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ON CERTAIN SUBCLASSES OF UNIVALENT FUNCTIONS
ASSOCIATED WITH PASCAL DISTRIBUTION SERIES

K. MARIMUTHU™, J. UMA?Z, §

ABSTRACT. In this study, we establish a relation between particular subclasses of com-
plex order univalent functions and Pascal distribution series. The main aim of the present
investigation is to obtain the necessary and sufficient conditions for Pascal distribution
series ]-'g (&) belongs to the classes S(d, 7, 8) and R(d, n, 3). We also provide some proper-
ties of integral operator connected to Pascal distribution series and adequate conditions
for PJ(€) to be in K(n, §) and R(n, §). Also, we discuss some corollaries and consequences
of the major results.
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1. INTRODUCTION

The class of analytic functions denoted by A is defined as

FO =€+ asl, (1)
s=2

which are analytic in the open unit disc D = {¢ : £ € C such that 0 < [£| < 1}.
Let us consider the subclass H of A consists of functions of the form,

f(é) 25—2%55, as > 0. (2)
s=2

The following condition for a function f € A to be starlike of complex order 6(6 €

C —{0}) as
R{1+(15<£ffé§))— >}>0, £ eD. (3)
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which is both necessary and sufficient when @ # 0.
The class of all those functions is denoted by S(d). The class S(§) was proposed by
Nasr and Aouf [9].

Remark 1.1. In the above inequality (3), for different values of 6, we obtain the famous
class of functions as follows:
(i) For 6 = 1, we have the class of starlike function (S*);
(ii) For 6 = e “cosf, (0] <Z), we have the class of spirallike function (S%);
(iti) For 6 =1—¢, (0<(<1), we have the class of starlike function (Sf) of order ¢;
(iv) For 6 = (1 —()e "cost, (|0] < %), we have the class of spirallike function of
order ¢ (Sg);

The following necessary and sufficient condition gives the function f € A to be convex
of complex order ¢ (§ € C — {0}) when f'(§) # 0, it is given by

1 €f%®>}

Rqe1+ < ( >0, £eD. 4

s (s ‘ W

The class C(d) was introduced by Wiatrowski [13]. It is worth noting that f € C(0) if
and only if £f € S(0).

Remark 1.2. In the above inequality (4), for different values of 6, we obtain the famous
class of functions as follows:

(i) For 6 =1, we have the class of convex function C;
(it) For 6 =1—¢, (0<( <1), we have the class of convex function (C¢) of order ¢;
(iii) For § = e ®cosf, (0] < Z), we have the class of 0-Robertson function (Sp);

The function f € A is known as close to convex function of order §(§ € C — {0})
provided with the following necessary and sufficient condition

R{1+3@-1}. e )

The class R(J) was introduced by Owa [11] and Addul Halim [1].
The following subclasses of A(j) were obtained by Altintas et al. [4], and they consist

of functions of the form
o

fO =¢= > ag

s=j+1

Definition 1.1. [4] Let S§;(0,7, ) indicate the subclass of A(j) containing of function f
that holds the inequality

‘1 ( (6 + ") 1)‘ <8
6 \n&f' (&) + (1 —=n)f(&) ’
where £ €D, 0 e C—{0},0<f<1and0<n<1.

Also let R;(8,n, 8) indicate the subclass of A(j) consisting of functions f that holds the
mequality

U@+ © -1 <5

When on the assumption of functions in the above classes, the authors found the fol-
lowing coefficient inequalities in their paper:
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Lemma 1.1. [4] Let the function f € A(j), then f € S;(6,n,8) if and only if

> [n(s = 1) +1][s + BI6| — 1]as < BI4].
s=j+1
Lemma 1.2. [4] Let the function f € A(j), then f € R;(d,n,0) if and only if

o0

> sln(s — 1)+ 1]as < B3],

s=j+1
If the functions f belongs to the classes S;(d,7, 5) and R;(d,7, 3), we assume that j = 1,
then we write S1(d,7,8) = S(d,n, 8) and R1(8,n, 8) = R(d, 7, B).

Definition 1.2. Let K(n,d) indicate the subclass of A containing functions of the form

(1) which holds
L Ef'() +ngf () >}
R1+ = ( -1 > 0,
{ néf'(€) + (1 =n)f(§)
where £ €D,0 € C— {0} and 0 <n < 1.
Also, let R(n, ) indicate the subclass of A containing functions of the form (1) which
holds

R{L+ 31O+ 0" ©) - 1} >0

Altintas, et al.[3] and Aouf [5] investigated and studied the classes K(n,d) and R(n, ).
The following lemmas have been proved by Aouf [5] and given with sufficient conditions
for the functions f to be in the classes K(n,d) and R(n, ).

Lemma 1.3. [5] Assume that the function f defined in (1) satisfies the following inequal-
1ty:

o0

> (s = 1)+ 1[(s = 1) +[20 + s — 1f]|as| < 2/3]
s=2
then f € K(n,9).

Lemma 1.4. [5] Let f € A then f € R(n, ) if it holds the inequality,

[e.9]

S slin(s — 1) + 1jas] < 208,

s=2
We can see that K(0,6) = S(5),K(1,0) = C(6) and R(0,6) = R(9).

A variable z follows Pascal distribution if

Pz =m) = <m+‘7_1) (1—qVq™ m=0,1,2,.

ji—1
El-Deeb, et al.[6] recently studied the following representation whose coefficients are the
probabilities from Pascal distribution

§+Z<Sjil )q“(l—q)jsi geD, (6)

where 7 > 1, 0 < ¢ < 1 and by ratio test since the aforementioned series is convergent for
all values of s whose radius of convergence is infinity. In addition to that, they defined
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the following
o =2-Po=c-3 (") e ta-we cen. @
s=2

As given in [8], we utilise the following notations in this paper for our convenience,

iﬁiﬁ it X (1)

5= s=0
i s+5\ o _ 1 i stj 1) e 1
2\ G )t T a2+ (1— g+

where 7 > 1 and 0 < g < 1. We also state the following result,

= s+j5—2 s+7—1
- s—1 __ - s
S (1) —z(j_l)q L

5=2 s=0

> s+j5—2 > s+
Se-n (") e =a X (1)
s=2 s=0

St-ni-2 (" =Y (T e

s=2 s=0

Motivated by the works of Porwal.et.al.[10], Murugusundramoorthy et.al. [7] (see also
2], [12]), we obtain the necessary and sufficient conditions for the Pascal distribution

series Fg(£) belongs to the classes S(3,7, 8) and R(6,7, 3), and for the Pascal distribution
series Pg(£) belongs to the classes K(, d) and R(n,d) there must be sufficient conditions.
In addition, an integral theorem for the series GJ () and H7 (&) are established.

2. MAIN RESULTS

In this section, we obtain the necessary and sufficient condition for .7-"3 (&) € S(6,n,0) .

Theorem 2.1. Let j > 0. We have fg(ﬁ) € S(4,n,8) if and only if

e 1 (g o) 1] < s ®)

Proof. Let
s+7— s—1rq _ \j¢s
=¢- Z( e )q (1-qg)¢.
Using lemma 1.1, it sufficies to establish that

Solnts 1)+ s+ 8001 - 11 (T 7) (- e < gl )

s=2
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For, we consider

S lnts =)+ s+ 8- 1 (* T %) - oy

s=2
- i[ns +3(1—277+775|5])+77(1—6]5\)—1—6\5]—1]( ji;2) ¢ 11 —q),
= Sl D=2+ (= D+l + 400 () -
=, . .
= nX(s—1(s—2) <8j112) (1—a)¢ "+ (1 +n+nBld]) X (s —1)
s=2 - 5=2
(sjizz) - ay 4 Bl Y (3“ : 2) (1= g,
= i S (CTITeasa

renenaiie (57 ) eta—arean (£ (577 e 1)
G+ ) + (L0 + nBl8 g + 8811~ (1~ )
Therefore the inequality (9) holds if and only if
anj(jJr 1)
(1-q)? ( )

This completes the proof. ]

+ (L +n+nplo[)

+B10](1 — (1 - g)’) < Bld].

Theorem 2.2. The function ]-"g(ﬁ) € R(0,m, B) if and only if

1 '
(B 2) 4 (- - ) < gl (10)
Proof. We establish that in view of lemma 1.2
oo + . 2 . )
siuls —1+11 (7 ¢ty < .
s=2

Now,
> st =041 (*H P ) ey
= S D6-2+ G- (P ) e
~{)(s — s+j5—2
Se-n6-2 ("

(1 +2) S (s — 1) <S}LfI >q31(1—q)j+ > (S}LZI2> (1- g,

|
—_
) N—— =
<
7
—
—~
—_
|
)
~
<

@
Il
o

X (s L +j-1) . : ~
+(1+277)qu:0<st> 1(1—q)3+2(8 J >C](1—Q)j—(1—Q)],
= ) (42 - (1—gf + 1.

Hence the proof is complete if and only if the inequality (10) holds. O
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Theorem 2.3. A sufficient condition for the function P3(€) € K(n,6) is

2qj [ <Q(j+1) ) ]
. + 1ol +1) +1] <2/9]. 11
o (B + e 9 (11)
Proof. 1t suffices to establish that in light of lemma 1.3
Sl =)+ =+ 204 s - 1| (P77 ) et <26l ()
s=2
The proof is obtained using similar procedure of Theorem 2.1. O

Theorem 2.4. A sufficient condition, for the function P3(€) € R(n,d) is

qj q(j+1) > ] :
+2|4+1+0-=(1—-q)) <|o| 13
A o (M (- (- o)<l (13)
Proof. It suffices to establish that in light of lemma 1.4

> sl1 -+ (s — 1) ’(S ji; 2> ¢ (1 —q)

<14].

s=2

Now, we can write

S stt+ats - 01| (P77 %) - g
= 3 [ m)s+ns?] <SJ.FZIQ ¢ (1—q),

s=2 J

= 35— 162 (8“‘2)q8—1<1—q>ﬂ‘
+(1+2n) si;(s - 1) <S ji; 2) ¢ 11 —q) + § <S+j B 2) 11— q),

o R (st -
= ng%i(j +1 o S(1 - gq)?
ng=j( + Z( iv1 )rd-a)

s=0
2 (s L& (51 : -
+(1+277)QJZO<Sjj>q 1(1—q)3+20<8ji1 >Q(1—Q)]—(1—Q)],
9. s= / ] s=|
= nq({(_Jngzl) + (1+2n) (1q_]q) —(1—q) +1

Hence, we obtain the proof if and only if the inequality (13) holds. O

3. INTEGRAL OPERATOR
In this section, we define the integral operators as follows:
~ ¢ Fi(t) - ¢ Py(t)
6i© = [ Tar, i) = [ P (14)
0 0
Theorem 3.1. Let j > 0, then Qg({) € 8(6,n, B) if and only if

029 (1 (1 gy BI5](1— gV +(1—m) < (1-m)B3]. (15)

nqj
+(1—77)(5’5‘_1)q(] - 1)

(1-q)

Proof. Since

Gl =€~ <sj112> (1 —q)j§ £eD

s=2
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according to lemma 1.1, we just need to demonstrate that

o0

> St~ 1 s alsl -1 (U %) - < .

s=2

The proof is obtained using similar procedure of Theorem 2.1.

Theorem 3.2. Let j > 0, then Qg({) € R(0,m,B) if and only if

A~ (1= ap 1< 8l

Proof. We establish that in view of lemma 1.2

. s+7—2\ 4_ j
St =0+ (7577 o - < 0
Now,
Sie-n+u (P

_ 7(71—q) qu( jj>JqS+(1_Q)j[§ <Sﬂ_1>q5_1]7

s=0
I—q) (1 - Q)] +1.

Hence the proof is complete if and only if the inequality (17) holds.
Theorem 3.3. Let j > 0, then Hi(€) € R(n,6) if
L)
1—(1-gq) +-—"— <4
(1-a) + 1 <

Proof. Since

— - S+j_2 s—1 o g

according to lemma 1.4, we just need to demonstrate that

St at-0l|("3 ) e a0y

s=2

< 14].

After simple computation, we obtain the required result.

4. SPECIAL CASES

1)+
== S0 () e ra- o £ (T e

1559

(18)

Considering the above Remarks and Definitions, we obtain the following Corollaries by
specialising different values of the parameter n and § in Theorem 2.1 to Theorem 3.3. For

1 = 0, we obtain the following result for starlike functions of §:

Corollary 4.1. We have Pg(f) € S(9) if

qJj
T qprt =1k

For n = 1, we obtain the following result for convex functions of d:

(19)
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Corollary 4.2. We have PI(€) € C(6) if
qj [(J(j +1)
(1—-gp*t [ (1—q)

For n = 1,6 = 1, we obtain the following result for the class of convex functions:

—|—|6—|—2] < 14]. (20)

Corollary 4.3. We have P}(¢) € C if
4 [q(j +1)
1—q)ft [ (1-q)

For n = 0,6 = 1, we obtain the following result for the class of starlike functions:

+3] <1 (21)

Corollary 4.4. We have Pg(f) e S*if
qJ
T !

For n = 0,0 = 1 — (, we have the following result for the class of starlike functions of
order (:

Corollary 4.5. We have P (€) € S*(¢) if

qj
TEr

(22)

- ¢ (23)

Forn =0, § = e “cosf, we have the following result for the class of spirallike functions:

Corollary 4.6. We have P (€) € 8¢ if

qj

— < 24

A= gy = |cosb)| (24)
For n =0, 6= (1—¢)e ®cosh, we have the following result for the class of spirallike

functions of order (:

Corollary 4.7. We have Pi(¢) € S4(1— () if

g S (= Oleostl. (25)

For n = 0, we obtain following result:
Corollary 4.8. We have PL(€) € R(n) if

ol 1 (=) < il (26)

5. CONCLUSION

This paper deals with the different subclasses of complex order univalent function as-
socited with Pascal distribution series. And, we have obtained the results of integral
theorem and many interesting special cases. In future, partial sums, Turan-type inequali-
ties and neighbourhood problems are to be investigated in such classes.
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