] as

1, fv=x:i=2(mod4):1<i<n
2, ifv=y;:j=2mod4):1<j<n
3, ifv=y;:j=0(mod4):1<j<n
4, ifv=x;:i=0mod4):1<i<n
flv) =45, ifv=uy
6, fv=y;j:j=1(mod4):5<j<n
7, fv=z;:i=1(mod 4):1<i<n
8, ifv=uwx;:i=3mod4):1<i<n
9, fv=y;:j=3mod4):1<j<n

which induces f*: E(DL,) — [1,8] as

(1, ife={ex}:k=1(mod1):1<k<n

2, ife={e1},{q;}:1=0(mod4):1<I<n-1

3, ife={e;}:i=0(mod 4),{ef,ej}:j=0(mod 4)1 <i,j <n-—1

4, ife={e;}:i=3(mod 4),{ej} : j = 1(mod 4),{aj,ap,} : m = 0(mod 4) :
Fi(e) = 1§i,j,rln§n—1andj7é{1}

5 ife={q}:1=1(mod 2),{a;,} :m=1(mod 2) :m#1,1<Im<n-1

6, ife={e;}:i=1(mod 4),{e;}: j = 3(mod 4),{a3,ay,} : m = 2(mod 4) :

1<i,j,m<n-—1and m# 2
7, ife:{e;}:iEZ(modél),{e;f}:jEQ(mod4):1§i,j§n—1
8, ife={q}:1=2(mod4):1<1<n-1

Hence, x4(DLy) =9, forn > 7.
Corollary 3.3. x4(O(DL,)) =9,n>T.

5,
6,

n = 0(mod 4)

Theorem 3.6. For n >4, x,(CL,) = )
otherwise

Proof. A circular ladder CL,, is formed by adding two edges x1z, and y1y, in the closed
ladder L.

Case 1 (n = 0(mod 4)): Since CL,, is a 3-regular graph, x4(CL;,) >
1.6). We claim that x4(CL,) < 5 by defining f : V(CL,) — [1,
n = 4b+ 4, where b € {0,1,2,3,...}

(by the Theorem

)
5] as follows. For

1, ifv={z;}:i=1(mod 4),{y;}:j=3mod4):1<4i,j<n
)2, ifv={z;}:i=2(mod 4),{y;}:j=0(mod 4):1<4,j<n
J0) = 4, ifv={x;}:i=0(mod 4),{y;} :7=2(mod4):1<4i,j<n
5, ifv={x;}:i=3(mod 4),{y;}:j=1(mod 4):1<4i,j<n
which induces f* : E(CLy) — [1,4]
1, ife:{e;,e;}:i,jzl(mod%:1§i,j§n
F(e) = 2, ife:{efﬂ}:kEO(mon):lngn
3, ife:{ei,ej}:i,jEO(mod%:1§i,j§n
4, ife={ex}:k=1(mod2):1<k<n
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Case 2 (n # 0(mod 4)): Obviously, x4(CLy) > Xxg¢(Ln) = 5, for n > 3 (by the Theorem
1.8). It is also clear that, the vertices of C'L,, are colored using {1,2,4,5} (by the Ob-
servation 3.1). We claim that, x4(L,) # 5. Consider a proper vertex coloring f of L,
as (1,2,5,4,1,2,5,4,...) for the vertices in the upper path and (5,4,1,2,5,4,1,2,...) for
the vertices in the lower path; which induces the edge coloring (1,3,1,3,1,3,1,3,...) and
(1,3,1,3,1,3,1,3,...) respectively. Note that, the vertex x,, will not receive the color 4 in
CL,, (n# 0(mod 4)).

If f(xz,) =1, then f*(x12,) =0

If f(zn) =2, then f*(z12n) = 1= f*(2122)

If f(zn) =5, then f*(z12y) =4 = f*(z1y1)

Note that all the above cases leads to a contradiction to the proper edge coloring. Thus
Xg¢(CLy) > 6. In addition, we prove that x,(CLy) < 6 by defining f : V(CL,) — [1,6] as
follows. For n = 4b+ 5, where b € {0,1,2,3, ...},

(

1, ifv={z;}:1=1(mod 4) and i #n,{y;}:j=3(mod 4):1<4,j<n

2, ifv={x;}:1=2(mod4),{yn,y;}:j=0(mod4) and j#n—1:
1<i,j<n

3, ifv=x,

f(w) =144, ifv={x,,z;}:i1=0(mod4) and i#n—1,{y;}:j=2(mod 4) :

1<4,5<n

5, ifv={x;}:i=3(mod 4),{y;}:7=1(mod 4) and j # n :
1<4,7<n

6, ifv=yn_1

which induces f*: E(CL,) — [1,5]

(1, ife={e, ;,e;}:i=1(mod 2) and i #n — 2, {ej}:j =1(mod 2) :
1<i<m1<j<n—4

2, ife={e, oen},{ert:k=0(mod2)andk#n—1:1<k<n—2

fie)=13, ife={e, e}:i=0(mod2)and i#n — L {ep,ej} 1 j = 0(mod 2)
and j#£#n—1l,e,1:1<4,5<n

4, ife=e;_;,{ext:k=1(mod2)and k#n:1<k<n-1

5, ife=e}_ o

For n = 4b+ 6, where b € {0,1,2,3, ...},

1, ifv={z1,24,2;} : 7= 3(mod 4), {ys,y9,y;} : j = 1(mod 4) and n # 6 :
11<i<n13<j<n

2, ifv:{xg,x7},x5 :n:6,y10

3, ifv=a5:n#6,{x;}:i=0(mod 4),ys : n =6,{y3,y;} : j = 2(mod 4) :
8<i<n14<j<n

4, ifv=ux:n=06,{xs,x;}:7=2(mod 4),y5 : n # 6,{y;} : j = 0(mod 4) :
10<i<n12<j<b

5 ifv=ys:n#6,{y2yr}

6, ifv={xe,x;}:7=1(mod 4),{y1,vs,¥s8,y;} : = 3(mod 4) :
13<i<mnl1l<j<n
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which induces f*: E(CLy) — [1,5]
1, ifezei:nzG,{e;,e;,e;},ez:nzG,{e’{,,e’;,eg},eG:nzﬁ,
{es,e5,ex} 1 k=0(mod 2): 12 <k <n
2, ife= e% in =6, {elz,eil,e/g,e;} 14 = 1(mod 2),€f : n =6, {eg,ez,ej} :
j=1(mod 2),e19: 11 <4,5<n
3, ife= e% :n = 6, {65,6%,6;} 14 = 0(mod 2),€ef : n =6, {eg,eg,e;f :
j =0(mod 2),e5:n=6,{ez,er,eg}:10<i<n,12<j<n
4, ife=eg:n#6,e;:n#6,¢ee:n#6
5, ife=cef,es:n#6,{e1,eq,e;} : k=1(mod 2),11 <k <n
For n =4b+ 7, where b € {0,1,2,3, ...},
1
2

, ifv={z;}:i=1(mod 4),{y;} :j=3mod4):j#n:1<:j<n

, ifv={z;}:i=2(mod 4) and i #n —1,{yy,y;} : j = 0(mod 4) :
1<4,5<n

3, ifv=ux,1

fw) =144, ifv={x,,z;}:i=0(mod4),{y;}:j=2(mod4)and j#n—1:

1<ij<n

5, ifv={z;}:9=3(mod 4) and i # n,{y;} : j = 1(mod 4) :
1<4,5<n

6, ifv=1yn_1

which induces f*: E(CL,) — [1,5]

1, ife={e, j,e;}:i=1(mod 2) and i # n — 2,{ej}: j =1(mod 2),
1<i,57<n

2, ife=e, o en{er}:k=0mod?2)andk#n—1,1<k<n

o) = 3, ife={e,, e} :i=0(mod 2)andi#n — 1, {ej}: j = 0(mod 2)
and j#n—1:1<4,57<n
4, ife=c¢e’_,{ex}:k=1(mod 2) and k #n,1 <k<n
Hence, x4(CLy) = 6, for n # 0(mod 4). O

4. CONCLUSION

The graceful coloring of many graph classes like bipartite graphs, complete graphs, reg-
ular graphs, forbidden graphs, etc. are still unexplored as the study on this concept began
only during 2018. We investigate the graceful coloring of a few variants of ladder graphs.
It is also interesting to work on graph operations like strong product, tensor product,
cartesian product, lexicographic product and corona product of some graph classes with
respect to graceful coloring which are still open.
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